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Introduccion: objetivos, metodologia,
resultados y conclusiones.

La teoria de bifurcaciones forma parte de la teoria general de sistemas dindmicos
y se origind junto con la teoria cualitativa moderna a finales del siglo XIX, cuando
Jules Henri Poincaré introdujo las ideas topoldgicas y geométricas en el estudio de la
dindmica [27]. El concepto de bifurcacion se formaliza al relacionarlo con el concepto
de estabilidad estructural, que fue introducido por Andronov y Pontriaguin en 1937
[11].

Los avances mas significativos se han producido en el contexto de la llamada teoria
local de bifurcaciones, en la que se hace uso de dos herramientas basicas como son la
reduccion mediante el teorema de la variedad de centros y la simplificacion mediante
formas normales [25,43,53,67, 86].

Se ha constatado durante la segunda mitad del siglo XX, gracias a la colaboracién
de diversas disciplinas, que la conducta dindmica de los sistemas deterministas es ex-
tremadamente compleja. Para comprender dicha complejidad un primer paso consiste
en proporcionar una descripcion del “esqueleto” de un sistema dindmico: equilibrios
y Orbitas periddicas. Se trata de conocer la dindmica local en torno a las soluciones
mads simples (estacionarias y periddicas) y, ademds, mediante la prolongacion de sus
variedades estables e inestables indagar sobre sus intersecciones, lo que conduce a
fenémenos de dindmica global.

El estudio de la dindmica global de un sistema Poincaré con el problema de los
tres cuerpos [69]. Este problema lo comenz6 estudiando Isaac Newton (1687) y poste-
riormente siguieron trabajando en €l cientificos como Euler y Lagrange. Fue Poincaré
quien sentd las bases de la teoria que describe el comportamiento cadtico y la dina-
mica compleja en el problema de los tres cuerpos e introdujo los conceptos de Orbita
homoclina y 6rbita heteroclina. Como consecuencia de las ideas aportadas por Poin-
caré aparecieron nuevos trabajos de la mano de George D. Birkhoff, que no tuvieron
gran repercusion, pero que fueron completados a mediados de los afios 60 por Stephen
Smale, quien introdujo un modelo matematico conocido con el nombre de “herradura
de Smale” en el que demostré que la existencia de Orbitas homoclinas transversales
implica la presencia de conjuntos invariantes [81].
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En la misma década aparecen en Rusia los trabajos pioneros de Shilnikov sobre
Orbitas homoclinas en sistemas dindmicos auténomos [76—79], y la aportacion de Mel-
nikov [61] y Arnold [13], quienes proporcionaron el “método de Poincaré-Melnikov-
Arnold” (mds brevemente conocido como método de Melnikov) para poder estudiar
las curvas de homoclinas y heteroclinas, lo cual ha permitido entender mejor el com-
portamiento de los sistemas dindmicos complejos.

Entre 1950 y 1970, Kolmogorov, Arnold y Moser aportaron un importante conjunto
de resultados que actualmente se conoce con el nombre de teoria KAM [12,51,52,64]
que trata de explicar como son modificadas las trayectorias de un sistema integrable
bajo pequeiias perturbaciones en las condiciones iniciales del sistema.

También cabe destacar la aportacion del matematico y meteor6logo americano Ed-
ward Lorenz en 1963 [58] quien trabajando en un sistema simple de tres ecuaciones
diferenciales, pensado como modelo atmosférico, observd que una pequefia variacioén
en los valores iniciales en las ecuaciones del sistema mostraba unos prondsticos del
estado del tiempo totalmente diferentes, con lo que detecté que pequefias variaciones
en los datos de partida generaban una gran dispersion de los escenarios finales. Este
fendmeno se dio a conocer mds adelante con el nombre de “efecto mariposa”, a raiz de
una conferencia que impartié en 1972 (véase [40]).

A finales del siglo XX, los resultados obtenidos anteriormente tienen continuacion
en Europa occidental, con trabajos sobre el comportamiento periédico en torno a una
Orbita homoclina por parte de Glendinning y Sparrow [41,42], y de Gaspard, Kapral
y Nicolis [36]. Ello da lugar a la apariciéon de nuevos trabajos sobre 6rbitas hetero-
clinas de codimension dos en sistemas de dimensién mayor o igual que tres donde
caben destacar las consecuencias sobre la dindmica periddica y no periddica debido a
la existencia de bifurcaciones globales [20,42]. Al trabajar con una familia de siste-
mas parametrizados, los resultados generalmente se obtienen en forma de diagramas y
conjuntos de bifurcaciones.

En el marco de varias tesis doctorales desarrolladas en nuestro grupo [1,32, 35,62,
68,72], asi como en los proyectos de investigacion correspondientes, hemos conside-
rado familias de sistemas dindmicos tridimensionales como son el sistema de Lorenz y
otros de tipo cuasi-Lorenz. Un primer objetivo de este trabajo, que se encuentra en su
origen y motivacion, es el estudio del comportamiento dindmico y de bifurcaciones de
dichos sistemas. La aplicacion de ideas y técnicas propias de la teoria geométrica y de
bifurcaciones de sistemas dindmicos genera una variedad de problemas y cuestiones
de interés general y cuya resolucién constituye un segundo objetivo fundamental en
esta memoria.

Entre las hipétesis de partida se encuentra el hecho de que mediante el anélisis de
las posibles bifurcaciones es factible obtener informacién valiosa sobre el comporta-
miento dindmico, a menudo complejo, de sistemas concretos. Por lo tanto, la teoria de
bifurcaciones constituye una herramienta fundamental para el estudio de los sistemas
dindmicos.
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El estudio de bifurcaciones de una familia parametrizada de sistemas dindmicos se
centra en aquellos valores de los pardmetros donde se producen pérdidas de estabilidad
estructural. Se generan problemas locales en caso de se trate la pérdida de hiperbolici-
dad (degeneracion lineal) de equilibrios u 6rbitas periddicas que da origen a fendmenos
de bifurcacion local (inestabilidad estructural local), y problemas globales que estidn
caracterizados por la inestabilidad estructural de las 6rbitas homoclinas que da lugar a
variados y complejos fenémenos de bifurcacion global.

La forma de aplicar la teoria local de bifurcaciones aparece de forma recurrente
en esta memoria y consiste en buscar las situaciones de mayor degeneracion de los
elementos criticos (preferentemente equilibrios, ocasionalmente 6rbitas periodicas) en
los sistemas parametrizados. Para ello se comienzan analizando las posibles degene-
raciones en las partes lineales (no hiperbolicidad), lo que permite obtener un primer
conjunto de parametros de bifurcaciéon de entre los parametros propios del sistema.
El estudio de las correspondientes conductas de bifurcacion se lleva a cabo mediante
técnicas analiticas tales como la reduccion del sistema mediante el teorema de la va-
riedad de centros y el cdlculo de formas normales. Con tal fin se precisa el concurso de
algoritmos de computacién simbdlica desarrollados en trabajos anteriores.

El célculo de las formas normales nos proporciona informacién sobre aquellos tér-
minos no lineales esenciales para la conducta de bifurcacién. Nos planteamos, en este
punto, analizar las posibles degeneraciones de las partes no lineales. Con ello, pondre-
mos en evidencia el papel como pardmetros de bifurcaciéon de nuevos parametros del
sistema.

En sintesis, habremos encontrado situaciones altamente degeneradas y se pretende
describir las correspondientes bifurcaciones multiparamétricas. Dichas situaciones de
degeneracion actian como centros organizadores de la dindmica, por lo que podemos
detectar una variedad de comportamientos dindmicos y de bifurcaciones mediante un
andlisis local adecuado. Los resultados de este andlisis local serdn validos, en princi-
pio, en un entorno del elemento critico en el espacio de 6rbitas y en un entorno de
los valores criticos de bifurcacion en el espacio de parametros. Sin embargo, de la ob-
servacion experimental o la simulacién numérica se deduce, con frecuencia, que los
resultados del estudio local se conservan lejos de la situaciones de bifurcacién (los en-
tornos predichos por la teoria tienen en todo caso un tamafio concreto, aun cuando no
sea conocido, en general, a priori).

Por lo tanto, nos planteamos extender los resultados locales mediante el uso de mé-
todos de continuacién numérica. La valiosa informacion obtenida en el estudio de una
bifurcacion local serd el adecuado punto de partida para la aplicacion de las técnicas
numeéricas: aproximaciones locales bien en el espacio de oOrbitas (por ejemplo, condi-
ciones iniciales aproximadas de Orbitas periddicas u homoclinas), bien en el espacio
de parametros (por ejemplo, aproximaciones a curvas de bifurcacién). Asi que se trata
de una buena muestra de la conjuncion de técnicas analiticas y numéricas para estudiar
los sistemas dindmicos tridimensionales.
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A lo largo de esta memoria vamos a estudiar la dindmica de diversos sistemas dina-
micos tridimensionales. Especificamente analizaremos el modelo planteado por Lorenz
que viene dado por las ecuaciones

i=o0(y—=x), y=pr—y-—xz, i=-bz+tuy, (1)

siendo o, p y  pardmetros que determinan las propiedades dindmicas del sistema.

El comportamiento de este sistema ha sido estudiado en centenares de articulos,
pero en la mayoria de ellos se ha hecho desde un punto de vista fisico y, debido a ello,
se han elegido los pardmetros estrictamente positivos [5, 16—18, 24,29, 38,42, 54,55,
82,84]. En cambio, es interesante conocer el comportamiento del modelo cuando los
pardmetros toman cualquier valor real, ya sean positivos o negativos [21,50,56,57,63],
pues nos interesa el comportamiento del sistema desde un punto de vista dindmico.

El estudio del sistema de Lorenz ha originado, en buena medida, el trabajo desa-
rrollado en esta memoria y ha suscitado una gran parte de los problemas y cuestiones
generales abordados.

Esta memoria estd organizada en cinco capitulos; cuatro de ellos son articulos ya
publicados y el dltimo es un trabajo que actualmente estd sometido a revision.

En el capitulo 1 llevamos a cabo un anélisis completo de la bifurcacién de Hopf
y de sus degeneraciones en el sistema de Lorenz, tanto del equilibrio en el origen
como de los equilibrios no triviales. En primer lugar, determinamos los valores de
los pardmetros para los que el equilibrio en el origen experimenta una bifurcacion de
Hopf. A partir de este primer conjunto de valores, y con técnicas analiticas tales como
variedad de centros y cdlculo de formas normales, encontramos una degeneracion de
codimensién dos de dicha bifurcacién, degeneracién que finalmente se comprueba que
es de codimension infinita y se demuestra la existencia de un centro sobre la variedad
de centros, evidenciando la falta de estabilidad estructural del modelo de Lorenz.

Por otro lado, el andlisis de la bifurcacién de Hopf de los equilibrios no triviales
también ha sido completado a pesar de su complejidad. Hemos logrado determinar
todas las degeneraciones posibles: varias curvas en el espacio triparamétrico corres-
pondientes a una degeneracién de codimension dos; dos puntos diferentes correspon-
dientes a una degeneracion de codimension tres; y una semirrecta correspondiente a
una degeneracion de codimension infinita.

A partir de los resultados tedricos obtenidos y mediante las técnicas de continuacion
numérica, comprobamos que las degeneraciones encontradas en la bifurcacién de Hopf
constituyen importantes centros organizadores de la dindmica del sistema de Lorenz.

Hay otros sistemas tridimensionales cuadréticos cuyo interés ha aumentado consi-
derablemente en las ultimas décadas. En la parte final de este capitulo hemos analizado
dos de estos sistemas: el sistema de Chen [23] y el sistema de Lii [59]. Se han consi-
derado los resultados obtenidos al respecto en publicaciones previas (ver [3,4]) donde
se demuestra que estos sistemas son casos particulares del sistema de Lorenz. Con los
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resultados obtenidos en este capitulo hemos encontrado toda la informacion posible
respecto a la bifurcacién de Hopf en ambos sistemas.

En el capitulo 2 analizamos la bifurcacion de Takens—Bogdanov en el sistema de
Lorenz. La contribucion a la teoria de sistemas dindmicos por parte de F. Takens y R.I.
Bogdanov fue el estudio del primer despliegue universal en una singularidad de codi-
mension dos [14,44], que aparece cuando un autovalor cero doble tiene multiplicidad
geométrica uno. Esta bifurcacion ha sido encontrada en un gran niimero de sistemas
de distintos campos de aplicaciones (véase [6-8, 10,19, 33,34, 60,70, 83]).

En raras ocasiones es posible demostrar la existencia de una 6rbita homoclina o he-
teroclina. Uno de los aspectos mds importantes de la bifurcacion de Takens—Bogdanov
es que garantiza la existencia de conexiones globales en una regién del espacio de pa-
rametros, que pueden ser Orbitas homoclinas en sistemas no simétricos y Orbitas tanto
heteroclinas como homoclinas en sistemas simétricos.

Las unicas evidencias que aparecian en la literatura sobre esta bifurcacién en las
ecuaciones de Lorenz eran los trabajos [30, 49]. Iniciamos este capitulo realizando
un estudio tedrico de la bifurcaciéon de Takens—Bogdanov del equilibrio en el origen,
encontrando los valores de los pardmetros en los que ocurre. Mediante las técnicas
analiticas correspondientes determinamos que el equilibrio trivial experimenta una bi-
furcacion de Takens—Bogdanov degenerada de codimension infinita.

A partir de los resultados tedricos obtenidos, detectamos numéricamente varios ti-
pos de conexiones homoclinas y heteroclinas degeneradas, asi como bifurcaciones de
Takens—Bogdanov de drbitas periddicas. Mostramos la existencia de bifurcaciones de
duplicacién de periodo, silla-nodo y bifurcaciones a toros que son experimentadas por
las correspondientes drbitas periddicas, y encontramos regiones del espacio de paré-
metros con atractores extraios. Se evidencia asimismo la existencia de conexiones
homoclinas de codimension tres que, junto con la degeneracion triple-cero detectada
en el paso de la bifurcacion de Takens—Bogdanov de tipo homoclino a tipo hetero-
clino, actian como principales centros organizadores en el espacio de pardmetros del
comportamiento extremadamente complejo del sistema de Lorenz.

Con las herramientas de continuacion numérica también llegamos a mostrar la exis-
tencia del caos de Shilnikov (ver [22,47]) que implica la presencia de una dindmica
muy rica en el sistema de Lorenz; su deteccion llega a ser muy efectiva, pues las cone-
xiones globales (tanto 6rbitas homoclinas como heteroclinas) constituyen importantes
centros organizadores de la dindmica del sistema estudiado.

Por ultimo, y al igual que en el capitulo 1, mediante cdlculo simbdlico y continua-
cién numérica proporcionamos informacion sobre la bifurcacién de Takens—Bogdanov
tanto en el sistema de Chen como en el sistema de Lii.

En el capitulo 3 proponemos el siguiente sistema tridimensional
t=vy, §=ax+ay+ Avz+ Byz, 2=asz+ Ca®+ Dz? (2)

que corresponde a un despliegue triparamétrico, proximo a la forma normal de la bi-
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furcacién triple cero exhibida por el sistema de Lorenz. Estas ecuaciones incluyen una
amplia familia de sistemas tridimensionales similares al modelo de Lorenz que han
sido estudiados en la literatura, entre los que cabe destacar el sistema de Shimizu-
Morioka [80] y el analizado por Kobuku y Roussarie [50].

Entre las bifurcaciones que exhibe el equilibrio del origen en el sistema (2), hay
una bifurcacién doble-cero (autovalor cero doble con multiplicidad geométrica dos)
que es el objeto de estudio de este capitulo. Mediante el uso de herramientas analiticas
hemos demostrado la existencia de varias curvas de bifurcaciones de codimensién uno
(transcritica, pitchfork, Hopf y heteroclina) que emergen de esta singularidad. Por su
interés, nos centramos en la bifurcacién de Hopf y en la conexidén heteroclina, que nos
llevan a un comportamiento dindmico mds complejo. También detectamos y estudia-
mos una degeneracion en la bifurcacién doble-cero. En este caso, usando el método de
las transformaciones no lineales en el tiempo proporcionamos, a tercer orden, la ex-
presion de la curva heteroclina que surge de este punto de codimension tres. Ademads,
mostramos que las degeneraciones de esta conexion heteroclina estdn relacionadas con
la singularidad triple-cero que exhibe el equilibrio del origen. A partir de los resultados
tedricos obtenidos, las técnicas de continuaciéon numérica nos han permitido detectar
bifurcaciones globales de codimension uno, dos y tres en la region considerada del
espacio triparamétrico asi como zonas donde existen atractores cadticos.

A lo largo de esta memoria también hemos analizado la dindmica de otros sistemas
tridimensionales cuadrdticos similares al modelo de Lorenz que han surgido durante
los ultimos sesenta afios y que han hecho posible seguir investigando en esta temadtica
tan interesante como es la teoria del caos. Por ejemplo, O.E. Rossler introdujo algunos
sistemas cuadréticos que han sido objeto de numerosos estudios [9,15,37,73,74], 0J.C.
Sprott, quien trabajé en una buiisqueda sistematica de sistemas cadticos tridimensiona-
les simples con términos cuadréticos; de hecho encontré 19 modelos diferentes con
solo cinco o seis términos, con uno o dos de ellos no lineales, en concreto cuadraticos.
En el capitulo 4 hemos considerado la siguiente familia tridimensional biparamétrica,

t=a+yz, U=-—y+a i=0b—A4x, 3)

donde a,b € R. Esta familia coincide con uno de los sistemas estudiados por Sprott
cuando a = 0y b = 1, y con el sistema estudiado en [85] cuando a € R, b = 1.

En este sistema encontramos una conexion homoclina que es generada por la 6rbita
periddica que nace de la bifurcacién de Hopf que experimenta el tnico equilibrio pre-
sente. Demostramos la existencia de una degeneracion sobre esta curva homoclina de
codimensién dos conocida como bifurcacién homoclina flip, la cual puede ser de dos
tipos, inclinacién flip u 6rbita flip [45, 65, 66].

La bifurcacion homoclina flip es una degeneracién que aparece cuando la variedad
estable del equilibrio cambia su orientacién pasando de orientable a no-orientable, bajo
ciertas condiciones para los autovalores de la linealizacion del equilibrio [47,48,78] y
puede ser de tres tipos, conocidos como A, By C. A su vez, este tltimo tipo puede ser
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Cin 0 Coyt- Sandstede propuso un modelo que exhibe los tres casos mencionados ante-
riormente, pero dicho modelo sélo presenta el caso Coyt [75], por lo que se cuestionaba
si habria algin modelo que presentara el caso Cj,. A partir de la informacién propor-
cionada por los autovalores del equilibrio se deduce que el sistema (3) experimenta
el caso C que corresponde a un escenario de bifurcaciones donde aparecen atractores
extrafios y cuyo comportamiento ain sigue siendo objeto de estudio [28,39,45-47]. La
determinacion de la posicion de las curvas de conexiones homoclinas que emergen de
esta degeneracion respecto a la conexion homoclina principal nos permite afirmar que
estamos en el caso Cj, (ver [46, Fig. 5]). Hasta lo que sabemos es el primer ejemplo de
un sistema tridimensional explicito con una bifurcacion flip de este tipo (respondiendo
asf a la pregunta de Sandstede). Ademads, se trata de un sistema simple pues sélo tiene
seis términos y dos no linealidades, y un tinico punto de equilibrio. La combinacién de
herramientas analiticas y numéricas nos ha permitido estudiar su dindmica que tiene
como centro organizador una bifurcacién homoclina flip del tipo Cj,,.

