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Abstract

This thesis approaches the study of shape coexistence, the onset of deformation, and
their connection with quantum phase transitions (QPTs) in medium-mass nuclei around
the Z ~ 40 region, based on algebraic models, as the IBM and its extensions with con-
figuration mixing (IBM-CM) together with the intrinsic frame description that the In-
teracting Boson-Fermion Model with configuration mixing (IBFM-CM) provides. The
main objective is to provide a consistent interpretation of the structural changes observed

experimentally in this mass region.

After introducing the basic concepts of nuclear structure, from mean-field and shell-model
approaches to collective and algebraic descriptions in which the models that will be used
are based, the IBM and IBFM formalisms are presented in detail. Their algebraic struc-
ture, dynamical symmetries, transition operators, and geometric interpretation are dis-
cussed, with particular attention paid to the configuration mixing scheme used to describe
shape coexistence. A general intrinsic-frame formalism for the IBFM-CM is also devel-
oped, applicable to both single- and multiple-j shells and to axial and triaxial shapes,

representing one of the main contributions of this thesis.

The even-even isotopic chains of Sr, Mo, and Ru are analyzed within the IBM-CM frame-
work, where the Hamiltonian parameters are obtained from the available experimental
excitation energies and absolute B(E2) transition rates, reproducing the evolution of such
energy spectra and B(E2) transition rates, together with moments of inertia, nuclear radii,
isotopic shifts, and two-neutron separation energies, showing that in Sr isotopes, a clear
crossing between regular and intruder configurations occurs at neutron number N = 60,
marking the onset of deformation. These features are also interpreted as signatures of
a Type II QPT driven by configuration crossing. In Mo isotopes, shape coexistence is
shown to remain relevant, but showing a smoother systematics and placing Mo at the
boundary of the coexistence region. In contrast, Ru isotopes show a gradual evolution,
with intruder configurations at higher excitation energies and a second order Type I QPT

associated with a single configuration.

The study is extended to odd-even nuclei through an intrinsic-frame analysis of both an
schematic and a more realistic case centered in Nb isotopes within the IBFM-CM. In the
latter, crossing between regular and intruder configurations is found at N = 60 for both
positive and negative-parity states, leading to a Type II QPT in the ground state, and
showing that the presence of the odd proton enhances the abruptness of the transition

and plays a role in the development of triaxial shapes for positive-parity states.

In conclusion, this thesis shows that configuration mixing within algebraic models offers a
framework for describing shape coexistence, the onset of deformation, and QPT's in nuclei

around Z = 40. The combined analysis of even-even and odd-even isotopes also provides




a consistent picture of the structural evolution and clarifies the origin of some values for

the experimental data in this region.




Resumen

Esta tesis aborda el estudio de fenémenos fisicos como la coexistencia de forma, el origen
de la deformacién nuclear y su relaciéon con las transiciones de fase cuanticas (QPTs
por sus siglas en inglés) en nicleos situados en la regién en torno a Z ~ 40. Todo
esto se realiza mediante modelos algebraicos como el Modelo de Bosones en Interaccion
(IBM) y su extensién considerando mezcla de configuraciones (IBM-CM), junto con la
descripcion en el sistema intrinseco que proporciona el Modelo de Bosén-Fermién en
Interaccién, anadiendo mezcla de configuraciones (IBFM-CM). El objetivo principal es
explicar de una forma coherente con estos modelos los cambios estructurales observados

experimentalmente en esta region.

Tras introducir los conceptos basicos de estructura nuclear, como son el modelo de capas,
el modelo colectivo y los modelos algebraicos, que ademas son la base de los modelos
empleados, se presentan en detalle los formalismos del IBM-CM y del IBFM-CM. Para
ello se hace énfasis en su estructura algebraica, las simetrias dindmicas, los operadores
y su interpretaciéon geométrica, prestando especial atencion al esquema de mezcla de
configuraciones utilizado para describir la coexistencia de formas. Asimismo, se desarrolla
un formalismo general en el sistema intrinseco del IBFM-CM, aplicable tanto a capas de
una sola j como de multiples j, y no necesariamente restringidos a simetria axial, lo cual

es una de las principales aportaciones originales de esta tesis.