En el capitulo 5, para complementar los resultados obtenidos en el capitulo 3, nos
interesamos por el andlisis de la bifurcacién doble-cero que experimenta el equilibrio
del origen en el sistema de Lorenz. Como en este caso este equilibrio no es aislado,
no podemos utilizar las técnicas analiticas usuales. Para solventar esta dificultad afia-
dimos un nuevo término cuadrético en la tercera ecuacion del sistema de Lorenz. El
estudio tedrico de esa singularidad en este sistema cuasi-Lorenz nos garantiza, para
ciertos valores de los pardmetros, la existencia de un ciclo heteroclino. A continua-
cion, el andlisis numérico en el espacio de parametros de esta conexion heteroclina
nos permite detectar ciertas degeneraciones de las conexiones globales que actian co-
mo importantes centros organizadores de la compleja dindmica del sistema que atn
no se conoce y cuyo estudio es una tarea de futuro. Si observamos la evolucién de
este conjunto de degeneraciones cuando el coeficiente del nuevo término introducido
se aproxima a cero, podemos entender, en el sistema de Lorenz, el origen de una su-
cesion infinita de conexiones globales que si se menciona en varios trabajos (ver [26]
, [18], [5]) pero cuyo origen era desconocido. Mostramos que estas conexiones glo-
bales estdn relacionadas con lazos heteroclinos conocidos como puntos-T o ciclos de
Bykov [2,31,42,71].
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Resumen:

In this paper, we perform a complete study of the Hopf bifurcations in the three-
parameter Lorenz system, x'=o(y-x),y =px-y-xz,z'=—bz+xy, with o,p,bER. On the one
hand, we reobtain the results found in the literature for the Lorenz model when the
three parameters are positive. On the other hand, we completely determine the loci of
all the degeneracies exhibited by the Hopf bifurcation of the origin and of the nontrivial
equilibria. In this last case, we demonstrate, among other things, that the first two
Lyapunov coefficients simultaneously vanish in two codimension-three bifurcation
points, giving rise in both cases to the coexistence of three periodic orbits involved in a
cusp bifurcation. The analytical study that we carry out, where several complicated
expressions have to be handled, successfully closes the problem of the Hopf bifurcations
in the Lorenz system. Moreover, from our results, it is easy to obtain all the information
on the Hopf bifurcations in the Chen and L systems, taking into account that they are,
generically, particular cases of the Lorenz system, as can be seen by means of a linear
scaling in time and state variables.
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Resumen:

In this work we study Takens—Bogdanov bifurcations of equilibria and periodic orbits in
the classical Lorenz system, allowing the parameters to take any real value. First, by
computing the corresponding normal form we determine where the Takens—Bogdanov
bifurcation of equilibria is non-degenerate, namely of homoclinic or of heteroclinic type.
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The transition between these two types occurs by means of a triple-zero singularity.
Moreover, we demonstrate that a degenerate homoclinic-type Takens—Bogdanov
bifurcation of infinite codimension occurs. Secondly, taking advantage of the above
analytical results, we carry out a numerical study of the Lorenz system. In this way, we
find several kinds of degenerate homoclinic and heteroclinic connections as well as
Takens—Bogdanov bifurcations of periodic orbits. The existence of these codimension-
two degeneracies, that organize the symmetry-breaking, period-doubling, saddle-node
and torus bifurcations undergone by the corresponding periodic orbits, guarantees in
some cases the presence of Shilnikov chaos. We also show the existence of a
codimension-three homoclinic connection that together with the triple-zero degeneracy
act as main organizing centers in the parameter space of the Lorenz system. Finally, we
obtain interesting information on the bifurcation sets of the widely studied Chen and Lu
systems, taking into account that they are, generically, particular cases of the Lorenz
system, as can be proved with a linear scaling in time and state variables. We remark
that the heteroclinic case of the Takens—Bogdanov bifurcation in the Lorenz system was
found in the literature, in a region with negative parameters, in the study of a
thermosolutal convection model and in the analysis of traveling-wave solutions of the
Maxwell-Bloch equations.
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In Communications in Nonlinear Science and Numerical Simulation (Vol. 77, pp. 324—
337). Elsevier BV. https://doi.org/10.1016/j.cnsns.2019.05.005

Enlace al texto completo: https://doi.org/10.1016/j.cnsns.2019.05.005

Resumen:

In this paper we consider a two-parameter quadratic three-dimensional system with
only six terms and two nonlinearities. First we analyze the Hopf bifurcation of its only
equilibrium detecting several degeneracies. With this information we numerically obtain
various bifurcation diagrams of periodic orbits in which saddle-node and period-
doubling bifurcations as well as homoclinic connections appear. A careful study of the
homoclinic orbits, in a region of the two-parameter plane where the equilibrium is a real
saddle, shows the presence of a homoclinic flip bifurcation of case C. Here this orbit
changes from orientable to non-orientable, being the lowest codimension for a
homoclinic bifurcation to a real saddle equilibrium that results in chaotic behavior. More
specifically, we determine that it corresponds to the case inward twist Cin, in such a way
that, as far as we know, it is the first example of a 3D vector field exhibiting this case.
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1. Introduction

It is familiar that the dynamics exhibited by a three-dimensional autonomous system can be extremely complicated.
The best known example and one of the most studied is the Lorenz system [1,2]. Although it was derived from a simple
model of convection in the atmosphere, it also appears in many other fields (see, for instance, [3-11]). Due to their physical
meaning, in most cases, its three parameters take positive values. However, in some situations, it also makes sense for
them to be negative (see, for example, [6,7]). Therefore, it is interesting to consider that the three parameters can take
any real value.

Despite the many works dedicated to knowing and explaining its extraordinarily complex dynamical behavior (for
instance, we cite some of them devoted to chaotic behavior [12-18], heteroclinic loops called T-points [19-21], manifolds
study [22-24], invariant algebraic surfaces [25,26] and resonances and periodic orbits [27,28]; see also references therein)
there are still many aspects to be understood. Although numerical tools are essential to be able to carry out its study, the
analysis of the local bifurcations of the equilibria provides valuable initial information. In this way, the full analysis of the
pitchfork, Hopf and Bogdanov-Takens bifurcation exhibited by the origin of Lorenz system has already been carried out
(see, for instance, [29-32]).
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However, the study of the Hopf-pitchfork and the triple-zero degeneracies presents an additional difficulty since the
origin is not an isolated equilibrium. In this case, it would be necessary to adapt the standard techniques of normal
forms of the reduced system on the center manifold. This complication has encouraged us to start the study of the triple-
zero bifurcation for systems invariant to the change (x, y, z) — (—x, —y, z) (symmetry exhibited by the Lorenz system),
considering the corresponding normal form [33].

The triple-zero bifurcation is of codimension three when the eigenvalue has geometric multiplicity two. The study of
this case, both in systems without symmetry (such as Rdssler’s) and in Z,-symmetric systems (such as Chua’s) illustrates
the richness and complexity of the dynamics that appears as a consequence of this degeneracy (see [34-36] and references
therein). However, if the triple-zero eigenvalue has geometric multiplicity one, then the bifurcation is of codimension
five [33], which reduces to codimension three if the above symmetry condition is assumed. Given the enormous difficulty
of this problem, as a first step, we propose an unfolding with three parameters (see Eq. (3)). This system is of interest
to us not only for small values of the parameters (on which we can do a local analysis) but also for large values (which
are reached by numerical continuation). In fact, this system represents a wide family of Lorenz-like systems studied in
the literature [37-42] (some of them well known, such as the Shimizu-Morioka system), although not only for small
values of the parameters. Concretely, Kokubu and Roussarie demonstrate in this system the existence of non-degenerate
heteroclinic cycles, which give rise to complex dynamical behaviors, in a region of the parameter space where there are
small, unity order, and large parameters [42, Theorem 2.3]. We are interested in finding heteroclinic cycles in other
regions of the parameter space and, in particular, to see its possible relationship with the triple-zero degeneracy.

A starting point to study the existence of heteroclinic cycles is the analysis of codimension-two local bifurcations which
are close to the triple-zero. In this way, we find in the unfolding three local bifurcations of codimension two, Bogdanov-
Takens (double-zero eigenvalue with geometric multiplicity one), double-zero (eigenvalue with geometric multiplicity
two) and Hopf-zero. The Bogdanov-Takens bifurcation has already been analyzed [43]. The first part of this work is
devoted to studying the double-zero bifurcation.

The global connections found, whose existence is guaranteed by the local analysis (Bogdanov-Takens and double-zero
bifurcations), can be numerically continued, with which it is possible to study their degeneracies and their relationship
with the triple-zero degeneracy (see Fig. 10). The corresponding results appear in the second part of this paper.

The final objective that we intend to achieve in this long process is the study of the triple-zero bifurcation in Lorenz-
like systems obtained by perturbations of the Lorenz system, in such a way that an isolated equilibrium undergoes the
triple-zero degeneracy. Thus, the Lorenz system will appear as the limit of a certain family of Lorenz-like systems (we
trust that this procedure will allow to obtain interesting information about its dynamics).

The paper is organized as follows. In Section 2 we introduce the system under study and determine the local
bifurcations it can exhibit, namely pitchfork, transcritical, Hopf, Bogdanov-Takens, Hopf-pitchfork, double-zero and triple-
zero. The study of the double-zero degeneracy (double-zero eigenvalue with geometric multiplicity two) is carried out
in Section 3. The presence of a nonlinear degeneration in the double-zero bifurcation is also discussed (some useful
lemmas appear in Appendix A). Moreover, Hopf bifurcations of the nontrivial equilibria are analyzed and expressions
for the loci in the parameter space where the first Lyapunov coefficient vanishes are provided (all the details appear
in Appendix B). In Section 4 we conduct a numerical study starting near the double-zero bifurcation, taking advantage
of the analytical results previously obtained. In this way we detect a very complex bifurcation scenario where, among
other things, degenerate homoclinic and heteroclinic connections, T-point heteroclinic loops and chaotic attractors are
present. We also show numerical evidence that at least four curves of codimension-two global bifurcations are related to
the triple-zero degeneracy present in the unfolding analyzed. Finally, a section with conclusions is included.

2. A normal form for the Lorenz system

The Lorenz system is given by (see [1,2])

)'C:U(y_x)’
y=px—y—xz, (1)
z = —bz +xy,

where o, p and b are real parameters. These equations are invariant under the change (x, y, z) — (—x, —Yy, z); therefore,
the z-axis is invariant. The equilibria are the origin (0, 0, 0) and, when b(p — 1) > 0, a pair of symmetric nontrivial

equilibria (in(p —1),£/b(p = 1), p — 1). The origin can exhibit the following linear degeneracies:

a pitchfork bifurcation when p =1, 0 # 0, —1, b # 0 [32, Sect. 3];
a Hopf bifurcation for o = —1, p > 1, b # 0 [30];

a Bogdanov-Takens bifurcation wheno = —1, p = 1, b # 0 [31];
a Hopf-pitchfork bifurcation foroc = —-1,b =0, p > 1;

a triple-zero bifurcation if o = —1, p =1, b = 0.

Unfortunately the above Hopf-pitchfork and triple-zero bifurcations cannot be analyzed by the usual techniques
because the origin is a non-isolated equilibrium when b = 0. To circumvent this obstacle in the case of the triple-zero
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bifurcation, in this paper we consider a three-parameter unfolding, that is close to the normal form of the triple-zero
bifurcation exhibited by the Lorenz system [33], given by

x=y,
Y = €1X + £,y + Axz + Byz, (2)
Z = €32 + Cx* + DZ?,

where ¢1, &5, €3 ~ 0 and A, B, C, D are real parameters. System (2) exhibits a triple-zero bifurcation when ¢y = ¢, = g3 =
0. These equations are also invariant under the change (x, y, z) — (—x, —y, z).

We remark that several systems studied in the literature appear as particular cases of (2) for certain parameter choices.
Thus, if A = —1,C = 1, B = D = 0 we obtain the Shimizu-Morioka system [37,38] (for ey = 1, &5 = —A, &3 = —«)
and a low-order model of magnetoconvection [39] (for ¢y = —A, &5 = k, 63 = —1). If A= —ak,C = h,B=D = 0,
by means of the change x = X, y = a(y —X), z = Z, a Lorenz-like system is obtained [40,41] (for &1 = ab, &, = —q,
g3 = —c). Finally, if A= —1,C = 1,B= —y,D = §, 1 = A, &, = —1, ¢35 = —f, the resulting system [42, Eq. (2.7)]
has non-degenerate heteroclinic cycles that connect the equilibria located on the z-axis, in certain regions where ¢ is
sufficiently large, e, = —1 and ¢3, B < 0 and D > O are close to zero (see [42, Theorem 2.3]).

If AC # 0, since system (2) is invariant to the changes

(x1 y9 z, t’ €1, €2, 831A7 B7 C9 D) — (_X7y7 -z, _tv &1, —&2, —€3, _As Bs Cs D)v
(X5 Y.z, ta &1, €2, 839A7 B7 C7 D) - (_X7y7za _t7 &1, —&2, _837A7 _B’ _Ca _D)a

we can take without loss of generality A= —1,C =1
x=y,
Yy = &1X + &y — Xz + Byz, (3)

Z = &3z + x* + Dz°.

System (3) can have up to four equilibria, namely E; = (0,0,0), &, = (0,0,—e&3/D) if D # 0 and E34 =
(:l:«/—81(83 + Deq), 0, 81) if e1(e3 + Deq) < 0. Note that E; and E; are placed on the z-axis, that is an invariant set.
The Jacobian matrix of system (3) at the trivial equilibrium E; is

0O 1 O
&1 & 0) , (4)
0 0 €3

and then, its characteristic polynomial is given by P(A) = A3 4+ p1A%2 4+ poA + p3, where
p1 = —(&2+¢3), p2=é€263—¢€1, P3=é1€s.
Therefore, the origin exhibits the following bifurcations:

a pitchfork bifurcation when &1 = 0, g, # 0, g3 # 0. The equilibria E; 4 appear when ¢1(e3 + Deq) < 0.

A transcritical bifurcation (involving also E;) when ¢35 =0, &1 #0, &2 # 0, D # 0.

A Hopf bifurcation when e, =0, &1 < 0, &3 # 0.

A Bogdanov-Takens bifurcation (a double-zero eigenvalue with geometric multiplicity one) when ¢y = 0, &, = 0,
e3 # 0. It is of homoclinic type when 3 < 0 and of heteroclinic type if 5 > 0.

A Hopf-zero bifurcation when ¢, =0, 3 =0, g1 < 0.

A double-zero bifurcation (a double-zero eigenvalue with geometric multiplicity two) when ¢; = 0, g3 = 0, g, # 0.
A triple-zero bifurcation (a triple-zero eigenvalue with geometric multiplicity two) when &; = &, = g3 = 0.

As a first step in the study of system (3), the Bogdanov-Takens bifurcation has been analyzed in [43] whereas the
double-zero bifurcation is considered in this paper. The study of the Hopf-zero and the triple-zero bifurcations will be
carried out in the future.

Before starting with the study of the double-zero bifurcation, we are going to see that all the bifurcations that the
equilibrium E, exhibits can be easily deduced from those of E;. Indeed, to study the equilibrium E, = (0, 0, —e3/D),

D # 0, we translate it to the origin by means of the change
- _ _ €3
X=X, y=y,z=2z2— —,
y=y D

that transforms system (3) into

R b
y=(e1+ pe3)x + (82 — Ze3)y — X2 + Bz, (5)
= —e&3Z +X* + DZ?,
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Since system (3) is symmetric to the change

€ € Be
(Xs}’»Z, t781182383sBs D) — (nyyz - 539 ts &1 + 339 &y — ?37 _837B7 D) ) (6)

it is immediate to obtain the stability and bifurcations of E, from the stability and bifurcations of E;.
3. A double-zero bifurcation of the origin

The double-zero bifurcation exhibited by the equilibrium E; occurs when ¢; = 0, e3 = 0, &5 # 0. Consequently, to
study this codimension-two bifurcation, we fix the value of &, = A~! # 0 (we use A to facilitate the writing of the
expressions that will appear later) and assume that ¢; and &3 are close to zero.

The results obtained in this section are summarized in the following theorem and in Fig. 1.

Theorem 3.1. In system (3) the equilibrium E; exhibits a double-zero bifurcation when &; = &3 = 0,6, = A~ # 0. In
a neighborhood of this codimension-two degeneracy, there are only periodic solutions (arising from a Hopf bifurcation) when
D > 0 and A < 0. In this case, the local codimension-one bifurcations involved are (see Fig. 1):

(1) A transcritical bifurcation T, of equilibria E; and E,, when &3 = 0.

(2) Two pitchfork bifurcations P, when &; = 0, and P?, for 3 = —De + O(sf). They involve Eq or E; and Es 4.

(3) A Hopf bifurcation h of the equilibria Es 4, when 3 = —2De; + O(sf), if B # 2A. It is supercritical when B > 2A and
subcritical if B < 2 A.

(4) A heteroclinic loop between E; and E,, when

1 A(B—2A)D — A)
&g =——¢
! > 2p2(2D - 34)
if B #£ 2A. It is attractive when B > 2A and repulsive if B < 2A. This loop is formed by two heteroclinic connections,
one is structurally stable (since it goes from E; to E; on the invariant z-axis) and the other one (from E; to E; and placed

outside this axis) is more relevant as it is structurally unstable: He'J indicates that the connection between E; and E; is
outside the z-axis. Concretely, He?! exists when &3 > 0 and He'? if 3 < 0.

e2 + 0(&3), (7)

To study the double-zero bifurcation exhibited by the equilibrium E; first we apply the change of variables
x=Y+2Z, y=eZ z=X, (8)
that transforms system (3) into

X =X + (Y +2)*+DX?,

Y = —AeY — AeiZ + AXY + (A — B)XZ, (9)
Z = Ag1Y +(Ae1 + £)Z — AXY — (A — B)XZ.

Remark that the hyperbolic manifold of equilibrium E; (which is semi-hyperbolic at the double-zero) is attractive if
A < 0 and repulsive if A > 0 (since Z &~ (1/A)Z). Moreover, note that system (9) is symmetric to the change
(X,Y,Z) - (X, —Y,—=2Z), so the center manifold inherits this symmetry, that is, it will be of the form Z = Y¥(X, Y?),
where ¥ is a smooth function. Therefore, the reduced system on the center manifold is invariant to the transformation
(X,Y)— (X, —=Y),so Y = 0is an invariant curve of the reduced system. Consequently, it is enough to analyze the reduced
system for Y > 0.

To determine the bifurcations that arise from this singularity we begin by studying the reduced system up to second
order on the center manifold Z = A?XY + - - -

X=eX+DX24+Y2+...,
{Y:—A81Y+A(1—A281)XY+---. (10)
The change of variables
x=t,o8B yo_ L, pio (11)
D 2D V1D
transforms (10) into
{; = Z;r—Jrngb)rZ -2, (12)
where
pr = 22aDe t et olen P, me=2, a= "2 4 ofle ) (13)
2D 4 D

Therefore, sgn(a) = —sgn(A)sgn(D), i.e.,a > 0if AD < 0and a < 0 if AD > 0.
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(a)
h\ He?! &

Hol? h

Fig. 1. Bifurcation set of system (3) in a neighborhood of the double-zero DZ exhibited by the equilibrium E;, for D > 0 and A < 0 when: (a)
B > 2A; (b) B < 2A. The curves, according to Theorem 3.1, correspond to the following bifurcations: T, transcritical; P* and P2, pitchfork; h, Hopf
(supercritical when B > 2A and subcritical if B < 2A); He'? and He?!, heteroclinic loop (attractive if B > 2A and repulsive when B < 2A).

To study system (12) we can take advantage of the analysis of the Hopf-saddle-node degeneracy performed in [44]
(we remark that (12) would correspond to a Hopf-transcritical bifurcation since p, = 8% /4 is always positive), whose Eq.
(7.4.9) is

{f:ulr+arz, (14)

with b = +1. In this system there are six possible configurations (see [44, Sect.7.4] and [45, Sect.20.7]), labeled as I (b = 1,
a>0),lla(b=1-1<a<0,llb(b=1a<-1,llI(b=-1,a>0),IVa(b=-1,—1<a<0)andIVb(b= -1,
a < —1). Between them, the cases of interest are Ila-IIb and III, due to the presence of periodic solutions. On the one
hand, in case III, a Hopf bifurcation exists when u, > 0 and the periodic orbit disappears in a heteroclinic connection. On
the other hand, in cases Ila-IIb, also a Hopf bifurcation exists when u, < 0.

Comparing (12) and (14) we see that b = —sgn(D), thatis, b = +1if D < 0 and b = —1 if D > 0. Consequently, we
deduce that system (12) is in case IIl when D > 0 and A < 0. Conversely, system (12) is in cases Ila-IIb, when D < 0 and
A < 0. However, as uy = 8%/4 > 0, there is no Hopf bifurcation (because, in cases Ila-IIb, it only exists when u, < 0).
Note that the trivial cases I and IV (IVa-1Vb), where only equilibria appear, occur when D < 0 and A > 0 and when D > 0
and A > 0, respectively.

Therefore, when D < 0 and A < 0 (cases Ila-IIb), the following local bifurcations are present (see [44, Fig. 7.4.4]):
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e A transcritical bifurcation when p, = 0, that is, when g3 = 0.
e A pitchfork bifurcation for 42 — a®u, = 0, that is, for &y = 0 and for &3 = —Deq + O(&?).

As stated above, in this case there is no Hopf bifurcation and, consequently, no heteroclinic connection.

In the rest of this section we will analyze system (12), when D > 0 and A < 0 (case III), by following the steps
given in [44, Sect. 7.4] for the Hopf-saddle-node bifurcation (recall that our case would correspond to a Hopf-transcritical
bifurcation). The equilibria of system (12) are

2 _
(0,£/mz) and |+ /us— M_21 M1l when auy > 12,
@’ a

that in terms of the original parameters are given by

i) D _2De; —
(o, :I:%) and (:I:\/M + O(e1. &3]?), M) £1(e3 + Dey) < 0.

(AZS] — 1)2 2(1 — AZE])

Note that E; corresponds to the equilibrium (0, —e3/2) and E; to (0, e3/2).
From the study carried out in [44, Sect.7.4] we can deduce that the following local bifurcations are present (see Fig. 1):

e A transcritical bifurcation T of the equilibria placed on the z-axis when u, = 0, that is, when g3 = 0.
e A pitchfork bifurcation for 42 — a®u, = 0 that is, P! for &; = 0 and P2 for &3 = —De; + O(¢?).
o A Hopf bifurcation h of the equilibria placed outside the z-axis when u, = 0, u, > 0, that is, when 3 = —2De;.

However, the second-order terms are not enough to unfold neither the Hopf bifurcation nor the heteroclinic connection
because, for the values of the parameter where both bifurcations appear, the system is integrable, i.e., it has an analytic
first integral. In fact, for a = 2, it has a polynomial first integral (only case considered in [44]). Hence, it has a continuum
of periodic orbits that ends in a degenerate heteroclinic connection (it corresponds to a Hopf bifurcation in which all the
Lyapunov coefficients are zero, i.e., a center singular point) [44, Fig. 7.4.9]. Thus, to unfold and calculate the curves of Hopf
bifurcation and heteroclinic connections (involving the two equilibria located on the z-axis), as well as their stabilities,
we need the reduced system up to third order.

As the center manifold up to third order is Z = Y(A?X + A3Y? 4 (D — B + 2A)A3X?), we obtain the reduced system
up to order three

X = &3X + DX + Y2 4+ A2XY?, (15)
Y = —Ag;Y + A(1 — A%e)XY — [A — B+ A%(D — B+ 2A)]|A?X?Y — A%e Y3,
The change
-1 €3 1
X:—Z——’ Y:—r’ (]6)
D 2D VD — A2gy
transforms (15) into
= fiir + arz + ¢r’ + drz?,
s _ & 2 2 32 (17)
Z=[lp —1°—2z°+erz,
where
i A - +A3 +A2(B_A) 2+ O(le1, e31%)
= —Ag] — —e3+ —¢&163+ ———¢ €1, €3]°),
M1 1 2D3 2D13 ap? 3 1, €3
. &2 3 . —A .
M2 = Z+O(|81a83| )7 a:T+O(|81783|)5 C:O(|81983|)7 (18)
= 22D e, e= 22 4 oflen, )
= —— €1, € . e=— €1, € .
D2 1, €3 D 1, €3
Applying Lemma A.1 of Appendix A, we obtain, modulo translation and scaling,
ds N
—-— = 1S + asw,
dt (19)
dw . 2 2, 7.3
g —He—s-w +fw?,
where
fin = i+ O(ler, e3),  fo = jiz + Oler, e3]’), @ =a+ O(leq, e3)),
~  2A(B—2A)
f= —3p + O(le1, €3]). (20)
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Thus, in system (19), we can analyze both the Hopf bifurcation and the heteroclinic connection.
On the one hand, the Hopf bifurcation exhibits a first-order degeneracy when B = 2A. To prove it, we obtain from
system (19) the third-order reduced system

(s) (0 _1) (s) < TS )
.= + A 1 z s (21)
w 1 0 w __a 2 _ _1 2 f 3

W s VT A W

2asq 2asq

where 57 = \/ ([12G% — 36 — f f23)/@3. By using the recursive algorithm developed in Ref. [46], we compute the normal
form of the Hopf bifurcation up to third order

F=ar®+---, O=14br*+.., (22)

where the first Lyapunov coefficient is given by a; = 3f /( 8«/_asl Therefore, the Hopf bifurcation is supercritical when
a; < 0,ie, if f < 0, which occurs when B > 2A, whereas it is subcritical if a; > 0, i.e., when f > 0 or, equivalently,
when B < 2A. Consequently, a degenerate Hopf bifurcation appears when a; = 0, i.e.,, when B = 2A.

On the other hand, when f # 0, that is, if B # 2A, Melnikov's method guarantees the existence of a heteroclinic
connection whose curve is approximated by [47-49] (in [44] only the Hamiltonian case, a = 2, is considered)

3a2f 5
= T O ’
I 2Ba+2) + O(u3)
that in terms of our parameters corresponds to
1 A(B—2A)D - A) , s
g1 =——=¢ £ O(e3). 23
=8t Taap—3a 87 (e3) (23)

Concretely, He?! exists when e3 > 0 and He'? if &3 < 0. Note that very recently, using the nonlinear time transformation
method (NTT) [50-53], the expression of the heteroclinic curve in system (19) has been computed at any order for all
a € R [49, Eq.(3.20)].

With this we have completed the proof of the results stated in Theorem 3.1. Recall that all the curves mentioned in
this theorem are drawn in Fig. 1.

3.1. Degenerate case B=2A

Next we show the steps that should be followed to study the degenerate case B = 2A. In this situation, the Hopf
bifurcation and the heteroclinic connection are not determined by system (19), and therefore we need the reduced system
up to fifth order on the center manifold. Following the same steps as in the calculation up to order three, we obtain

ds . 4

— = [i1s + asw + O(Js, w|"),

dt

dw (24)
= s —s* —w? + O(ls, w|*),

dr

where i1, fi; and a are given in (20). Applying Lemmas A.2 and A.3 of Appendix A, we obtain, modulo translation and
scaling,

ds _ _
iz = (1S + asw,
drzb (25)
_ - 2 -2 5
— =y — S —w" + hw’,
dt
where
1= 1+ O(ler, e3),  fia = flo + O(ler, e3]’), @ =a+ O(ler, e3)), (26)

and the expression for h is not included because it is too long.
When h # 0, the application of the NTT method provides the following expression for the heteroclinic curve [54]

_ 15a°h &+ O(i)
M= @A+ 2)5a+2) 2 T Y
that in terms of the original parameters corresponds to
1 15A%h
81 = ——= &3 — 8%"‘0(8?3’)

2D 8D(2D — 3A)(2D — 5A)

72



A. Algaba, M.C. Dominguez-Moreno, M. Merino et al. Communications in Nonlinear Science and Numerical Simulation 111 (2022) 106482
3.2. Hopf bifurcations of Es 4 and E, in the whole (¢1, €2, £3)-space

The study made so far for the Hopf bifurcation of the equilibria E; 4 is valid when ¢; and ¢3 are small, close to the
double-zero bifurcation. In Appendix B.1 we have completed the analysis of this Hopf bifurcation for any value of &; and
3. Specifically, we provide the value of the first Lyapunov coefficient in Eq. (B.4) and give an expression for the Hopf
surface in the (&1, £, £3)-parameter space in Eq. (B.5). These results will be useful in the numerical study of system (3)
carried out in Section 4.

On the other hand, in Appendix B.2 we consider the Hopf bifurcation of the equilibrium E, which is related to a
Bogdanov-Takens bifurcation of E;, as we will see in Section 4. In Eq. (B.6) the value of the first Lyapunov coefficient is
given.

4. Numerical study

We have seen in the previous section that the presence of a double-zero bifurcation in system (3) guarantees the
existence of a heteroclinic loop which initially emerges as a planar phenomenon (in the same way that a Bogdanov-Takens
bifurcation ensures the presence of homoclinic or heteroclinic connections). However, as soon as we move away from the
point DZ, the heteroclinic connection will start to develop a three-dimensional structure. Thus, the numerical continuation
of the heteroclinic curve away from the double-zero will make possible to determine if any point of degeneracy appears.
This situation, in most cases, will imply a greater richness in the dynamics of the system.

The objective of this section is twofold. On the one hand, in Section 4.1 we are going to study the bifurcations that
appear from the degenerate double-zero bifurcation (B = 2A, where A = 1/&;), completing the local information
provided in Theorem 3.1 and shown in Fig. 1. On the other hand, in Section 4.2, we will find regions of the parameter
space in which the system (3) exhibits a very complex dynamics.

4.1. Degenerate DZ when B= —1and D = 1
Taking advantage of the theoretical information obtained in Section 3, we are going to carry out a numerical study of

system (3) by means of the continuation software AUTO [55]. Our goal is to obtain bifurcation sets in the vicinity of the
double-zero bifurcation DZ exhibited by the equilibrium E; = (0, 0, 0) when (&1, e3) = (0, 0) and &, # 0. Specifically, we

will take slices e, = constant in the (g1, &;, £3)-parameter space, fixing B= —1and D = 1.
We know from Section 3 that the double-zero bifurcation DZ is degenerate when ¢; = 2/B = —2. Then we will
consider values on both sides of this singularity, for instance, e, = —1.5 and &, = —2.5, that correspond, respectively, to

the cases B > 2A and B < 2A.

4.1.1. &y = —1.5(case B> 2A)

Initially, we are going to obtain the bifurcation set for ¢, = —1.5. Thus, as it is usual, in order to continue numerically
the bifurcation curves in a parameter plane we previously draw some bifurcation diagrams. Then, we also fix ¢35 = —0.5
and study the evolution of the nontrivial equilibrium E3 = («/81(0.5 —£1),0, 81) versus &4. It exhibits a Hopf bifurcation
h when &; ~ 0.2297234. The bifurcation diagram corresponding to the asymmetric stable periodic orbit emerged from
h is drawn in Fig. 2(a). This periodic orbit disappears, when &; &~ 0.2304689, in a heteroclinic cycle He'? between the
saddle equilibria E; = (0,0,0) and E;, = (0, 0, 0.5). Recall that this loop is formed by two heteroclinic connections,
one is structurally stable (since it goes from E; to E; on the invariant z-axis) and the other one is more relevant as it
is structurally unstable, of codimension one (the connection from E; to E, is placed outside this axis). For this reason
this heteroclinic cycle is labeled with the superscript 12, that is, He/ indicates that the connection between E; and Eis
outside the z-axis. The projection of He!? onto the (x, z)-plane appears in Fig. 2(c). Remark that throughout this work,
with the aim of simplifying the notation, we will label the heteroclinic cycle (in fact, due to the symmetry, a pair of
heteroclinic cycles exists) and the heteroclinic bifurcation with the same symbol, although they are two different objects.
In addition, when necessary, we will use superscripts to indicate the equilibria that are involved in a certain bifurcation,
or in a degeneration of it.

If we fix e3 = —0.9, we obtain the bifurcation diagram shown in Fig. 2(b). The periodic orbit emerged from h is of
saddle type, later it becomes stable in the saddle-node bifurcation sn (¢; &~ 0.397233) and, finally, it disappears in a
heteroclinic cycle He'? (g7 &~ 0.397237) similar to the previous case. Note that the heteroclinic loop is attractive for both
values of 3.

Now we can numerically compute for e, = —1.5 the loci where the bifurcations detected in Fig. 2 occur in the
(e1, e3)-plane. Thus, in the partial bifurcation set drawn in Fig. 3(a), we can observe the curves h (Hopf bifurcation of
the equilibria E3 4), He'? (heteroclinic cycle between the equilibria E; and E,) and sn (saddle-node bifurcation of periodic
orbits). Moreover, three straight lines intersect at the double-zero point DZ, namely P! (pitchfork bifurcation of the origin,
g1 = 0), P? (pitchfork bifurcation of E,, ¢ = —s&3) and T (transcritical bifurcation between E; and E,, €3 = 0). Note that
in these pitchfork bifurcations the equilibria E; 4 emerge.

Going into more detail, near the origin in the fourth quadrant the equilibria E3 4 arise from the curve P! as attractive
nodes (their three real eigenvalues are negative). By increasing the value of ¢; they become attractive foci until they
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Fig. 2. For & = —1.5, B = —1,D = 1, bifurcation diagram of the asymmetric periodic orbit emerged from the Hopf bifurcation h, exhibited by the
equilibrium E3, when: (a) 3 = —0.5; (b) 3 = —0.9. (c) Projection onto the (x, z)-plane of the heteroclinic cycle He'? of panel (a) that exists when
&1 ~ 0.2304689.

undergo a Hopf bifurcation h. On the other hand, in this quadrant the equilibrium E; is always a saddle-node (113 <
0, A, > 0). This implies that, at any point in this region there exists, apart from the heteroclinic connection between
E; and E,, another structurally stable (codimension-zero) heteroclinic connection between the equilibria E; and E5 (see
Fig. 3(b) for (&1, €3) = (0.15, —0.5)). When the Hopf curve h is crossed, E5 becomes a repulsive saddle-focus and then
the unstable manifold of E; connects with the attractive periodic orbit arising from this Hopf bifurcation (see Fig. 3(c)
for (g1, €3) = (0.2304, —0.5)). If &1 continues to increase, the periodic orbit grows and approaches the z-axis until the
heteroclinic connection between E; and E, is formed (see Fig. 2(c)) for (&1, £3) &~ (0.2304689, —0.5).

According to Eq. (B.5) of Appendix B.1, for a fixed value ¢, = constant, the Hopf bifurcation curve h that emerges from
the point DZ is given by the equation

362 — &3 + 264(1 — 82)+\/(81 — &)t + 4e1(e? + &1 — &2)
Er =
’ 2(—e1 +£2)

In the fourth quadrant this curve is unbounded and the following inequalities hold —2(g; + 1) < &3 < —2¢&1. The
first one corresponds to the condition p, > 0 (a necessary condition for the existence of the Hopf bifurcation). The
second inequality is due to the fact that the line ¢3 = —2¢; is an asymptote of the Hopf curve when ¢; — 400 and
g, = constant. Moreover, in accordance with the bifurcation diagrams of Fig. 2(a)-(b), a degenerate point Dh appears
on h, when (&1, €3) &~ (0.373821, —0.842653), since the first Lyapunov coefficient a; of the normal form vanishes (see
Fig. 3(a)).

On the other hand, the curve of heteroclinic connections He!? is also unbounded. It emerges from the point DZ to
the right of the Hopf curve h since B > 2/g, (this agrees with the bifurcation diagram of Fig. 2(a)). However, when
(e1,e3) =~ (0.38281, —0.86445), both curves intersect and then, they change their relative position. Moreover, the curve
He!2 exhibits a degeneracy DHe'? at (g1, £3) = (7/16, —1). To analyze it in the fourth quadrant of the parameter plane,
we denote the eigenvalues of the Jacobian matrix at the origin E; as A, A3 < 0 < A,, where

&2+ /&2 + 4y

2 ’

A3z =¢€3, Ay =
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Fig. 3. For & = —1.5, B = —1,D = 1: (a) Partial bifurcation set in the vicinity of the double-zero point DZ, in the fourth quadrant. For ¢35 = —0.5,
heteroclinic connections: (b) between E; and E; on the z-axis, and between E; and the attractive equilibrium E3, when &; = 0.15; (c) between E,
and E; on the z-axis, and between E; and the stable limit cycle arising from h, when ¢; = 0.2304.

and the eigenvalues of the Jacobian matrix at E; = (0, 0, —e3) as A] < A5 < 0 < A}, where

- . eatest (e +e3)? +4er +e3)
3= &3 21 = ) :

.
]
A3

Now, we consider the saddle quantities 8¢, = ‘%2”3)

and 8¢, =

Fixed a value ¢, = constant < 0, in a neighborhood of the point DZ in the fourth quadrant, g, = ‘ i—; ) and consequently
the locus where &g, 8¢, = 1 satisfies

281+ &+ /44 +8§

1—81—82

€3 =&

Along the curve He'? of Fig. 3(a), and in general throughout this quadrant, both equilibria E; and E, are always real
saddle.

At the degenerate point DHe'?, at (&1, £3) = (7/16, —1),
A3A; —1-(-0.25)
A 0.25- 1

O, 0, =

’

in such a way that 8¢, 6, > 1 in the portion of the curve between the points DZ and DHe'? and, consequently, the

periodic orbit involved in the heteroclinic cycle is stable (see [56,57]). On the other hand, this periodic orbit is of saddle
type below DHe'? since &, 8¢, < 1. We remark that the equilibrium E; has a double eigenvalue (1; = A3 = &3) when

(e1, £3) ~ (0.790525, —1.913196). From this point 8, =

Fig. 3(a), the degenerate points Dh and DHe'? are joined by the curve sn, where a saddle-node bifurcation of asymmetric
periodic orbits occurs.

As the value of &, increases (approaching the value e, = —2 where the degeneration we are analyzing occurs),
it is observed that the degenerate points Dh and DHe'?, as well as the intersection point between the curves h and

:\\—; , but it is still true that 8¢, 8¢, < 1. Finally, as can be seen in
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Fig. 4. For ¢ = —1.5,B = —1,D = 1: (a) Partial bifurcation set, in the second quadrant, in a neighborhood of the point DZ. (b) For &3 = 1,
&1 = —0.663, orbit joining the equilibrium E, and the periodic orbit emerged from the Hopf bifurcation h. (c) Projection onto the (x, z)-plane of the

heteroclinic cycle He?! of panel (a) that exists when (g1, £3) &~ (—2.4604356, 2.3).

He'2, are approaching the double-zero point DZ. Thus, for &, = —1.9, the curve sn joins the points Dh which occurs
at (&1, £3) &~ (0.092275, —0.189040), and DHe'?, placed at (g1, £3) = (39/400, —0.2). Moreover, the intersection between
h and He'? occurs when (g1, £3) &~ (0.09369, —0.19201).

According to the theoretical study done in Section 3, we know that the curves corresponding to the Hopf bifurcation
of the nontrivial equilibria E5 4 and to the heteroclinic connections between E; and E; also exist in the second quadrant
of the (g1, £3)-plane, as can be seen in the bifurcation set for ¢, = —1.5 drawn in Fig. 4(a). The Hopf bifurcation curve h
is now bounded, as it ends at the point BT, which occurs at (g1, £3) = (—1.5, 1.5), where the equilibrium E, undergoes
a Bogdanov-Takens bifurcation [43]. Moreover, the curve h eXists in the region —e; < €3 < —2¢4. In this case, the Hopf
bifurcation is always supercritical and the attractive asymmetric periodic orbit arises to the right of the curve h. We note
that the equilibria E3 4 are attractive node when they arise from P2, As the value of ¢; is increased, their evolution is similar
to the one mentioned above for the fourth quadrant, but exchanging the roles of E; and E, (now the unstable manifold of
E, connects with E3). Consequently we would have phase portraits of the same type than those of Fig. 3(b)-(c). However,
the attractive periodic orbit arising from h, which in a neighborhood of the origin gives rise to the heteroclinic cycle He?!
(the relevant heteroclinic connection, placed outside the z-axis, goes from E; to Eq), for other values of the parameters
(for example g3 = 1), it goes approaching the equilibrium E, (see Fig. 4(b)) ending in a homoclinic connection to E; for
g1 ~ —0.6610023 which will be analyzed later. We note that, in the region between the curves P? and He?! in Fig. 4(a),
the eigenvalues of E; are A3 = €3 > 0 (whose associated eigenvector is found on the invariant axis) and A, A1 < 0 (since
€1 < 0), so homoclinic connections to this equilibrium cannot exist in that region.

The curve of heteroclinic cycles He?! also emerges from DZ and it is placed to the right of the Hopf curve h. In this

PO o o . L .
case, as 8¢, 0, = | 152 ‘ > 1, the periodic orbit involved in the heteroclinic cycle is stable.