Se analizan ademas los is6topos par-par de Sr, Mo y Ru dentro del marco del IBM-CM,
donde los parametros del Hamiltoniano se obtienen a partir de las energias de excitacion
experimentales disponibles y de las probabilidades absolutas de transiciéon B(E2). Repro-
duciendo asi la evolucién de los espectros de energia, B(E2), momentos de inercia, radios
nucleares, y energias de separacién de dos neutrones, mostrando que en los isétopos de
Sr se produce un cruce entre las configuraciones regulares e intrusas para N = 60, lo
que marca el origen de la deformacién. Estas caracteristicas se interpretan ademas como
senales propias de una QPT de Tipo II impulsada por el cruce de configuraciones. En los
isotopos de Mo, la coexistencia de formas sigue jugando un papel relevante, aunque con
una sistematica mucho menos abrupta que para el caso del Sr, lo que sitia al Mo en el
limite de la region donde puede identificarse la aparicién de la coexistencia de forma. Por
otro lado, los is6topos de Ru muestran una evoluciéon mas gradual, con configuraciones
intrusas situadas en energias mucho mas elevadas, con lo cual sélo puede identificarse una

QPT de Tipo I de segundo orden asociada ademads a una tnica configuracion.

Esta tesis se extiende ademas a nicleos impar-par mediante un andlisis en el sistema
intrinseco tanto para un caso esquematico como para otro mas realista centrado en los
isotopos de Nb y empleando el IBFM-CM. En este tultimo caso, se puede observar ademéas

un cruce entre configuraciones regulares e intrusas en N = 60 para estados tanto de




paridad positiva como negativa, dando lugar a una QPT de Tipo II en el estado funda-
mental, y mostrando que la presencia de un nucleén extra incrementa el caracter abrupto
de la transicion y desempena un papel importante en la aparicicién de triaxialidad en los

estados de paridad positiva.

En conclusion, esta tesis muestra que la mezcla de configuraciones dentro de los mode-
los algebraicos proporciona un marco adecuado para describir la coexistencia de forma, el
origen de la deformacion nuclear y las QP'T's en niicleos en torno a Z ~ 40. El andlisis con-
junto de is6topos par-par e impar-par ofrece ademas una imagen coherente de la evolucién
estructural en dicha zona y ayuda a esclarecer el origen de algunos valores experimentales

observados en esta region.
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Chapter 1

Introduction

1.1 The Atomic Nucleus: A Complex Many Body
System

The atomic nucleus can be considered as a quantum many body system composed of pro-
tons and neutrons. However, even in the case of not considering other constituents, the
atomic nucleus is a complex system, which also displays a great variety of phenomena, e.g.,
as single particle excitations or collective motions such as rotations and vibrations. More-
over, the nuclear interaction, governed by the strong interaction, makes the description
of the nucleus and its properties an inherently complex problem, as this interaction is not
yet known with the same precision or completeness as, for instance, the electromagnetic

Interaction.

The complexity of the problem manifests itself also in the presence of features such as de-
formed shapes, vibrational and rotational spectra, pairing correlations, shape coexistence,
and quantum phase transitions. Understanding how those phenomena arise from the un-

derlying nucleons dynamic remains to be one major challenge in nuclear physics

1.2 Modeling Nuclear Structure: From Mean-Field
to Algebraic Approaches

In order to give a suitable description of the nuclear properties and features, a variety of
theoretical frameworks have been developed for nuclei. The most significant one being the
Collective Model [1], 2], 3, 4], together with the Independent Particle model [5, 6, [7].

The Collective Model is particularly convenient, as it reduces the problem to only some

degrees of freedom, focusing on phenomena resulting from collective behavior such as ro-
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CHAPTER 1. INTRODUCTION

tations and vibrations [8, 9]. On the other hand, the Independent Particle Model assumes
that nucleons move freely on an average potential created by their mutual interaction that
results in a specially convenient method for obtaining magic numbers or single particle

excitations, being its most representative example the Shell Model [10].