On the curve He?! a first degeneracy DHe!, placed at (g1, £3) &~ (—0.5625, 0.8834547), appears when the equilibrium
E; changes from saddle-node to saddle-focus. In the second part of this numerical study we will see the relation that

exists between this degeneracy and the homoclinic connection to E, (originated by the periodic orbit drawn in Fig. 4(b)).
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Fig. 5. For B= —1, D = 1 and &, = —1.5, comparison between numerical continuation (solid) and analytical first-order approximation given by
(23) (dashed) for the heteroclinic bifurcation curves He'? and He?!.

There is also a degenerate point DHe??, located at (&1, £3) &~ (—0.853422, 1.210866), similar to that found in the fourth
quadrant, where g, 8¢, = 1, condition that occurs when

2
&+ &3
g1=—e3|14+28 | ——— ,
1 3(+ 2<€2+2€3))

Re(hp )2
A3hd

Unlike what happens with the degeneracy of the same type located in the fourth quadrant, the point DHe?! that exists in
the second quadrant is not related to the degeneration exhibited by the double-zero bifurcation DZ at the point DDZ, which
occurs at (&1, &3, £3) = (0, —2, 0). Indeed, when we vary the parameter ¢, approaching the value where the degeneration
DDZ occurs, the point DHe?! moves away from the point DZ, and specifically, for e, = —2, we obtain DHe?!, located at
(&1, e3) = (—1.15082, 1.64582).

Subsequently the curve of heteroclinic connections He?! intersects with the line P? at the point DHe?®, which occurs at
(&1, €3) = (—2.5007629, 2.5007629), where the equilibrium E; has a zero eigenvalue A7 = 0 and, as a consequence, E, has
a two-dimensional unstable manifold when crossing the line P2. Later, the curve He?! has a turning point outside the range
of Fig. 4(a), for (—10.761538, 5.917409), and cuts again P? at DHe?®, placed at (&, &3) ~ (—2.4692096, —2.4692096).
As He?! approaches the Bogdanov-Takens point BT, it experiences a new turning point and thus it intersects a third
time with P? at DHe?®, which occurs at (g1, 83) & (—1.9246322, —1.9246322). In the region of the parameter plane
where E, has a two-dimensional unstable manifold, a new degeneration DHe? appears on the heteroclinic cycle, for
(e1,e3) ~ (—2.285538, 2.1724805), because E, goes from real saddle to saddle focus when crossing this point. As can
be seen in Fig. 4(c), for (&1, £3) ~ (—2.4604356, 2.3), the equilibrium E; is a saddle-focus (with a two-dimensional stable
manifold). We remark that bifurcations of generic heteroclinic loops (between a saddle-node hyperbolic equilibrium and a
non-hyperbolic equilibrium which undergoes a pitchfork bifurcation) are considered in [58] for a four-dimensional system.
In our case the hyperbolic equilibrium E; is a saddle-focus at the points DHe?".

We conclude our study for ¢, = —1.5 showing, for the heteroclinic curves He'? and He??, the good agreement between
the theoretical prediction given by Eq. (23) and the numerical results, in the vicinity of the double-zero degeneracy (see
Fig. 5).

since now 8k, 8, = . From this point DHe?*, §g, 8¢, < 1.

41.2. ¢g = —2.5(case B < 2A)

Next we set &, = —2.5, on the other side of the value where the degeneracy DDZ occurs, and we find partial bifurcation
sets in the fourth and second quadrants of the (&1, e3)-parameter plane. In this way we see in Fig. 6(a) the same bifurcation
curves, related to double-zero bifurcation DZ, which are present in Fig. 3(a) except the curve of saddle-node bifurcation
of periodic orbits sn. This is because no point of degeneration appears on the curves h (Hopf of the nontrivial equilibria
E3 4) and He'? (heteroclinic cycle) and then, the saddle periodic orbit arisen from h ends at the heteroclinic loop He!? (it

holds &, 8z, = ‘%) < 1). We remark that the relative position between the curves h and He'? have changed in the
3

vicinity of the point DZ, with respect to what they had in Fig. 3(a) when &, = —1.5 (now we are in the case B < 2/¢;).
In the entire fourth quadrant, as was the case for ¢, = —1.5, both equilibria E; and E, are always real saddle.

In Fig. 6(b), for e, = —2.5, we see a partial bifurcation set in the second quadrant, with the curves related to the double-
zero bifurcation DZ. As in the case of ¢, = —1.5, the curve of Hopf bifurcation h ends at a Bogdanov-Takens bifurcation BT
exhibited by the equilibrium E,, which occurs at (&1, e3) = (—2.5, 2.5). Initially, in accordance with the theoretical analysis
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Fig. 6. For ¢, = —2.5,B = —1,D = 1, partial bifurcation set in a neighborhood of the point DZ: (a) in the fourth quadrant; (b) in the second
quadrant.

of Section 3, h arises from the point DZ to the right of the curve He?! (both curves are related by a non-stable periodic
orbit). Subsequently h and He?! intersect and moreover at the point Dh, located at (&1, £3) &~ (—0.732961, 1.24975), the
first Lyapunov coefficient vanishes, in such a way that a stable periodic orbit emerges above this point. The curve of
saddle-node bifurcations of periodic orbits sn, arisen from this degeneracy, is drawn in the inset of Fig. 6(b).

As in the fourth quadrant, in a neighborhood of the point DZ, it holds &g, 8, = ‘%) < 1 on the heteroclinic curve
2
He?!. Later, a degeneracy DHe?!, where &, 8¢, = %EW = 1, occurs at (¢1, &3) = (—9/16, 1). This point is the end

of the curve sn drawn in Fig. 6(b). We note that the existence in the second quadrant of the degeneration points Dh
and DHe?! is due to the symmetry exhibited by system (3). Indeed, starting from the values of the degeneracy DHe'? for
£, = —1.5 in the fourth quadrant, and using the Egs. (6), the values of the first degeneracy DHe?! in the second quadrant
are obtained for e, = —2.5. In particular, the eigenvalues of the equilibrium E; become those of the equilibrium E; and
vice versa. On the other hand, the symmetrical point to Dh in the fourth quadrant for &, = —1.5 appears in the plane
gy &~ —2.342652 for (&1, &3) ~ (—0.468831, 0.842652). Logically the points on the line T, for &3 = 0, remain invariant
under this symmetry, in particular the point DZ and its degeneracies.

On the Hopf curve h, near the point BT, there is a second degeneration point Dh, located at (&1, €3) ~ (—2.37898,
2.51397), where the first Lyapunov coefficient vanishes. This new point arises from the bifurcation BT when ¢, = —2,
and it is related with a codimension-three Bogdanov-Takens bifurcation [43]. Analogously, on the curve of heteroclinic
connections He?! there is a second degeneration point DHe?!, which occurs at (&1, €3) ~ (—0.94877, 1.53434), where

%’ = 1. Once that point is passed, it holds 8¢, 8, < 1.

In this area is now located the degeneration DHe! at (eq, &3) ~ (—1.5625, 2.1968639) (see Fig. 6(b)) unlike what
happened for ¢, = —1.5, since at that point 8¢, 8¢, > 1 (see Fig. 4(a)). Subsequently the curve He?! intersects with the
line P? at the point DHe?®, situated at (g1, €3) &~ (—3.7663574, —3.7663574), where E, has a zero eigenvalue, so that E,

has a two-dimensional unstable manifold when crossing P2,

8, 85, =

4.1.3. Codimension-two bifurcations around the degenerate DZ

Next, we are going to study in the three-parameter space the loci where the detected codimension-two bifurcations
occur. In Fig. 7(a) and (b) we represent, in a neighborhood of the point DDZ, which occurs at (&1, &2, £3) = (0, —2, 0), the
projections of the curves Dh, DHe!? and DHe?! onto the planes (&, £1) and (&3, &3), respectively. We have also included
the curve HePE! (HePE?), where the equilibrium E; (E,) has a non-leading double eigenvalue at the heteroclinic cycle He'?
(He?h).

As can be seen, the curve DHe'? (as is the case with curve Dh) arises from the degeneracy DDZ, exhibited by the
double-zero bifurcation DZ and analyzed in this paper for system (3). Moreover, DHe'? intersects with the curve HePE!
when (&1, &2, £3) = (0.64, —1.2, —1.6). At this point, the eigenvalues of E; are A; = A3 = —1.6, A, = 0.4 and those of
E; are A} = —2.4, A5 = —0.4, A5 = 1.6, so that 8¢, 6, = 1. Because of the symmetry exhibited by system (3), the same
situation appears for (g1, &2, £3) = (—0.96, —2.8, 1.6), interchanging the roles of the equilibria E; and E,. We note that
there is no degeneration DHe?! on the surface He?! for &, < —2.8, but there is degeneration DHe!? for ¢, > —1.2 to the
right of the curve HeP®!,

4.2. Looking for more complex behavior (B = —0.1,D = 0.01, &, = —1)

Our next objective is to analyze some of the degenerations detected on the curves He'? and He?!, although now we
will take ¢, = —1, B = —0.1 and D = 0.01. Thus, for the same value of &,, we will find degenerations of the type DHe?
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(b)

Fig. 7. For B= —1,D = 1, projection in the vicinity of the codimension-three bifurcation DDZ of the curves Dh (degenerate Hopf bifurcation of the
equilibria E; 4), DHe'? and DHe? (degeneracy condition 8¢, 8, = 1 on the curves of heteroclinic connections He'? and He?!, respectively), He®™ and
HeP®? (non-leading double eigenvalue of E; on He'? and of E, on He?!, respectively) onto: (a) the (&2, &1)-plane. (b) the (&3, £3)-plane.

and DHe! in the fourth and second quadrants, respectively. This situation was not possible with the previous values of
the parameters. These degeneracies will allow us to find regions in which there are complex dynamical behaviors.

On the one hand, in the partial bifurcation set of Fig. 8(a)-(b) we see that the curve of nondegenerate heteroclinic
cycles He'? arises from the double-zero degeneracy DZ. Initially, these heteroclinic cycles are attractive (8g,8g, > 1) but
their stability changes when crossing the points DHe'?. In the fourth quadrant we have found two of these points DHe!?,

placed at (¢1, £3) &~ (1.057329, —0.028677) and (&1, £3) ~ (17.952116, —0.653279), where 8,5z, = ‘%ﬁz) = 1 (in

3
fact, 6g,dg, < 1 at the points on the curve He'? between both of them). Specifically, the eigenvalues of E, in terms of the
parameters B and D, are given by

2= Bes /(02— pes) +4(er 4 5)
. .

Thus, the curve where the equilibrium E, changes from real saddle to saddle-focus intersects the curve He!? in two
points. Indeed, when &; > 0, the equilibrium E; is always a real saddle along the curve He!?. For its part, E,
is also a real saddle when it arises from DZ, but it becomes a saddle-focus from the point DHe?, which occurs at
(1, &3) ~ (0.2328879, —0.00508985), placed between DZ and the first degeneracy DHe'? (see Fig. 8(b)). Below the second
degeneration DHe'? there is another similar point DHe?, situated at (g1, £3) &~ (72.3710927, —2.7397356), where E, goes
from saddle-focus to real saddle (see Fig. 8(a)).

Several bifurcation curves emerge from the first of these degenerate points DHe?. Specifically, in Fig. 8(b) we have
drawn two curves of homoclinic connections to the origin, H} and H, fulfilling that 8¢y < 1 when they arise from DHe?.
These curves H} and H) end in other degenerations that exist on He!? for the values (g1, &3) ~ (90, —3.4225563) and
(1, £3) &~ (75.0355, —2.8429), respectively.

On the homoclinic curve H} there is a degenerate point DH}, which occurs at (&1, &3) ~ (1.1370815, —0.6777442),
where 8¢, = 1, because its eigenvalues fulfill 11 < A3 = —A,. In Fig. 8(b) we also find two curves sn and SN of saddle-
node bifurcations of (asymmetric and symmetric, respectively) periodic orbits. Whereas sn exists between this point and
the degeneration DHe? closest to DZ, the curve SN connects this DHe? point with (&1, &3) ~ (75.0355, —2.8429), point
where the curve H% ends on He'2,

These curves (H!, sn, SN, H}, ...) are the first of an infinite sequence of curves of the same type (homoclinic connections
to E4, saddle-node bifurcations of asymmetric and symmetric periodic orbits, ...) that all arise from the degeneracy DHe?.
Curves of period-doubling bifurcations (exhibited by the asymmetric periodic orbits involved in sn) and of symmetry-
breaking bifurcations (exhibited by the symmetric periodic orbits involved in SN) are also present. As a consequence of
the above, in the region between the aforementioned bifurcation curves and He'2, we can find attractors of various types
as shown in Fig. 8(c)-(f).

On the other hand, in the second quadrant (see Fig. 9(a)) there is a single point DHe?! (similar to thgt found in the
second quadrant in Fig. 4(a)), which occurs at (&1, £3) ~ (—1.11049, 0.01772), where 8,8, = ’Rew)% = 1. In the

* *
)\.3 = —¢&3, )\.2’1 =

eV
rest of the curve He?! (starting from the point DHe?!), it is true that 8¢, 8g, < 1. Remark that these degeneracies DHe??,
in which one of the two equilibria E; and E, involved in the heteroclinic cycle is saddle-focus, are not related to the
codimension-three degeneracy DDZ previously analyzed. In this quadrant, the Hopf bifurcation of the equilibria Es 4 is
always supercritical and the curve h is bounded as it joins the points DZ and BT, placed at (&1, e3) = (—10, 0.1) (where
E, exhibits a Bogdanov-Takens bifurcation). Since ¢3 > 0, this Bogdanov-Takens bifurcation is of homoclinic type [43].
Consequently, apart from other bifurcation curves, a curve H? of homoclinic connections to E, emerges from BT (see

Fig. 9(b)-(c)).
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Fig. 8. For &, = —1,B = —0.1,D = 0.01: (a) partial bifurcation set in the fourth quadrant; (b) zoom of panel (a) in a neighborhood of the point
DZ. For &3 = —1 geometric Lorenz attractor when: (c) &; = 3 with initial conditions (xo, Yo, 20) = (3, —2,6.5). (d) &1 = 5 with initial conditions
(%0, Yo, 20) = (2.8, 1, 5). (e) &1 = 15 with initial conditions (xo, Yo, z0) = (0.2, 0.3, 20). (f) &; = 16.3 with initial conditions (xo, Yo, z0) = (—0.2, 1.2, 17).

When g; < 0, the equilibrium E, is always a real saddle along the curve He?!. However, although the equilibrium E;
is also a real saddle when it arises from DZ, it becomes a saddle-focus from the point DHe!, which occurs at (g1, £3) &
(—0.25, 0.004611), placed between the points DHe?! and DZ. Precisely, the homoclinic curve H?, which emerges from the
Bogdanov-Takens bifurcation, ends at the point DHe!. As we commented previously, an infinite sequence of homoclinic
connections to E, arises from DHe®. In Fig. 9(b)~(c) we have drawn the following two homoclinic connections, H2 and HZ, of
the mentioned sequence. Unlike what happened with the bifurcation curves of the fourth quadrant (which were organized
by the degeneracies DHe? and DHe!?), in the second quadrant the following two curves of the sequence of homoclinic
connections (as well as the first curve H?), now organized by the degeneracy DHe!, do not end on the heteroclinic curve
He?! (that is, they are not related to the principal heteroclinic loop).
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Fig. 9. For & = —1,B = —0.1,D = 0.01: (a)-(d) partial bifurcation set in the second quadrant of the (&1, £3)-plane. Projection onto the (x,z)-
plane of the T-point heteroclinic loop between E, and the equilibria E3 4 (note that because of the symmetry a pair of the corresponding orbits
exists): (e) principal T-point when (&1, £3) ~ (—8.3738877, 0.08418346); (f) secondary T-point when (&1, &3) ~ (—8.4159326, 0.08503685). (g) For
(&1, €3) = (—8.2,0.084), geometric Lorenz attractor with initial conditions (o, yo, z9) = (0.2, 0, —8.2).

On the curve H? there exists a degenerate point DH?, which occurs at (e, e3) ~ (—8.533961, 0.085536), where
the condition §g; = 1 (resonant eigenvalues) is fulfilled (see Fig. 9(c)). Moreover, as we can see in Fig. 9(b)-(c), the
curve HZ ends at the point TP, which occurs at (eq, £3) ~ (—8.37388775, 0.08418346), where there exists a (principal)
heteroclinic T-point loop between E, and E34 [19,59]. Its projection on the (x, z)-plane is drawn in Fig. 9(e). As can
be seen in Fig. 9(b)-(d), three curves of global connections emerge from the point TP: He3* (heteroclinic connections
between E; and E,), H® (homoclinic connections to E3 and E4) and a spiral shaped curve H% of homoclinic connections to
E,. Remark that the curves H® and H3 end at a secondary T-point heteroclinic loop TP between E, and Es 4, which occurs at
(e1, £3) & (—8.4159326, 0.08503685), whose projection on the (x, z)-plane is drawn in Fig. 9(f). In this scenario of global
bifurcations the presence of chaotic motions is guaranteed [16,17]. For instance, when (g1, £3) = (—8.2, 0.084) (a point
placed in the range of Fig. 9(c)), the attractor obtained with initial conditions (xq, yo, z9) = (0.2, 0, —8.2) is represented
in Fig. 9(g). Note that its shape is different from that of the other attractors drawn in Fig. 8(c)-(f).

81



A. Algaba, M.C. Dominguez-Moreno, M. Merino et al. Communications in Nonlinear Science and Numerical Simulation 111 (2022) 106482

(a)

Fig. 10. Partial bifurcation set in a neighborhood of the triple-zero bifurcation TZ, for B = —0.1 and D = 0.01: (a) in the (&1, &3, £3)-space; (b)
projection onto the (&,, £1)-plane; (c) projection onto the (&;, £3)-plane. Seven curves of codimension-two bifurcations appear: three are local (BT,
HZ, DZ) and four are global (DHe', DHe?, DH} and DH?).

4.2.1. Triple-zero bifurcation

Finally, to have a global idea of the bifurcation scenario and the main organizing centers in this region of the parameter
space of system (3), we have drawn in Fig. 10 a partial bifurcation set in a neighborhood of the triple-zero degeneracy
TZ, when B = —0.1 and D = 0.01. The curves in the (&1, &, £3)-space appear in Fig. 10(a), their projection onto the
(&2, €1)-plane in Fig. 10(b) and onto the (e, e3)-plane in Fig. 10(c). Specifically, we draw the loci where the following
codimension-two bifurcations occur:

e BT, Bogdanov-Takens bifurcation of equilibrium E;.

e HZ, Hopf-zero bifurcation of E;.

e DZ, double-zero bifurcation (a double-zero eigenvalue with geometric multiplicity two) of E;.

e DHe! and DHe?, degenerate heteroclinic connections because the equilibria E; and E,, respectively, change from
saddle-node to saddle-focus.

° DH% and DH%, degenerate homoclinic connections of E; and E; due to the existence of resonant eigenvalues 8g, = 1
and &g, = 1, respectively.

Finally we emphasize that similar configurations of curves of codimension-two global bifurcations around a triple-zero
degeneracy TZ have been found in previous works, both in the study of some Z,-symmetric control systems particularized
in the Chua’s equation [35] as well as in the analysis of non-symmetric electronic circuits [60].

5. Conclusions

In order to continue advancing in the analysis of the Lorenz system (and of so many other quadratic systems called
Lorenz-like systems) it is necessary to combine analytical and numerical tools. Given the impossibility of studying by
standard methods the triple-zero bifurcation that the equilibrium at the origin of the Lorenz system exhibits when
o =—1,p =1, b = 0, in this work we carry out a partial study of system (3), an unfolding of the normal form of
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the triple-zero bifurcation. We remark that several systems studied in the literature appear as particular cases for certain
parameter choices [37-42].

The theoretical analysis of the double-zero bifurcation (a double-zero eigenvalue with geometric multiplicity two)
has allowed to determine the different cases that may appear. For this we have established a connection between the
reduced system on the corresponding two-dimensional center manifold and the planar normal form of the Hopf-zero
bifurcation [44, Sect. 7.4]. For its greater interest, we have focused on the case that leads to a more complex dynamical
behavior (existence of Hopf bifurcation and heteroclinic connection), and we have provided the expressions of the
bifurcation curves organized by the double-zero degeneracy.

Taking as a starting point the theoretical results obtained, we have carried out a numerical study that has allowed
to find bifurcations of codimension one (Hopf, transcritical, pitchfork, saddle-node of periodic orbits, heteroclinic,
homoclinic), two (double-zero, Bogdanov-Takens, degenerate Hopf, degenerate heteroclinic, degenerate homoclinic, T-
point) and three (degenerate double-zero, triple-zero) in the region considered of the parameter space. On the other
hand, we have also found zones of existence of chaotic attractors. Various aspects of the bifurcation set of system (3) are
worth studying in the future. For example, to complete the study of degeneracies that appear on the bifurcation curves
and to determine the new curves that emerge from those degenerate points.

The double-zero bifurcation has allowed to find a heteroclinic connection. The degeneracies of this heteroclinic cycle
are connected with the triple-zero bifurcation TZ (see Fig. 10). This codimension-three linear degeneracy deserves further
study whose results can be applied to the Lorenz system.
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Appendix A. Some useful changes of variables

The first lemma is obtained directly from the results shown in [44, Sect. 7.4]. We state it here for clarity and
completeness.

Lemma A.1. System

y o 3 2
{Z ; a—riz—i_—c; I Z:§Z’+fz3, (A1)
for a # 0, by means of the change of variables
s=r, w=z+h?+iz%, dr=(1+jz)"dt, (A2)
where
h=§, i:d+ae+3i(a+1)c’ j:ae 2d-|3—a2(a+1)c’ (A3)

is transformed into

d

S _ asw + o(Js, w|*),

gfw (A4)
d_-L— = —52 — 'l,U2 +fw3 + O(|S7 U)|4),

where f =f—]
Lemma A.2. System

(A5)

i =arz + criz 4+ drz3,
z=—-r>—224+er* + fr’z? + mz*,

&3
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for a # 0, —1/2, is orbitally equivalent to

ds 5
— =asw + O(|s, w|’),
dt

(A.6)
d
= 2w+ Ofs. wl).
dt
by means of the change of variables
s=r(1+gr* +hz?), w=z(1+irz+jz%), dr=(1+k?)'dt, (A7)
where
a’e+(a+ 1)c+af —2am—d d—am .
g = — ) h == ) ] =m,
2a(2a+ 1) 2
. a(2a+5m+ (1 —2a)d+ae —2af —c ae—am—c+d
i= , k= —"—"7-— (A.8)
2(2a+ 1) 2a
Lemma A.3. System
F=arz +cr® +dr3z% + erz%, (A.9)
Z=—-1r2—22+friz + gr’z® + hz’, :
for a # 0, is orbitally equivalent to
d
L asw+ o(Js, w|®),
gfw (A.10)
— = —s* —w? + hw’ + O(|s, w|®),
dt
where
heht 2(1 — 4a®)c — 2(a + 1)d + 2e — 3ag + a(1 —2a)f.

5a

Appendix B. Hopf bifurcations of the nontrivial equilibria

In this appendix we analyze the Hopf bifurcations of the nontrivial equilibria E3 4 and E, of system (3). The results
obtained, valid for any value of &1, &, and 3, will be useful in the numerical study carried out in Section 4.

B.1. Hopf bifurcation of the equilibria Es 4
Due to the symmetry, we will only consider in our study one of these equilibria, namely Es = («/—¢1(e3 + De1), 0, &1),

that exists when &1(e3 + Deq) < 0.
Firstly, we translate the nontrivial equilibria E3 to the origin by means of the change

X=x—+/—¢i(e3+De1), Y=y, Z=2z—¢y,

that transforms system (3) into

Y = &Y -&Z—-XZ+BYZ, (B.1)
Z = 25X+&Z+X*+D72,

with
£ =+/—e1(e3+ Deq), & =&+ Bey, & = &3+ 2Dey. (B.2)
Therefore, the characteristic polynomial of the linearization matrix of system (B.1) at the origin is given by
p =27+ 1A% + P2k +ps,
where

p1=—(& +&), p» =&k, p;=28.
Thus, a Hopf bifurcation of Es occurs when p1p, = p3, p2 > 0, p1 # 0, that is, when

1
£ = —55253(52 +&), && >0, & +8 <0, & <0, & <0

84



A. Algaba, M.C. Dominguez-Moreno, M. Merino et al. Communications in Nonlinear Science and Numerical Simulation 111 (2022) 106482

Considering system (B.1) at the critical values where the Hopf bifurcation occurs, we perform the following linear change
to put the matrix of the linear part into the corresponding canonical form

X 0 1 1 u
<Y) =|lw 0 -—K? ( v ) ,
VA K2 K3 K4 w

where

V2¢& V20 V2K
wy = +/6&, Ki=+—(&+8), K= X 2, Ky = X . Ky= %.
1 1 2

Thus, with this change, system (B.1) becomes

u 0 —wo 0 u
W 0 0 -K2)\w

A + Ayv? + Asw? + Aquv + Asuw + Agvw
+— | Aju? + Agv? + Agw? + Auv + Ajjuw + Apow |,
—A7u? — Agv? — Aqw? — Apuv — Ajjuw — Ajpow
where
C = fsz + §3K2 + K3(1)0 - K4(,()0 75 0,
A1 = K3 (Kzwo—Kqwo — 5K —§3K3),
Ay = K3%E, + K3%E3 — K32 + K3 K4 + E» + Es,
A3 = —K3 K4 Ey + 2K4Ey — K3 K4 E3 + 2 K4?E3 — K3 K4 + K4 + E; + Es,
Ay = 2K, K3 Ey + 2Ky K3 E3 — K32 wo + K3 Ky wg — Kz K3 + Ko Ky,
As = —Ky K3 Ey + 3Ky K4y Ey — Ky K3 E3 + 3 K5 K4 E3 — K3 Ky g
+ K4%wo — Ko K3 + Ky Ky,
As = —K3°Ey + 3K3 Ka E; — K3°E3 + 3K3 Ko E3 — K3 + K4 + 2 E5 + 2 E3,
A; = 2 woky?,
Ag = woK3? + K3 K3 + wo,
Ag = K4 & Ko + K4 &3 Ky + Kg?wo + K4 Ko + o,
Ao = K2 BKswo +K3),
An =K (52K + &Ky + 3Kqw + K2)
A = K35K +K38K + 2Ky woKs + K3 K + K4 Ky + 2 wg.

Now, considering the second-order approximation to the center manifold

w=a1u2+a2uv+a3v2+---,

we obtain the reduced system up to third order on the center manifold. And, by using the recursive algorithm developed
in [46], we obtain the normal form for the Hopf bifurcation to third-order (22), where the first Lyapunov coefficient is
given by
_ V§25N

46283 (5 + &) (82 +66E +8?) (2 +36E +E7)

a; (B.4)

with
N1 =2&°4+316%; +396°6% + £°6° — £,6% +45° + 56675
+256°83° — 126,857 — &5 + 2686 — 245 8° — 2&°.
Since &,&3 > 0, we obtain that a; = 0 if, and only if, Ny = 0.
In Fig. B.1 we have drawn the curve N1 = 0 in the (&;, &£3)-plane near the origin. It is a bounded curve connecting the
points (—2, 0) and (0, —2).
In terms of the original parameters of the system, the Hopf surface of the equilibria Es 4 is given by
2¢1 — 2(B + 2D)e1ez — B(B + 4D)e? — &2
£y =
’ 2(381 + 82)
V/(Be1 + 2)* + 4e1(e1 — 2D(Bey + &2)e1 — (Bey + £2)%)
+
2(Beq + &3)
in the zones where the above inequalities are fulfilled.

: (B.5)

&5



A. Algaba, M.C. Dominguez-Moreno, M. Merino et al. Communications in Nonlinear Science and Numerical Simulation 111 (2022) 106482

3.0 : ‘ : ‘ : :

Fig. B.1. Curve N; = 0 in the (&, &)-plane in the vicinity of the origin. It corresponds to the degeneracy a; = 0 in the Hopf bifurcation of the
equilibria E3 4.

25 0

Fig. B.2. For ¢, = —1, B= —0.1, curve on the Hopf surface where M; = 0 in the (D, &1, €3)-space. It corresponds to the degeneracy a; = 0 in the
Hopf bifurcation of equilibrium E,.

B.2. Hopf bifurcation of the equilibrium E,
Now we consider the equilibrium E, = (0, 0, —g3/D). According to Section 2, it exhibits a Hopf bifurcation when

Bes = De,, if e1+¢3/D < 0 and &3 # 0. Repeating the previous calculations we obtain that the first Lyapunov coefficient,
in terms of the original parameters of the system, is given by

B2 M;

S,I—BQ%DSZ (48281 +4B€2 —D2822)

M1 = 83281 —I-SBEZ —D2822 —2D82.

(B.6)

a =

with

If B # 0, we obtain that a; = 0 if, and only if, M; = 0.

Fore; = —1and B = —0.1 < 0, in Fig. B.2 we have drawn, in the (D, ¢1, £3)-space, the curve on the Hopf surface where
M; = 0. This curve exists between the points (0, —10, 0) (where a triple-zero bifurcation in a continuum of equilibria
occurs) and (2, —10, 20) (that corresponds to a degenerate Bogdanov-Takens bifurcation) [43]. Also, if we set a value
D € (0, 2), there is a unique degeneracy a; = 0 on the Hopf curve of E; when ¢; < —10, and there are no degenerations
if D < 0.
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A double-zero bifurcation in a Lorenz-like system

Antonio Algaba -
Alejandro J. Rodriguez-Luis

Abstract The Lorenz system presents a double-zero
bifurcation (a double-zero eigenvalue with geometric
multiplicity two). However, its study by means of stan-
dard techniques is not possible because it occurs for a
non-isolated equilibrium. To circumvent this difficulty,
we add in the third equation a new term, Dz2. In this
Lorenz-like system, the analysis of the double-zero bi-
furcation of the equilibrium at the origin guarantees,
for certain values of the parameters, the existence of
a heteroclinic cycle between the two equilibria located
on the z-axis. The numerical continuation in parame-
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ter space of the locus of heteroclinic connections allows
to detect various degeneracies of codimension two and
three, some of which have not been previously stud-
ied in the literature. These bifurcations are organizing
centers of the complicated dynamics exhibited by this
system. Furthermore, studying how the bifurcation sets
evolve when D tends to zero, we are able to explain, in
the Lorenz system, the origin of several global connec-
tions which are related to T-point heteroclinic loops.

Keywords Lorenz-like system - double-zero bifurca-
tion - global connections - Lorenz system

PACS 37C29 - 37G05 - 37G10 - 37G15

1 Introduction

Lorenz system, since its introduction sixty years ago
[1], has become an icon in the world of dynamical sys-
tems. Although it was derived from a simplified model
of convection in the atmosphere, this system appears
in the study of a wide variety of problems (see, for in-
stance, [2,3,4,5,6,7,8,9,10]). In spite of the hundreds
of papers devoted to studying the complex dynamics
that it exhibits (see, for example, [11,12,13,14,15,16,
17,18,19,20,21,22] and references therein) the origin of
many of its intricate behaviors is still a long way off.
When a specific system is studied, the combination
of analytical and numerical methods is usually use-
ful to shed light on concrete aspects of its dynamics,
in some region of the parameter space. For example,
the application of this strategy to a 3D modified van
der Pol-Duffing oscillator, starting with the study of
local bifurcations of equilibria, provides very interest-
ing information about its behavior (see, for instance,
[23,24,25,26,27,28,29] and references therein). Regard-
ing global bifurcations, from the pioneering works of
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Shilnikov it is well known that they can be at the origin
of extremely complicated dynamical behavior [30,31].
A simple analytical way to detect global connections
is from a Takens-Bogdanov bifurcation (the lineariza-
tion matrix has a double-zero eigenvalue with geomet-
ric multiplicity one) (see, for example, [32,33,34,35,36,
37,38,39,40] and references therein). If the double-zero
eigenvalue has geometric multiplicity two (the so-called
double-zero bifurcation), a heteroclinic connection may
also appear [41,42].

In the case of the Lorenz system, some local bifurca-
tions can be studied by standard techniques (analysis of
the linearization around an isolated equilibrium, com-
putation of the reduced system on the center manifold,
study of the unfolding of the normal form), as the Hopf
and Takens—Bogdanov bifurcations [16,43,44,45]. How-
ever, other singularities (double-zero, Hopf-pitchfork and

triple-zero) are exhibited by non-isolated equilibria, which

makes their study more difficult [46].

To avoid this problem, we are going to introduce a
Lorenz-like system, as simple as possible, that presents
a double-zero bifurcation in an isolated equilibrium.
Specifically, we will add a single term, D22, to the third
equation of the Lorenz system. In this way, after ana-
lyzing this Lorenz-like system, we will obtain valuable
information for the Lorenz system by making D tend
to zero (see Fig. 12). Specifically, we will explain how
a degenerate heteroclinic connection organizes a family
of infinitely many homoclinic orbits previously found
in the literature [47, Fig.6], [48, Fig.8(B)], [17, Fig. 3],
whose origin was unknown. This family is related to a
kind of heteroclinic loop called T-point [11,31,49,50,
51].

This paper is organized as follows. In Sect. 2 we in-
troduce the new Lorenz-like system. Sect. 3 is devoted
to the analytical study of the double-zero bifurcation
undergone by its equilibrium at the origin (the results
obtained are summarized in Theorem 1). The most im-
portant outcome is that, in a region of parameter space,
the existence of a heteroclinic connection is guaranteed.
A detailed numerical analysis, the core of this paper,
appears in Sect. 4. The continuation of the heteroclinic
orbit emerged from the double-zero bifurcation allows
to detect several global bifurcations (homoclinic and
heteroclinic connections) of codimension two and three
(see Fig. 7) which act as important organizing centers of
the dynamics. As far as we know, the theoretical anal-
ysis of three of these degenerate global connections has
not been performed so far in the literature. Moreover,
we find that the curve of heteroclinic connections accu-
mulates on a line segment of saddle-node bifurcations
of periodic orbits (see Fig. 3(d)). Unlike similar cases
known in the literature, this heteroclinic orbit accumu-

lates on a non-hyperbolic periodic orbit. This is because
the heteroclinic connection exists on the other side of
the saddle-node curve, that is, in the zone where the pe-
riodic orbits do not exist. On the other hand, studying
how the bifurcation sets evolve when D tends to zero,
we are able to explain, in the Lorenz system, the ori-
gin of an infinite sequence of global connections which
are related to T-points (see Fig. 12). In this scenario,
the three new degenerate global connections mentioned
above play a key role. Finally, some conclusions are in-
cluded in Sect. 5.

2 A Lorenz-like system

The Lorenz system is given by (see [1,52])

i=o(y—x),
y=pr—y—zz, (1)
z=—bz+ xy,

where o, p and b are real parameters. The equilibria
are the origin (0,0, 0) and a pair of symmetric nontrivial
equilibria (:I:\/b(p —1),£b(p—1),p— 1) when b(p—
1) > 0. The Lorenz equations are invariant under the
change (x,y,2) — (—x,—y, z), which implies that the
z-axis is invariant (and, therefore, there is a heteroclinic
connection between the origin and the equilibria at in-
finity corresponding to this axis).

The characteristic polynomial of its linearization ma-
trix at the origin is given by p = A3 + p1 A% + pa X + ps,
with

p1 =b+140, ps=0c(l+b—p)+db, p3=—bo(p—1).

The origin exhibits a triple-zero bifurcation when
oc=-1,p=1and b =0. In the (p,b,o)-parameter
space, three curves of codimension-two bifurcations e-
merge from this point corresponding to Takens—Bogda-
nov (when o = —1, p = 1 and b # 0), Hopf-pitchfork (if
o=—-1,b=0and p > 1) and double-zero (for b = 0,
p =1 and o # —1) singularities of the origin.

Specifically, when the double-zero bifurcation oc-
curs, the linearization matrix has the eigenvalues \; =
Ao = 0, A3 = —o — 1. But, for these parameter values,
the analysis of the origin cannot be performed because
it is not an isolated equilibrium. Also, the correspond-
ing normal form is degenerate (all coefficients of z* are
null). To avoid this, we introduce a new nonlinear term
in the third equation,

jj:o’(y_a:%
§=pr—y— a2, (2)
2= —bz + zy + D22,
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where D € R, so that the Lorenz system (1) is embed-
ded in this one. As we will see in Sect. 4, the use of
numerical continuation methods will allow us, reaching
D = 0, to obtain valuable information on the Lorenz
system.

From now on, in our theoretical analysis we will
assume that D # 0. Thus, system (2) can have up to
four equilibria, namely

b
El = (0,070)7 E2 = <070’ D> ’

Byu = (VM VM, p—1),
with M =b(p — 1) — D(p — 1)%.

Observe that Ey exists if D # 0 and E3 4 when M > 0.
Note that, as in the Lorenz system, system (2) is also
invariant to the change (z,y,2) — (—z, —y, 2). In this
way, the equilibria F; and F, are always connected by
a heteroclinic orbit located on the z-axis.

The origin F; exhibits the following local bifurca-
tions (when D # 0):

(i) A pitchfork bifurcation when p =1, 0 # —1, b # 0.
(ii) A transcritical bifurcation of equilibria, involving F4
and Fy, when b=0, p#1, 0 # —1.

A Hopf bifurcation if 0 = -1, p > 1, b # 0.

A Takens—Bogdanov bifurcation (a double-zero eigen-
value with geometric multiplicity one) when p = 1,
oc=—-1,b#0.

(v) A double-zero bifurcation (a double-zero eigenvalue
with geometric multiplicity two) for p = 1, b = 0,
o # —1. In this work, we will analyze this bifurca-
tion.

A Hopf-transcritical bifurcation when ¢ = —1, b =
0, p>1.

A degenerate triple-zero bifurcation appears when
b=0,p=1,0=-1.

(iii)
(iv)

Remark that the linearization matrix at the origin
is the same for systems (1) and (2). The only bifurca-
tion of the origin that appears in system (2) and not in
the Lorenz system is the transcritical bifurcation (ii).
This causes system (2) to undergo a Hopf-transcritical
bifurcation instead of a Hopf-pitchfork as in the Lorenz
system.

As can be straightforwardly verified, when D # 0,
system (2) is symmetric to the change

b b
(I7yvz7tvgapab7D) — (I7yvz_D7taa7p_D7_baD>'

Consequently, all the results obtained for F; can be
easily translated for Es.

3 A double-zero bifurcation at the origin

In this section we analyze the double-zero bifurcation
undergone by the origin, F. Since this degeneracy oc-
curs when p=1,b=0, 0 # —1, D # 0, our local study
is valid for p and b close to one and zero, respectively.

The bifurcations that appear in system (2) as a con-
sequence of the double-zero singularity are summarized
in the following theorem, whose proof is the core of
this section. We will focus on the most interesting case,
which occurs when limit cycles appear from a Hopf bi-
furcation. These periodic orbits disappear in a hete-
roclinic connection. The corresponding bifurcation sets
are drawn in Fig. 1.

Theorem 1 The equilibrium Ey of system (2) under-
goes a double-zero bifurcation DZ if p = 1, b = 0,
o # —1, D # 0. In a vicinity of this singularity, there
are only limit cycles when D > 0 and o € (—o0, —1) U
(0, +00). In this situation, the following bifurcations ap-
pear (see Fig. 1):

1. A transcritical bifurcation T, when b = 0. It involves
the equilibria Fy and Es.

2. Two pitchfork bifurcations, P for p =1 (concern-
ing E1 and E3 4) and P? when b= D(p—1)+O(p?)
(involving Eo and Es 4).

3. A Hopf bifurcation h of the equilibria Es 4, when b =
2D(p—1), o # 1/3. This bifurcation is supercritical
if 0 > 1/3 whereas it is subcritical when o < 1/3.

4. A heteroclinic cycle connecting F1 and FEs, for

I (30 —1)
P_l_Eb+8D2(U+1)2(3U+2D(0+1)) 2
+O(b%), W

when o # 1/3. The global connection is attractive if
o > 1/3 and repulsive when o < 1/3. The loop is
formed by two heteroclinic connections: one is placed
on the invariant z-axis (which exists for any value of
the parameters and is therefore of zero codimension)
and the other one is placed outside this axis (it is
structurally unstable).

When the conditions D > 0 and o € (—o0, —1)U(0, +00)
are not fulfilled, only local bifurcations of equilibria (tran-
seritical and pitchfork) are present.

In the analysis of the double-zero bifurcation under-
gone by Fj in system (2) (this codimension-two bifur-
cation occurs when p =1, b =0, 0 # —1, D # 0), we
first perform the change

=Y —oZ,

y=Y+2, z=X,
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1 2

Fig. 1 Bifurcation set of system (2) in a neighborhood of the double-zero bifurcation DZ exhibited by the equilibrium Ey, for D > 0,
when o < 1/3 (left) and o > 1/3 (right). The curves, according to Theorem 1, correspond to the following bifurcations: T, transcritical;
P and P2, pitchfork; h, Hopf of E3 4 (supercritical when o > 1/3 and subcritical if ¢ < 1/3); He, heteroclinic loop between E; and
E5 (attractive if o > 1/3 and repulsive when o < 1/3). The phase portraits, in the (7, Z)-plane, are for system (11). On the z-axis, the
filled circle represents the equilibrium of (11) that corresponds to equilibrium Ej in system (2) and the empty circle is used for the
equilibrium that corresponds to Es. For b < 0, to obtain the phase portrait in region (i), it is enough to interchange the two equilibria

on the z-axis in the phase portrait of region ().

which converts system (2), for b~ 0 and p = 1, to

X=-bX+(1-0)YZ+DX*+Y? 02> (5)
Y = o?(1 = p)AZ +a(p —1)AY — 0 AXY +0*AX Z,
Z=(p-1)AY — (1+0(c+p)A)Z - AXY +0AXZ,

1
with A = —— 0 # —1. Next, considering the center
o

+1’
manifold to second order, Z = —A?XY +- - -, we obtain
the reduced system

X=-bX+DX?*+Y?+..., (6)
Y =0(p—1)AY +0A(— 1+ (p— 1)oA*)XY + - .

If we truncate this system to second order, the change
z=Y,y= X leads to

i=o0(p—1)Az+cA(—1+ (p—1)0A?)zy,

y = —by + 2* + Dy (7)

Now, by means of the change

1 -1
—y+

Z, Yy —
VD D

T —

—, D
2D7 #07

we obtain

T = H1T + axry,
y = pz — sgn(D)a? — 4,

with
A
[y = %(ZD(p —1) —b+b(p—1)0A?),
b2 cA
po="p o= (11 =p)od?), 9)

Due to its importance in determining the behavior of
the system (8), we need to study the sign of a in the
vicinity of p =1land b =0.If D > 0and o € (—o0, —1)U
(0,400) orif D < 0 and o € (—1,0), then a > 0. Alter-
natively, when D > 0 and ¢ € (—1,0) or when D < 0
and o € (—oo0, —1) U (0, 4+00), we have a < 0.

System (8) can be analyzed using the study of the
Hopf-saddle-node bifurcation carried out in [32, Sect.
4]. Thus, comparing system (8) with [32, Eq. (7.4.9)],
we can obtain the bifurcations exhibited by (8). Con-
sequently, we deduce that system (8) is in case III [32,
Sect. 4] when D > 0 and o € (—o0,—1) U (0, +00). It
is in cases Ila-IIb, when D < 0 and ¢ € (—o0,—1) U
(0, +00). However, as us = b?/4 > 0, there is no Hopf
bifurcation (because, in cases I1a-IIb, it only exists when
pz < 0) and only transcritical and pitchfork bifurca-
tions of equilibria appear. Note that the trivial cases I
and IV (IVa-IVb), where only equilibria exist (as there
are no periodic orbits, there are no global connections
either), appear when D < 0 and ¢ € (—1,0) and when
D >0 and o € (—1,0), respectively.
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In what follows we will focus on the case where
the most interesting dynamics appears, that is, when
there are periodic orbits (if D > 0 and ¢ € (—o0, —1) U
(0, +00)). Thus, system (8) can have up to four equi-
libria,

(0,12) , <i\/N +O(b,p—113),—D(p — 1) + ;) :

where N = D(p — 1) (b— D(p — 1)), which must be
positive for these latter equilibria to exist.

Note that E; corresponds to the equilibrium (0, —b/2)
and Fs to (0,0/2).

From the study carried out in [32, Sect.7.4] we can
deduce that the following local bifurcations are present
(see Fig. 1):

- A transcritical bifurcation T, involving Fy and FEs,
for b= 0.

- Two pitchfork bifurcations, P! for p = 1 and P? if
b=D(p—1)+0(p*).

- A Hopf bifurcation h of the equilibria E3 4 when
2D(p—1) =b.

As explained in [32, Sect.7.4], the second-order terms
included in system (8) allow neither the study of the
Hopf bifurcation nor that of the heteroclinic connection.
This is because the system is integrable for the values
of the parameters where the two bifurcations occur: a
continuum of periodic orbits bounded by a heteroclinic
loop appears (see [32, Fig. 7.4.9] for the easiest case a =
2). Therefore, to complete the analysis it is necessary
to also include the third-order terms.

Hence, the reduced system of (5) on to the center

manifold up to third order,
Z =A% (=X + A(D —204)X? + AY?) + -+, is

X =-bX+DX?>+Y? 4 (0 —1)A2XY?,
Y =0(p—1)AY +cA( -1+ (p— 1)ocA?) XY
—0?A3(A(p — 1)(—240 + D) + 1) X?Y

—a? A (p - 1)Y3. (10)
The change
-1 b 2
X=—34+-—, Y= r,
D 2D \/QD + (o0 —1)A%
transforms (10) into
F=fur+4arz+érd +drz2, (11)

Z=jip —r*— 2% +éErz,

where
. oA o2 A3 o2 A3,
m—aA(p—l)—ﬁb—F 5D b(p—1)— 4D2b
+O(|b,p = 1),
- b? R A
K2 Z+O(|bap71|3)a a:f+0(|bap 1|)7
_ ~ —o2A3
¢=0(|b,p— 1), d= D2 + O(|b, p — 1]),
—1)A?
e= =L o, p—1)

Finally, through the change of coordinates,
s=r(l+g2), w=z+h*+iz°, 7= (1+j2)'t,
where we choose
aé +d — ¢+ 3ah + 2a¢

1= ,

3a

aé — 2d + 2¢ + 2aé
3a ’

system (11) becomes

Jj= h eR,

ds . R

o = 18 + asw,

dw R (12)
= =i — 8% —w? 4 fu,

dr
where

fir = fu +O(b,p—1P),  fiz = fia + O(|b, p — 1]?),
A%2(1 - 30
= 203 o1

D

Thus, in system (12), we can analyze both the Hopf
bifurcation and the heteroclinic connection.

Regarding the Hopf bifurcation, a standard analysis
provides the first Lyapunov coefficient

3 V2 — 20— fid)
ap ==, where n= - .
U |al
If a; < 0 the Hopf bifurcation is supercritical whereas
it is subcritical when a; > 0. Consequently, the bifur-
cation is supercritical if f < 0, ie, if 0 > 1/3 and it
is subcritical when o < 1/3. The Hopf bifurcation is
degenerate when o = 1/3 (since a; = 0), this occurs at
the point (p,b,0) = (p,2D(p — 1),1/3).

As far as the heteroclinic connection is concerned,
its existence is ensured by Melnikov’s method if f £ 0,
which occurs when o # 1/3. The curve of these global
connections is estimated by [53,54,55] (only if & = 2 a
Hamiltonian case appears [32])

—3a%f

P o) ~D
251 72(3&4_2)#2-5- (13),
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which according to the original parameters is

1 cA3(30—1) 3
1= il St A
P 20"t s0°@as 2yt TOP)
1 —1
- b+ (30— 1) b2 + O(b%).

2D 8D2(0 4+ 1)2(30 +2D(0 + 1))

In this way we have already proved all the state-
ments of Theorem 1.

We end this section noting that, when p =1, b =0,
o = 1/3, D # 0, system (2) exhibits a degenerate
double-zero bifurcation DDZ (because f = 0 when
o = 1/3). Although its analysis is not complicated, we
have not included it here for brevity. To perform it (i.e.,
to determine the character of the Hopf bifurcation and
of the heteroclinic connection), it would be necessary
to compute the reduced system of (5) up to fifth or-
der on the center manifold (see similar computations
in [41, Sect. 3.1]). From this point DDZ in the three-
parameter space, two curves Dh and DHe emerge, cor-
responding to a degenerate Hopf bifurcation Dh and to
degenerate heteroclinic connections DHe (see Fig. 7).
Remark that, when b = 0 and o = 1/3, Lorenz system
has an invariant algebraic surface [15].

4 Numerical study

Based on the above theoretical analysis, we are go-
ing to perform a numerical study with the continua-
tion code AUTO [56]. We will “extend” the bifurca-
tion sets from the vicinity of the double-zero bifurcation
DZ of the equilibrium E; = (0,0,0), that occurs when
(p,b) = (1,0) and o # —1, D # 0. We are going to fo-
cus on the case of greatest dynamical richness, that is,
when curves of Hopf bifurcation h and of heteroclinic
connections He emerge from the point DZ (see Fig. 1).
This happens if D > 0 and ¢ € (—o0, —1) U (0, 4+00).

We divide this analysis in two parts. In Sect. 4.1,
our objective will be to study the degeneracy of the
double-zero bifurcation DDZ which, according to the
previous analytical study of Sect. 3, appears when o =
1/3. To do this we will fix D = 0.1 and then we will take
slices 0 = constant in the (p, b, o)-parameter space, in
the vicinity of the point DDZ located at (1,0,1/3).
This will allow us to find several degenerate heteroclinic
bifurcations, of codimension two and three (see Fig. 7).

In the second part, in Sect. 4.2, we are going to ob-
tain information about the Lorenz system, by making
D tend to zero (see Fig. 12). Specifically, we will ex-
plain how some degenerate global connections organize
the family of homoclinic orbits previously found in the
literature (see [47, Fig. 6], [48, Fig. 8(B)], [17, Fig. 3]),
whose origin was unknown.

4.1 Degenerate double-zero

According to the previous analytical study of Sect. 3
there is a degeneracy of the double-zero bifurcation DZ
when o = 1/3. So first we fix 0 = 0.3 and, in order to
numerically obtain the bifurcation curves arising from
the DZ bifurcation point, we are going to draw several
bifurcation diagrams (note that, for o = 0.3, we must
obtain the left bifurcation set of Fig. 1).

First, we set b = 0.2 and continue in the parame-
ter p the equilibrium Fs. It undergoes a Hopf bifurca-
tion that we will denote by h, for p ~ 2.1940452. The
bifurcation diagram corresponding to the saddle peri-
odic orbit, which arises to the left of h for b = 0.2,
appears in Fig. 2(a). As can be seen, this periodic or-
bit does not experience any bifurcation before ending,
for p =~ 2.1907764, in a heteroclinic cycle between the
equilibria E; = (0,0,0) and E; = (0,0,2), which we
denote by He. This cycle is formed by two heteroclinic
connections (see Fig. 2(a)), the one located on the z-
axis (which exists for any value of the parameters) and
the other one is structurally unstable (and it is located
outside the z-axis).

We point out that, in order not to overcomplicate
the notation of this work, although a heteroclinic bi-
furcation (in parameter space) and a heteroclinic cycle
(in phase space) are two different objects, we are going
to denote them with the same label, He. Furthermore,
if we have to indicate which equilibrium is involved in
a particular bifurcation, we will do so by using a su-
perscript (as we did, for example, with the pitchfork
bifurcations P! and P? in Theorem 1).

When b = 0.3 (see Fig. 2(b)), a stable periodic orbit
arises from the Hopf bifurcation h (p ~ 2.9069632) to
the right. Subsequently, for p ~ 2.9072735, it undergoes
a saddle-node bifurcation of periodic orbits sn when
it collapses with a saddle periodic orbit which finally
disappears in a heteroclinic cycle for p =~ 2.9068041.
Finally, in Fig. 2(c), for b = —0.2, we show the bi-
furcation diagram corresponding to the saddle periodic
orbit, which arises to the left of h. As in the case b =
0.2 this periodic orbit does not experience any bifur-
cation before ending in a heteroclinic cycle between
E; = (0,0,—2) and E; = (0,0,0), for p ~ 0.1907764.
Its projection onto the (z, z)-plane also appears in Fig.
2(c). We note that the results obtained for b = —0.2
were expected due to the symmetry that system (2)
has: when passing through b = 0 the equilibria E; and
FE5 undergo the transcritical bifurcation 7', and conse-
quently the above diagram can be easily obtained by
applying the change of variables (3).

Now we can numerically compute in the (p, b)-plane
the bifurcation curves detected in the diagrams of Fig.
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Fig. 2 For ¢ = 0.3 and D = 0.1, bifurcation diagram of the asymmetric periodic orbit born in the bifurcation Hopf h of the
equilibrium E3 for: (a) b=0.2. (b) b=0.3. (c) b = —0.2. In the inset of panels (a), (b) and (c), projection onto the (z, z)-plane of the
heteroclinic cycle He connecting the origin E1 and E2, that exist for p & 2.1907764, p ~ 2.9068041 and p ~ 0.1907764 respectively.

2 for o = 0.3. Thus, in Fig. 3(a) we have drawn the
three straight lines that intersect at the double-zero bi-
furcation point DZ, namely P!, pitchfork bifurcation
of By for p = 1, P2, pitchfork bifurcation of Ey for
b=0.1(p — 1) and T, transcritical bifurcation between
FEi and Esy for b = 0. We also see the curves h and
He corresponding, respectively, to Hopf bifurcations of
the equilibria E3 4 and to heteroclinic connections be-
tween the equilibria F; and Fs. In particular, the Hopf
bifurcation curve h is given by:

2D(p—1)—b—0o—1][b(p+0)—2D(p—1)o

+D(1 - p)] +2(b— D(p— 1)) (p— 1) = 0,

2D(p—1)—b—0—1+#£0,

b(p+0)—2D(p—1)o + D(1 - p*) > 0. (13)
Note that when D = 0, (13) coincides with the expres-
sion for the curve of the Hopf bifurcation of the non-
trivial equilibria in the Lorenz system [44, Sect. 3.1].

Let us remember that due to the symmetry that sys-
tem (2) presents, we can easily obtain the third quad-
rant of the bifurcation set by applying the change of
variables (3) to each of the curves of the first quadrant.
For this reason, in what follows, we will only focus on
the first quadrant.

To analyze some of the degeneracies that may exist
on the curve He in the first quadrant of the parameter
plane (p,b), we will denote by A;, A2, A3 the eigen-
values of the Jacobian matrix at E; = (0,0,0) and

T, A3, A3 the eigenvalues of the Jacobian matrix at
E; = (0,0,b/D), where

—(1 + 1—0)2+4
A= O EVUZOR e
’ 2
and
. 0t /A P Ta 5D
Ny = AL = b.

2 )
Note that in the first quadrant of the parameter plane
A2 < A3 < 0 < Ap and Re(Ay) < Re(A}) <0< Af. In

this case, the saddle quantities are given by §; = i—i’
and 0 = ‘@‘ The saddle quantity corresponding
3

to the heteroclinic cycle is given by the product §102 =
012 (when 012 = 1 the heteroclinic cycle is degenerate
[32]). Moreover, in a neighborhood of the point DZ =
(1,0) in the first quadrant, the eigenvalues of Ey are
real, consequently §; = R—g ‘ Therefore, the curve where
the product d109 = d12 = 1 satisfies the equation

(1+0)D [—(1+o)+ VA +0)2 4ol —p)]

g

b=

(14)

Initially the Hopf bifurcation curve h arises from
the point DZ to the right of the heteroclinic connec-
tion curve He, being subcritical (see Theorem 1). As
can be seen in Fig. 3(a), on the curve h there is a de-
generacy of codimension two at the point Dh, that oc-
curs when (p,b) ~ (2.7093960,0.2730477), where the
first Lyapunov coefficient a; vanishes. From this point
Dh a saddle-node bifurcation curve of periodic orbits
sn arises (this curve is drawn in the inset of Fig. 3(a)). It
ends in another degeneracy DHe, for (p,b) ~ (3.1169844,
0.3279419), located on the curve of heteroclinic con-
nections He, where it is verified that §12 = 1. We re-
mark that the curves h and He intersect at the point
(p,b) =~ (2.925824,0.302549) and they change their rel-
ative position (this change can be seen better in Fig.
3(c)). At the points of the curve He between the de-
generacies DZ and DHe it is true that ;2 < 1 and, in
accordance with the bifurcation diagrams in Fig. 2, a
saddle periodic orbit arises from the heteroclinic cycle.
Next, on the curve He a new degeneracy DHe? appears
for (p,b) ~ (3.9754280,0.43837613), where A\] = A\ =
—0.65 and, as a consequence, in the remaining points
the equilibrium FEs changes its configuration, becoming
a saddle-focus since both eigenvalues are now complex.
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Fig. 3 For 0 = 0.3, D = 0.1: (a) Partial bifurcation set in a neighborhood of the double-zero point DZ. (b) Bifurcation diagram for
b = 5.4. (c) Partial bifurcation set in the first quadrant, in a range outside the panel (a). The projection on the (z, z)-plane of the
T-point TP is drawn in the inset. (d) Zoom of panel (c) near the accumulation process of He. For b = 5.4 phase portrait in panel (d)
corresponding to: (e) a degenerate symmetric periodic orbit, placed on the curve SNy, for p &~ 33.413688; (f) the heteroclinic cycle on
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He, for p ~ 33.414582 (the black line corresponds to the connection placed on the invariant z-axis).

112



Note that we use superscripts to indicate on the curve
He which of the two equilibria (E; or Es) experiences a
certain degeneration. The previous change implies that,
in the range of Fig. 3(a) in the first quadrant, the ex-
pression of the curve where d15 = 1 is now

3+ 100 + 302
_ 15
p 4o ’ (15)

instead of Eq. (14). As we can see, this expression does

B2\, Note that in
the range of Fig. 3(a), on the curve h there is another
degenerate point Dh, for (p,b) ~ (4.17986,0.466067),
where a; = 0. As we will see later in Fig. 7, this second
Dh point is not involved in the degeneracy DDZ of the
double-zero bifurcation. The fold of the curve Dh with

respect to o explains its existence when o = 0.3.

not depend on b, since now dy = ‘

From our numerical study we deduce that the dy-
namics around the point DHe? is very complex (this
bifurcation will be considered in more detail in Sect.
4.2). Thus, we conjecture the existence of an infinite
sequence of bifurcation curves of various types that
emanate from this point: saddle-nodes of asymmetric
and symmetric periodic orbits, period-doublings of the
asymmetric periodic orbits, symmetry-breakings of the
symmetric periodic orbits, homoclinic connections of
the origin..., which implies the existence of diverse types
of attractors in a neighborhood of the origin (see [41,
Fig. 8]). In Fig. 3(c) we have included one of them,
Ho (blue color), the first curve of the sequence of ho-
moclinic connections of the origin that arise from the
point DHe?. This interesting point that, as far as we
know, has not been studied in the literature, will de-
serve to be analyzed theoretically in the future. In this
work we restrict ourselves to studying some of the bi-
furcations that it organizes in system (2) and that will
give us information about the Lorenz system (see Sect.
4.2).

Once we have numerically found all the bifurcation
curves whose existence is guaranteed by the analysis
of the double-zero degeneracy, we are going to study
in more depth the behavior of the heteroclinic curve
He as we move away from the point DZ. For this task
we are going to detect new bifurcations by considering
the diagram of Fig. 3(b), for b = 5.4. We see that now
the pair of asymmetric attractive periodic orbits, that
arises from the Hopf bifurcation h, ends at a homo-
clinic connection of the origin, Ho. Moreover, the sym-
metric attractive periodic orbit that also arises from Ho
ends in a heteroclinic connection between the equilibria
E3.4, He3%. As observed in the bifurcation diagram, the
symmetric periodic orbit exhibits several bifurcations,
namely: two saddle-node bifurcations, SN and SNo, a

torus bifurcation HH and two symmetry-breaking bi-
furcations, PPO.

We are now in a position to see that the hetero-
clinic curve He ends in an interesting accumulation
process. In Fig. 3(c) we have drawn a partial bifur-
cation set, in the first quadrant, at another range of
values furthest from DZ. In addition to the curves P2,
h and He, we can see two curves of saddle-node bifurca-
tion of symmetric periodic orbits, SN; and SN,. Both
curves collapse at the cusp point CU, when (p,b) =
(29.57655304, 4.6665097). The curve Ho (of homoclinic
connections of the origin) is located to the left of SN
in the range of this figure. We observe that the curve
He experiences a sequence of oscillations, each time
closer to each other, which accumulates to the curve
SN;. In this figure we have also included the curve of
heteroclinic connections He34 between the equilibria
Es5 4 (brown color), which arises from the point TP,
for (p,b) ~ (17.7017834,2.4215793), where a hetero-
clinic cycle, called (principal) T-point, exists. The pro-
jection onto the (z, z)-plane of the T-point TP hetero-
clinic loop is drawn in the inset of Fig. 3(c), where the
black line corresponds to the intersection between the
one-dimensional manifolds of the equilibria F; and F4
and the red one to the intersection between the two-
dimensional manifolds. This codimension-two bifurca-
tion organizes three curves of global connections cor-
responding to homoclinic orbits of the origin and to
homoclinic and heteroclinic orbits of the equilibria 3 4
[11,17,31]. We note that the curve SNy is related to a
degeneracy that appears, outside the range of Fig. 3(c),
on the curve He34.

In the zoom shown in Fig. 3(d) we can observe bet-
ter that the curve He accumulates on a line segment
on SN;. As a consequence, the heteroclinic orbit it-
self accumulates on the corresponding non-hyperbolic
periodic orbit placed on SN, as can be seen in Figs.
3(e) and 3(f) when b = 5.4. We have drawn, respec-
tively, the phase portraits of the degenerate symmetric
periodic orbit that exists when p =~ 33.413688 on the
curve SNN; and of the heteroclinic orbit on the curve
He for p ~ 33.414582 (in this accumulation process,
the heteroclinic orbit performs more and more wind-
ings around the non-hyperbolic periodic orbit). On the
other hand, in Fig. 3(d) we have also drawn the curves
of the other bifurcations present in the diagram of Fig.
3(b). Thus, the torus bifurcation HH exists between
the curves SN, and PPO. The endpoints of HH cor-
respond to Takens-Bogdanov bifurcations of periodic
orbits TBPO (double +1 Floquet multiplier with geo-
metric multiplicity one). Examples of this situation can
be found for the Lorenz system in [20,45]. Although in
this work we do not focus on them, it should be noted
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that the cascades of period-doubling bifurcations, ex-
hibited by the asymmetric periodic orbits emerged from
the symmetry-breaking bifurcations PP O, give rise to a
sequence of Takens—Bogdanov bifurcations of periodic
orbits (with double -1 Floquet multiplier). The com-
plex dynamics present in this scenario is illustrated, for
instance, in the figures of the works [20,45].

A similar accumulation process, but relative to a
curve of homoclinic connections, has been found in [57]
where a curve of homoclinic orbits accumulates on a
segment in parameter space while the homoclinic orbit
itself approaches a saddle periodic orbit. A theoreti-
cal study of this type of behavior has been carried out
in [58]. It is interesting to note the following fact. Al-
though in our case there is no saddle periodic orbit in
the region where the curve ends up accumulating over
a segment of SNy (the saddle periodic orbit exists in
the region between the curves SNy and SN2), however,
the heteroclinic orbit behaves in a similar way to the
homoclinic orbit studied in [57,58]. Let us discuss those
details.

In the accumulation process of the curve He, the
maxima and the minima (with respect to p) converge
to separate points on SN; (that limit the accumula-
tion segment of He). To understand the evolution of
the heteroclinic orbit along the curve He we are going
to look at how it changes in the first minima, marked as
(1), (2) and (3) in Fig. 3(d). In Figs. 4(a) and 4(c) we
have drawn, for o = 0.3, the projections on the (z, z)-
plane of the heteroclinic orbits labelled (1) and (3),
placed respectively at (p,b) = (30.0154396, 4.6367200)
and (p,b) =~ (32.1468879,5.1240339). Their temporal
profiles t-z appear in Figs. 4(b) and 4(d). As can be
seen in these figures (similarly as it occurs in [57, Fig.
10] with the homoclinic orbits), if we start from the
heteroclinic orbit (1), to go around each of the non-
trivial equilibria F3 4 (black bullets) one more time, we
have to go to the point (8) of the curve He, that is,
go through two oscillations on such a curve. We note
that the projection onto the (z, z)-plane of the hetero-
clinic orbit corresponding to the point (2), placed at
(p,b) = (31.6099774,4.9976719), surrounds equilibrium
FE3 twice and equilibrium F4 only one time.

In [57, Table 1] (inspired by the results of the theo-
retical analysis carried out in [58]) the authors build
a table to check if consecutive maxima (or minima)
of the homoclinic curve converge to their limit with
a rate given by the stable eigenvalue of the saddle-
periodic orbit to which the homoclinic orbit approaches.
Their table contains data of the distances dist(i) be-
tween the ith and the (¢ — 1)st maximum of the ho-
moclinic curve. The numbers dist(i) were determined
as the Euclidean distances between fold points (LP)

Table 1 For ¢ = 0.3 and D = 0.1, distances dist(i¢) between
the (¢ + 1)th and the ith minimum of the curve He and their
ratios, dist(¢)/dist(¢ — 1). The point labelled (1) in Fig. 3(d) is
the first minimum. It seems that the ratio approaches the Floquet
multiplier +1 of the non-hyperbolic periodic orbit on which the
heteroclinic orbit accumulates.

i dist () dist(4) /dist (i — 1)

1 1.6348813716

2 0.5515797634 0.3373821324

3 0.2510243729 0.4551007660

4 0.1345820461 0.5361313904

5 0.0803617162 0.5971206302

6 0.0518220796 0.6448602905
10 0.0142412156 0.7614073846
20 0.0022340045 0.8692080074

40 3.2262084789e-04
60  1.0097576035e-04
100 2.2851831113e-05

0.9306352572
0.9526560989
0.9709947053

detected by AUTO/HomCont during continuation of
the homoclinic curve. It seems that the ratios converge
(within numerical accuracy) to the stable Floquet mul-
tiplier. In our case, as the periodic orbit to which the
heteroclinic orbit approaches is non-hyperbolic (it is on
the curve SN7), we want to check if the ratios of the
distances converge to the Floquet multiplier 1. We con-
sider the minima (with respect to p) of Fig. 3(d), where
the point labelled (1) is the first minimum (¢ = 1). The
results appear in Table 1 and, according to them, it is
plausible that the ratios converge to 1.

When D = 0.1, to verify the above and determine
the existence of other degeneracies on the curve He, we
have drawn in Fig. 5(a), for ¢ = 0.3, the value of the
product 415 at the points of the curve He in a wider
range than that of Fig. 3(a), namely when b € (0, 2.5].
In fact, in this figure it can be observed that, in the
neighborhood of the point DZ, the product §12 < 1
for the points of the curve He. Subsequently, there is
a value (red bullet) where d12 = 1, being both saddle-
node equilibrium points (this point of the graph cor-
responds to the lowest point DHe of the curve He in
the first quadrant in Fig. 3(a)). Next, in the zone where
012 > 1, the existence of a maximum is observed. This
maximum corresponds to the point DHe? in Fig. 3(a)
on the curve He where a double eigenvalue A\] = A3
appears. Finally, the existence of another point (blue
bullet) is observed where, being the equilibrium FE; a
real saddle and F» a saddle-focus, it is true that §15 = 1.
This point on the graph corresponds to the upper point
DHe for (p,b) =~ (5.225,0.5951172) which appears in
Fig. 3(a). As we will see later, this degeneration is not
related to the double-zero degeneracy DZ analyzed in
this work. In the remaining points it is observed that
012 < 1 and its value decreases as b increases.
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Fig. 4 For o = 0.3,D = 0.1: (a) Projection on the (z,z)-plane of the heteroclinic orbit labelled (1) in Fig. 3(d). (b) Temporal
profile z(t) of heteroclinic orbit (1). (c¢) Projection on the (z, z)-plane of the heteroclinic orbit labelled (8). (d) Temporal profile z(t)
of heteroclinic orbit (3). Note that, to simplify the drawings, we have not included the heteroclinic connection located on the z-axis
which joins E and Ej (it is structurally stable). This does appear drawn in Fig. 3(f).

In Fig. 5(b) we have made a similar graph for o =
0.2, maintaining the same range for the parameter b.
In this case, it is observed that at all points of the
curve He, since it arises from the degeneracy DZ, it
is true that d12 < 1. As before, this graph presents a
local maximum where a degeneration of the same type
occurs as in the previous case. At this point DHe?,
for (p,b) ~ (6.643798,0.7443798) from the curve He it
is verified that A\] = A5 = —0.6, and from that point
on the heteroclinic cycle the equilibrium F, changes
from real saddle to saddle-focus. As a consequence of
the above, and due to the continuity of the function
612 with respect to the parameters, there must exist
a value in the three-parameter space (p,b, o) where a
codimension-three degeneracy occurs, since the degen-
eracies DHe? and 612 = 1 coincide at this point. In-
deed, as can be seen in Fig. 5(c) at the point DDHe?,
for (p,b,0) ~ (6.1866153,0.6915487,0.2126370), when
D = 0.1, the heteroclinic cycle He undergoes a double
degeneracy since the equilibrium E5 changes from real
saddle to saddle-focus and also the product §12 = 1.

Now we fix 0 = 0.4, that is, we move to the other
side of the critical value ¢ = 1/3, where the degen-
eracy DDZ of the double-zero bifurcation of the ori-
gin occurs. In Fig. 6(a) we have represented the curves
of Hopf bifurcation h and of heteroclinic connections
He. Note that in the range shown in this figure these
curves do not intersect and, in a neighborhood of the
point DZ, they have their positions exchanged with re-
spect to those in Fig. 3(a) (since now the curve h arises
from DZ to the left of the curve He, as can be seen in
Fig. 1 when o > 1/3). In addition, the Hopf bifurca-
tion h now appears supercritical and, at the point Dh,
for (p,b) = (4.4526922,0.5295297), it changes its char-
acter because another degeneracy a; = 0 occurs. We
note that this degeneracy is also present for o = 0.3
(it corresponds to the second point Dh marked in Fig.
3(a)), but it is not related to the degenerate double-zero
bifurcation DDZ (the degeneracy Dh appears due to
the minimum of the curve Dh with respect to o, see
Fig. 7). Indeed, when o ~ 1/3 this second degeneracy
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Fig. 5 For D = 0.1, product of saddle quantities d12 versus
parameter b on the points of the curve He when: (a) o = 0.3. (b)
o =0.2. (¢) o = 0.212637.

a1 = 0 is experienced at the point Dh which occurs at
(p,b) = (4.4094488,0.5046604).

As we can see in Fig. 6(b), in a neighborhood of
DZ, 6§15 > 1 for this heteroclinic cycle. In this situa-
tion, the periodic orbit arising from the curve He is
attractive and, as expected, there is no longer a point
on that curve where d1o = 1 when both equilibria are

real saddle. As in the previous case, in the region where
d12 > 1, there is a point DHe?, which occurs at (p, b) ~
(3.0167880,0.3241788), where a maximum exists. At
this point a double eigenvalue occurs, \] = A5 = —0.7,
and by increasing the value of b, the equilibrium Fs
changes from real saddle to saddle-focus. In this zone
we see that for o = 0.4 there is still a point DHe, when
(p,b) = (4.675,0.5451430), where 612 = 1. This fact
confirms that this degeneracy is not related to DDZ,
as can be seen in Fig. 7. In fact, when o = 1/3 the de-
generacy 612 = 1, being Fs a saddle-focus equilibrium,
is experienced at (p,b) =~ (5,0.5740328).

In Fig. 6(a) we have marked the degeneracy DHe?
(as we said before, we conjecture that an infinite se-
quence of curves of homoclinic connections arises from
it). We have also drawn the first curve of homoclinic
connections of the origin Ho (blue color) that emerges
from DHe? (see the inset of Fig. 6(a)) and we have de-
tected a degenerate point DHo, which occurs at (p, b) ~
(9.1386649, 1.2353206), where A3 = —X\; = —b, and
consequently d; = 1. Although we have preferred not
to draw it so as not to overcomplicate Fig. 6(a), we
remark that a second homoclinic connection to the ori-
gin arising from DHe? ends spiraling in a T-point TP,
which occurs at (p,b) =~ (15.3331808,2.0863007). As
we are going to see in Sect. 4.2, the interaction between
the curves emerged from the degenerate points DHe?,
DHo and TP is crucial to explain the disposition in
the Lorenz system of the family of infinitely many ho-
moclinic orbits previously found in the literature [47,
Fig.6], [48, Fig.8(B)], [17, Fig. 3].

That is why, in the second part of this numeri-
cal study, we analyze the existence of the degeneracy
DHe? when D = 0 (Lorenz system). This will allow
us to find its relationship with the sequence of homo-
clinic connections of the origin present in [17, Figs. 3-4],
including the homoclinic connection that ends at the T-
point heteroclinic loop TP.

Now we are going to determine in the (p, b, o)-space,
when D = 0.1, the loci where the degenerate bifurca-
tions that we have found occur. We represent in Fig.
7 the projections onto the (p,o)- and the (b, o)-planes
of the bifurcation curves corresponding to the four co-
dimension-two degeneracies that exist in the first quad-
rant of Fig. 3(a), namely Dh (degenerate Hopf bifur-
cation of the equilibria Ej34; green color), DHe (de-
generacy condition d;2 = 1 on the curve of heteroclinic
connections He between F; and E5 when the equilib-
rium Fs is a real saddle (red color) and when it is a
saddle-focus (orange color)), DHe? (degeneracy on the
curve He when F5 changes from real saddle to saddle-
focus; black color) and DZ (double-zero bifurcation of
the equilibrium FE4; blue color). We have also drawn
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0,26

Fig. 7 For D =

(b)

0.1, projection in the vicinity of the degenerate bifurcation point DDZ of the curves Dh (degenerate Hopf

bifurcation of the equilibria E3 4; green color), DHe (degeneracy condition §12 = 1 on the curve of heteroclinic connections He when
the equilibrium Es is real saddle (red color) and when it is saddle-focus (orange color)), DHe? (degeneracy on the curve He when
E5 changes from real saddle to saddle-focus; black color), DZ (double-zero bifurcation of the equilibrium E7; blue color) and DHo
(degeneracy 61 = 1 on the homoclinic connection to the origin; magenta color) onto: (a) the (p,o)-plane. (b) the (b, o)-plane. The
codimension-three degeneracies DDHe? and DDHe!? are also marked.

the degeneracy DHo (degeneracy condition d; = 1 on
the curve of homoclinic connections of the origin Ho;
magenta color) which we can see in Fig. 6(a).

In Fig. 7 we observe that the curves Dh and DHe
emerge from the point DDZ which occurs at (p,b,0) =
(1,0,1/3). Remark that both curves are tangent at DDZ
and the equilibria E; and Fs are real saddle.

The red curve DHe ends at the point DDHeZ2,
which is located on the curve DHe?, being tangent to
it. Let us remember that at DDHe? a double degen-
eracy occurs on the heteroclinic cycle He (d12 = 1 and
the equilibrium F, changes from real saddle to saddle-
focus). From that point, the other curve DHe (of equa-
tion (15) in the case of Fig. 7(a), where d12 = 1) also
emerges. This curve is located to the right of the curve
DHe?, in the area where the equilibrium E» is saddle-

focus, although in this case it is not tangent to the curve
DHe? at DDHe?. Now we sce that the two degener-
ate points Dh, that exist on the curve h in the range
of Fig. 3(a) for o = 0.3, belong to the same branch of
the curve Dh and, due to a lack of transversality with
respect to the parameter o, these two degeneracies dis-
appear when the value of o decreases.

Finally, we note that on the curve DHe? there are
other codimension-three degeneracies of the heteroclinic
cycle He. Specifically, in Fig. 7 we have marked the
point DDHe'2, located at (p, b, o) ~
0.2511140), where d; = 1 (since Ay = —A3 = 1). As can
be seen, from DDHe!? the curve DHo of degenerate
homoclinic connections Ho emerges. We remark that
d; < 1 at the points of the curve DHe? above DDHe!2
while 6; > 1 for those below DDHe'2. Thus, 6; < 1 at
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Fig. 8 For o = 0.4, curves of nondegenerate heteroclinic cycles
He, related to DZ, for D = 0.001, 0.01, 0.05, 0.1, 0.25, 0.5, 1, 5,
in the first quadrant of the (p, b)-plane.

the points DHe? shown in Figs. 3(a) and 6(a). As we
are going to see in Sect. 4.2, the type of global bifurca-
tions that emerge from DHe? will depend on the value
of 61.

Until now we have done our numerical study by set-
ting D = 0.1. We are going to end this subsection by
looking at how the curve He evolves when D varies. In
Fig. 8, for 0 = 0.4, we have represented in the (p,b)-
plane the curves where the global connections He occur
for the values D = 0.001,0.01,0.05,0.1,0.25,0.5, 1, 5.
We recall that DHe? (marked with black bullets in
this figure) corresponds to a degeneracy on the curve
He because the equilibrium E5 changes from real sad-
dle to saddle-focus.

As shown in Fig. 8, in the (p, b)-plane all the curves
He arise from the double-zero degeneracy DZ. It is true
that, setting a value of b, as the value of the D increases,
the component z = % > 0 of Ey decreases. Thus, this
equilibrium approaches F; and, as a consequence, the
value of p in the points of the curves He corresponding
to these heteroclinic cycles approaches the value p =1
where these cycles disappear. On the other hand, when
D — 0%, the curves He are approaching the p-axis.
This fact leads us to conjecture that the heteroclinic cy-
cles corresponding to the value D = 0 (Lorenz system)
are located on the axis b = 0 being therefore degener-
ate.

4.2 Approaching the Lorenz system (D = 0)

The main objective of this subsection is to see how the
global connections related to the double-zero bifurca-
tion of system (2) allow to explain the origin of the
global connection curves present in the partial bifur-
cation set found in the Lorenz system for p = 50 (see

[17, Figs. 1 and 3]). We note that this complex dis-
tribution of the homoclinic connections in the Lorenz
system has been previously found in the literature [47,
48], although the reason for this complicated behavior
was unknown. Specifically, we want to analyze the evo-
lution of these global connection curves when D # 0
(keeping p = 50, we will start with D = 0.5 and we will
decrease the value of D until we reach D = 0) and then
to determine if some of the curves in the Lorenz system
are related to the degeneracies found here on the curve
He. In what follows, we will see that the degeneracies
DHe?, DHo and TP play a key role in justifying the
presence of the curves drawn in [17, Figs. 1 and 3] for
the Lorenz system.

In Fig. 9(a) we have represented a partial bifur-

cation set in the (b,o)-parameter plane, for p = 50,
D = 0.5 (three zooms of this bifurcation set appear
in Figs. 9(b)-(d)). The curve h of supercritical Hopf
bifurcation of Es 4, given by (13), has a vertical asymp-
tote when b = 2D(p — 1) = 49 and ends at the point
(b,0) = (48,0) (outside the range of the figure), since
now the condition 2D(p — 1) —b—oc — 1 # 0 of (13) is
not fulfilled. A degenerate point DHe?, which it placed
at (b,0) ~ (50.34911853,
204.78806517), appears on the heteroclinic curve He.
At this point the equilibrium FEs changes from real
saddle to saddle-focus, whereas F; is real saddle with
9, > 1. From DHe?, as we said above, we conjecture
that an infinite sequence of curves of homoclinic connec-
tions to the origin emerges, in addition to other bifur-
cation curves. We have only represented the first three
curves of this infinite sequence, namely Ho, Ho%p and
Ho%pg. The periodic orbits that arise from any of these
homoclinic connections are attractive since §; > 1 holds
for all their points.

The notation we will employ from now on for the
curves of homoclinic connections to the origin is sim-
ilar to that used in [17]. On the one hand, we use a
superscript to give information about the shape of the
homoclinic orbit in the upper zone of the range of ex-
istence of the homoclinic curve (when it emerges from
DHe?). On the other hand, the subscript informs about
the shape of the homoclinic connection in the lower part
of the region shown in the parameter plane (sometimes
the curve ends in a codimension-two point and, in other
cases, it leaves the region drawn in the figure). Specif-
ically, in Ho}, the superscript ¢ (the same explanation
is valid for the subscript j) indicates the number of
turns around one of the non-trivial equilibria Fs 4, in
our case Fy4, given by the projection in the (z, z)-plane
of the homoclinic orbit whose leading unstable manifold
arises towards the positive semi-axis z > 0 (note that
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because of the symmetry a pair of the corresponding
orbits exists).

The difference between the homoclinic connections
corresponding to these three curves, Ho, Ho%p and
Ho%pg, can be seen in Fig. 9(e) where we have drawn
their projection on the (z,z)-plane for o = 100. As
can be observed, the homoclinic orbit corresponding
to the curve Ho (green) whose leading unstable man-
ifold arises towards the positive semi-axis > 0 does
not cross the z-axis and reaches equilibrium F; on its
right hand side. On the contrary, the homoclinic orbit
corresponding to the curve HoJp (black) crosses the
z-axis once (red line in the inset of Fig. 9(e)), close
to Fy (black bullet), and enters F; from its left side.
For its part, the homoclinic orbit corresponding to the
curve Ho%pg (blue) crosses the z axis twice before en-
tering E on its right side. According to their shape, the
corresponding superscript is “0” in the three cases (to
simplify the notation of the principal homoclinic orbit
to the origin we use Ho instead of HoQ). The curves
Ho%p and HoYpg end, respectively, at the principal
T-point TP, which occurs at (b, o) = (51.8873485,
14.3396057) (bullet orange), and at the secondary T-

point TPS, situated at (b, o) =~ (52.2305506, 6.8452189).

The projection onto the (z, z)-plane of these two hete-
roclinic cycles can be seen in Figs. 9(f)-(g). Although in
these two cases the subscript should be “c0” (because
the homoclinic curves end spiraling at the T-points),
we prefer to use “TP” and “TPS” to distinguish both
curves.

As was the case with the heteroclinic connection
curve in Figs. 3(c)-(d), the curve He accumulates on
a line segment on a saddle-node bifurcation curve of
symmetric periodic orbits SNy (see Fig. 9(b)). This
saddle-node curve arises from the cusp bifurcation point
CU, which occurs at (b, o) = (55.0074131,11.8687941).
To the right of CU there is another bifurcation curve
SN, of the same type.

In what follows, we are going to focus on seeing the
evolution of the curves Ho and Ho%p as well as of other
new homoclinic curves which, as we will see, emerge
from DHe? (we will no longer show the curve Hopg
because it is not relevant to the results we present).
Thus, keeping p = 50, we decrease the value of the pa-
rameter to D = 0.21 and draw the partial bifurcation
set of Fig. 10(a). As in Fig. 9(a), the bifurcation curves
h, He, Ho and Ho%p are also present. The Hopf bifur-
cation curve h now ends, for the same reason as before,
at the point (b,0) = (19.58,0), and the point of codi-
mension two DHe? continues to exist on the curve He,
for (b,0) ~ (20.8579428,199.2891303). However, while
E; is still a real saddle, now 6; < 1 (which implies
an important change as we will discuss below). From

point DHe? the homoclinic connections to the origin
Ho%p and Ho continue to emerge but, as can be seen
in the figure, a new degeneration DHo appears on the
curve Ho, when (b,0) ~ (30.2447608, 50.3854047). At
this point, 61 = 1 (since Ag < A3 = —A\; = —b). So,
from Ho, a non-stable periodic orbit arises between the
points DHe? and DHo (since §; < 1) whereas this pe-
riodic orbit is stable below the point DHo (4; > 1).
As a consequence of this, for this value of D there is a
new infinite sequence {Ho!} of homoclinic connections
to the origin (apart from other bifurcation curves such
as saddle-node of periodic orbits, symmetry-breaking
of symmetric periodic orbits, etc.) that join DHe? and
DHo. In Fig. 10(a) we have represented the first three
curves of the sequence, namely Hoi, Ho2 and Ho3
(dashed line).

As seen in Figs. 10(d), 10(e) and 10(f), for ¢ = 100,
these homoclinic connections are different from those
that exist in the Ho (see Fig. 10(c)) and Hop curves
(see Fig. 9(e)) in the sense that their projection onto the
(z, z)-plane surrounds both non-trivial equilibria Es 4
(black bullets). Note that, although we have not rep-
resented them in Fig. 10(a), on the curve Ho%.p there
are several points DHo (the intersection points of this
curve with the curve d; = 1), where the same degener-
acy present on curve Ho is experienced.

To see the relationship that exists between the pe-
riodic orbits that arise from these homoclinic connec-
tions, and justify the previously mentioned difference,
we draw in Fig. 10(b) the bifurcation diagram for o =
100. An asymmetric non-stable periodic orbit arises
from Ho, which after undergoing a saddle-node bifur-
cation of periodic orbits sn (for b ~ 25.6078095) disap-
pears as a stable periodic orbit at the supercritical Hopf
bifurcation h. Due to the symmetry, a non-stable sym-
metric periodic orbit also arises from Ho [59], which
undergoes a symmetry-breaking bifurcation PPO, for
b =~ 25.1363078. The attractive periodic orbit arising
from PPO undergoes a saddle-node bifurcation SN in
which it becomes a saddle. Finally, it ends in the ho-
moclinic connection Ho%p.

The saddle asymmetric periodic orbit that emerges
from the bifurcation PPO is the one that ends in the
homoclinic connection Hoj} and, as it arises from the
symmetry breaking of a symmetric periodic orbit whose
projection on the (x, z)-plane surrounds both non-trivial
equilibria E3 4, the projection of this homoclinic con-
nection also does. Finally, the saddle asymmetric peri-
odic orbits arising from Ho3 and Ho$ also end, without
undergoing any bifurcation, on the homoclinic connec-
tion Ho. As far as we know, this is the first example
of a system in which infinitely many periodic orbits bi-
furcate from a homoclinic connection to a real saddle
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Fig. 9 For p = 50, D = 0.5: (a) Partial bifurcation set in the (b, o)-plane with the curves h (supercritical Hopf bifurcation of the
nontrivial equilibria Es3 4; green), Ho, HO%P (homoclinic connections to the origin; blue and black, respectively), He (heteroclinic
connections between E7 and Eo; red) SN and SN2 (saddle-node bifurcations of symmetric periodic orbits; orange). (b)-(d) Zooms
of panel (a) including the curve Ho$.pg (blue) of homoclinic connections to the origin. Projection onto the (z, z)-plane of the: (e)
homoclinic connections to the origin Ho (green), Ho%P (black) and HO%‘PS (blue), for o = 100; (f) principal T-point TP between
E; and E4 (note that because of the symmetry a pair of the corresponding orbits exists); (g) secondary T-point TPS between E; and
E4. The black line corresponds to the intersection between the one-dimensional manifolds of the equilibria F; and E4 and the red one
to the intersection between the two-dimensional manifolds.
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Fig. 10 For p = 50, D = 0.21: (a) Partial bifurcation set in the (b, o)-plane with the curves h (Hopf bifurcation of the nontrivial
equilibria F34), Ho, Ho%, Ho%7 Hog7 H09rP (curves of homoclinic orbits to the origin) and He (heteroclinic connection between Ey
and F2). The principal T-point is marked with an orange bullet. (b) For o = 100, bifurcation diagram of the symmetric and asymmetric
periodic orbits that end at Ho and of the asymmetric periodic orbits emerged from h, Ho%, Ho% and Hog. For o = 100, projection
onto the (z, z)-plane of the homoclinic orbit corresponding to the curve: (¢) Ho for b ~ 25.7178751; (d) Ho} for b ~ 24.965864; (e)

HoZ for b 25.543696; (f) Ho3 for b ~ 25.610137.

(6 < 1) and its theoretical analysis has not yet been
carried out. The three-parameter continuation of DHo
allows to detect that, for p = 50, there is a codimension-
three degeneracy on the curve He when (b,0,D) =~
(40.6626754, 203.1965805, 0.4054090). At this point, He
exhibits a double degeneracy since §; = 1 for E; and,
simultaneously, E5 changes from real saddle to saddle-
focus. We called DDHe'? to this codimension-three
degeneracy when we found it for D = 0.1 (see Fig. 7)
which, as far as we know, has not been studied in the
literature either. We note that the points where the
equilibrium F; fulfills that §; = 1 do not depend on
the value of the parameter D.

As a consequence, when D < D, = 0.4054090, the
point DHo appears on the curve Ho in the (b, o)-plane.
This implies that, in this parameter plane, the bifurca-
tions related to the degeneracy DHe? are different on
each side of the value D.. Specifically, new bifurcation

curves emerge from DHe? when D < D, (for example,
those of the new sequence of homoclinic connections of
the origin Hol) since now d; < 1 for the equilibrium
El.

Next, to try to explain the origin of the curves that
appear in [17, Figs. 1-4] for Lorenz system (D = 0), we
investigate in Fig. 11 how the bifurcation set evolves as
D decreases.

When D = 0.2, we see in Fig. 11(a) how a contact
has already been produced between the curves Hol and
HoY%p of Fig. 10(a). This implies that although these
curves of homoclinic connections continue to emerge
from the point DHe?, placed at (b, o) ~ (19.8533783,
199.0625408), they have swapped the points of the pa-
rameter plane where they now end. Thus, Ho? ends
in DHo, situated at (b,0) & (29.5439568, 46.3809284)
and Hop does it in TP (orange bullet), located at
(b,0) ~ (21.2063502, 16.809238). We note that the con-

~
~
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Fig. 11 For p = 50 partial bifurcation set in the (b, o)-plane: (a) for D = 0.2; (b) for D = 0.1; (c) for D = 0.001. (d) Zoom of panel

(c) in the vicinity of the T-point.

tact between the curves Hogp and Hoj occurs near the
point DHo, in a zone where these homoclinic connec-
tions are orientable. The tangency takes place between
Ho} and the outer loop of the spiral curve HOOTP, since,
in this zone, the projection on the (z,z)-plane of the
homoclinic orbit corresponding to these values gives a
turn to each of the equilibria F3 4. Let us remember
that although initially, when it arises from DHe?, the
projection of the homoclinic orbit corresponding to the
curve Ho%.p only surrounds one of the equilibria Fj3 4,
in our case E3 (see Fig. 9(e)), later the homoclinic orbit
turns around the same equilibrium, in our case E4, one
more time (in the phase space) as the curve turns one
more time (in the parameter plane) in its spiraling way
towards the T-point. In the inset of Fig. 11(a), to illus-
trate the evolution of the homoclinic orbits along the
curve Ho{, we show the projection onto the (z, z)-plane
of two of them. The first one (in black), for o = 150,
b ~ 20.0900594, is “close to” DHe? (its shape justi-
fies the superscript “0”) whereas the second one (in
red), o = 50, b &~ 27.0985454, is “close to” DHo (its

shape justifies the subscript “17). Equilibria E3 4 are
also marked in the corresponding colors.

In Fig. 11(b) we see how, by decreasing the value of
the parameter to D = 0.1, the same contact process has
been repeated between the curve HoZ (whose projec-
tion on the (z, z)-plane gives two turns to the equilib-
rium Fy4 according to Fig. 10(e)) and the outer loop of
the spiral curve Hoxp of Fig. 11(a), whose homoclinic
orbits have a projection with the same number of turns
to each of the equilibria E3 4. As a consequence, there
is a new curve of homoclinic connections Hoi that, like
the curve Ho{, goes from the point DHe?, located at
(b,0) =~ (9.8657655,196.6255324), to the point DHo,
situated at (b,0) ~ (12.2833185,4.4438448). We also
draw in Fig. 11(b) the curves of homoclinic connec-
tions Hoj and Hol3 that are orientable at all points.
Between these two curves are located the curves Hol
(i = 4,5,...,12) which we have not drawn so as not to
overload the figure excessively.

Since we want to keep decreasing D to get closer to
D =0, in Fig. 11(c) we have drawn a partial bifurca-
tion set for D = 0.001. In this case we have included
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the curve P2 where a pitchfork bifurcation of the equi-
librium FEs takes place when b = D(p — 1) = 0.049.
The Hopf bifurcation curve h has a vertical asymptote
at b = 2D (p — 1) = 0.098 and ends by contacting
the b axis at the point (b,0) = (0.04998,0), since now
the condition b(p + o) —2D(p — 1)o + D(1 — p?) > 0
of (13) is not fulfilled (see the inset of Fig. 11(c)). In
agreement with what was obtained in Fig. 8 the curve
of heteroclinic cycles He is close to the axis b = 0,
presenting a vertical asymptote for b ~ 0.0979964 very
close to the asymptote of the curve h. In this case the
degeneracy DHe? continues to exist and is placed at
(b,0) =~ (0.09796673,193.8617781). In the region be-
tween Ho and Ho§ we have drawn (see Figs. 11(c)-(d))
the curves Hoi3, Hols, Hold, HolS,, Hol?, Hols and
Ho}), which all arise from the point DHe?2.

As we can see, the curve Horllf’P7 whose orbit makes
16 turns around E, when it arises from DHe?, is the
one that now ends at the T-point TP (orange bul-
let), placed at (b,0) ~ (4.837184,18.241456). As can
be seen in the inset of Fig. 11(c), the curves Hon (ho-
moclinic connections to F34) and He®* (heteroclinic
connections between Fs3 and Ej) arise from the point
TP, with the shape predicted in [11]. As in the Lorenz
system, these two curves are so close as to be almost
indistinguishable. They end in Shil'nikov-Hopf degen-
erate points SH [17,60] when they intersect the Hopf
curve h at (b,0) &~ (0.1103258,1.0293202). In the zoom
of Fig. 11(d) we have also included the first four curves
of homoclinic connection Ho?, Ho}, Ho2 and Ho3 (in
order not to complicate this figure too much, we have
not included the curves Hog, Ho}, ..., HolZ which are
placed consecutively between Ho3 and Hoi3).

In Fig. 12(a) we consider D = 0 (Lorenz system).
Now the Hopf curve h is bounded and exists between
the points (b, o) = (0,1.089065) and (b, o) == (0,
45.910935), where the condition b(p + o) > 0 is not
satisfied (see [44]). Furthermore, in this case we know
that the curve of heteroclinic connections He no longer
exists in the (b, o) plane, although there are infinitely
many heteroclinic cycles joining points of the contin-
uum of equilibria E, = (0,0, z) that exists on the z-
axis when b = 0 [61]. Thus, the three-parameter con-
tinuation in the (b, o, D)-space of the point DHe? of
the Fig. 11(c) for D = 0.001 allows us to obtain the
point DHe?, placed at (b, o,, D) ~ (0,193.8318321,0)
(see Fig. 12(b)). For p = 50, as the value of o in-
creases and reaches o,, the equilibrium point F, =~

(0,0,97.9592478) has a double degeneracy since it changes

from saddle-focus to real saddle and has a zero eigen-
value. Remember that when b = 0 the eigenvalues of

the equilibria E, are [14]

~(1+0) £/ (1+0)2+4d0(p—2-1)
2

. A3 =0.
(16)

A2 =

The numerical continuation of the curves HOJi. of
Fig. 12(c) shows that all of them arise from the degener-
acy DHe?. Also, as can be seen in Fig. 12(d), the curve
Hol%, ends at the principal T-point, in agreement with
the result obtained in [17, Figs. 3-4]. This indicates that
there is a parameter value D € (0,0.001) where there
has been a contact between the curves Hox$, and Ho}?
of Fig. 11(d), giving rise to the new curves Hoi¢ and
Hol% drawn in Fig. 12. Finally we note that the bifur-
cation set of Figs. 11(c)-(d), for D = 0.001, is similar
to that of [17, Fig. 4(b)], corresponding to p = 50.1.
This tells us that, given p = 50, decreasing the value of
the parameter D (transition from D = 0.001 to D = 0)
in system (2) produces on the curves Ho}, the same ef-
fect as that obtained when the value of p is decreased
(transition from p = 50.1 to p = 50) in Lorenz system

(1).

5 Conclusions

In this work, given the difficulties that appear to study
the double-zero bifurcation in the Lorenz system (be-
cause it is exhibited by a non-isolated equilibrium),
we propose the new system (2) which encompasses the
Lorenz system. To do this we add the term Dz? in the
third equation and, since the continuum of equilibria
disappears, it is already possible to study the double-
zero bifurcation. Once we have shown that the double-
zero degeneracy of the origin guarantees, in a certain
region of the parameter space, the existence of hetero-
clinic cycles (see Theorem 1), we carry out a numerical
study to see how that heteroclinic connection evolves
as it separates from the singularity.

At first, in Sect. 4.1, we have moved to either side of
a degeneracy of the double-zero bifurcation which oc-
curs when o = 1/3. This has allowed us to find that
the curve of heteroclinic connections accumulates on a
line segment of the saddle-node curve SN (see Fig.
3(d)). As far as we know, this is the first example in
which the accumulation process occurs in the region
in which the periodic orbit involved in the saddle-node
bifurcation does not exist. Thus, the heteroclinic cycle
accumulates on a non-hyperbolic periodic orbit. In ad-
dition, we have found the following global bifurcations
of codimension two (see Fig. 7):

e DHe, degenerate heteroclinic connection because
12 = 1, being E5 a real saddle equilibrium. This
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Fig. 12
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curve joins points DDZ and DDHe?. In the pa-
rameter plane, a curve of saddle-node bifurcations
emanates from DHe. We note that from this point
DDHe? arises another degeneration DHe, degen-
erate heteroclinic connection because §12 = 1, being
E5 a saddle-focus equilibrium.

DHe?2, degenerate heteroclinic connection because
E5 changes from real saddle to saddle-focus (the
double real eigenvalue is negative). As far as we
know, this degeneration has not been studied in
the literature. From the numerical results we have
found, we conjecture the existence of an infinite se-
quence of bifurcation curves of various types that
emanate from this point: saddle-nodes of asymmet-
ric and symmetric periodic orbits, period-doublings

(b)

100 —
80 -
60 <

40+

(a) For p = 50, D = 0, partial bifurcation set in the (b, o)-plane (b) Phase portrait of DHe? in (a). (c) Zoom of panel (a)
in the vicinity of the T-point (orange bullet). (d) Zoom of panel (c).

e DHo, degenerate homoclinic connection of the ori-

of the asymmetric periodic orbits, symmetry-breakings

of the symmetric periodic orbits, homoclinic con-
nections of the origin, ... Two degeneracies DDHe?
and DDHe'? appear on this curve. DHe? exhibits
even greater bifurcation richness when §; < 1.

gin because d; = 1, being a real saddle. In the
generic situation for a neutral resonant saddle (see
(30, Sect. 2.2.1] and [31, Theorem 5.13]) there are
two possibilities. If the homoclinic orbit is nontwisted,
an extra curve of saddle-node bifurcation of periodic
orbit appears whereas if it is twisted, two curves
originate at the critical point (which correspond to
a double homoclinic orbit and to a period-doubling
bifurcation). However, the bifurcation scenario we
have found here is much more complicated (we con-
jecture that infinitely many curves appear, see Figs.
10(a) and 11(b)) and it deserves to be studied theo-
retically in the near future. It seems that the struc-
turally stable heteroclinic connection along the z-
axis between E5 and the origin affects the bifurca-
tions involved at this singularity. Remark that the
curve DHo emerges from the point DDHe!2.

The above degeneracies are organized by the codi-

mension-three global bifurcations:
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— DDHe?2, degenerate heteroclinic connection because
612 = 1 and Es changes from real saddle to saddle-
focus.

— DDHe'2, degenerate heteroclinic connection between

E; (with 61 = 1) and Es (which changes from real
saddle to saddle-focus). Due to the richness of the
bifurcations that appear around it, the theoretical
study of this degeneracy should be addressed in the
future.

System (2) is a particular unfolding of the Lorenz
system in such a way that, when the continuum of equi-
libria disappears, it exhibits structurally stable bifurca-
tions. Thus, in subsection 4.2, studying how the bifur-
cation sets evolve when D tends to zero, we have been
able to explain, in the Lorenz system, the origin of the
global connections which are related to a T-point, a
codimension-two heteroclinic loop. Concretely, we have
shown that the degenerate global connection DHe? is
their main organizing center (see Fig. 12).

It also deserves to be highlighted that, when we in-
troduce the new term Dz? in the Lorenz system, one
of the two infinite heteroclinic orbits (that connect the
origin and one equilibrium on the sphere at infinity, see
[14, Theorem 2(b)]) becomes finite.
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