However, even though both models describe the most essential aspects and properties of
nuclei, some cases can result in contradictory descriptions for the same properties coming
from the results obtained with these two different models. This motivates the research
for more unified models that could describe the nucleus in a more consistent way, being

the algebraic models one of these attempts.

1.3 Algebraic Models: The Interacting Boson Model

As we introduced earlier, the nuclear structure can be studied using algebraic models,
which make good use of symmetries and group theory to describe collective phenom-

ena.

One of such approach is the Interacting Boson Model (IBM), introduced in the 1970s by
Arima and Iachello [T11, 12 [13],[14]. This model is based on mapping fermion pairs coupled
to angular momentum L = 0 (s bosons) and L = 2 (d bosons) into bosons [I5]. This
coupling leads to an U(6) framework, which allows an exact algebraic solution in several

dynamical symmetry limits.

Using this model, it is possible to describe low-lying collective states in even-even nuclei,

reproducing rotational and vibrational bands through different symmetry limits.

Originally, this model made no distinction between proton and neutron bosons, being
known today as the IBM-1. It was later extended to IBM-2 [15, [16], where it takes into
account proton or neutron degrees of freedom separately, together with more extensions
as the IBM-3 and IBM-4 [17, 1§].

To make this model applicable to odd-mass nuclei, the Interacting Boson-Fermion Model
(IBFM) was developed [19]. In this version of the model, the even-even core is described
by the IBM, while the odd nucleon is treated as a fermion moving in a single particle

orbital, but anyway interacting with the bosonic core.

1.4 Configuration Mixing and Shape Coexistence

In recent years, it has become increasingly evident that atomic nuclei may exhibit markedly
different intrinsic shapes within a relatively narrow energy range. In particular, there ex-

ist nuclear eigenstates lying close in energy with associated geometries that can highly

13



CHAPTER 1. INTRODUCTION

differ, ranging from nearly spherical configurations to strongly deformed ones as found in
[20, 21], 22]. This situation may appear somewhat paradoxical, since it is often implic-
itly assumed that all states of a given nucleus share approximately the same equilibrium
shape. This phenomenon is known as shape coexistence and in nuclear physics it was first
proposed by Morinaga [23] to explain the nature of the first excited state in 0, a 0"
state which was assumed to be deformed though the ground state is obviously spherical
because the nucleus is doubly magic. This state corresponds to a proton 2p-2h excitation
across the Z = 8 shell closure and, therefore, it is a intruder state with a deformed struc-
ture. This idea was also supported by the early works [24, 25 26] for oxygen isotopes.
Moreover, one of the most explicit example of such shape coexistence is observed exper-
imentally in “°Ca and is very well described through shell model calculations involving
mp-nh excitations[27, 28] 29].

Furthermore, shape coexistence is by no means an exclusive feature of atomic nuclei,
as it is not difficult to find analogous phenomena in molecular physics, like isomerism,
being a familiar example the limonene, whose different isomers are responsible for the
distinct flavors of oranges and lemons. In nuclei, however, shape coexistence arises from
the subtle interplay between single-particle and collective degrees of freedom, pairing
correlations, and shell effects, making its microscopic origin a subject of intense theoretical

and experimental investigation.

This phenomenon is usually associated with the presence of configurations, that will be
know as intruder configurations, which come from 2p—2h or higher-order particle-hole
excitations across the shell gaps. These configurations lead to the formation of bands
with different deformations coexisting within the same nucleus, usually one spherical-like
and the other deformed [30].

This means that for a theoretical modeling of this phenomenon, we require extending the
IBM framework to allow for multiple boson configurations. This is accomplished through
the IBM with Configuration Mixing (IBM-CM) [31], which incorporates mixing between
a regular configuration space [N] and an intruder space [N + 2] corresponding to two

additional bosons associated with 2p—2h excitations.

From the point of view of experimental data, shape coexistence can be observed from

changes in observables like:
e The energy of the first excited 0 state.
e Quadrupole transition rates B(E2).
e Nuclear radii and isotopic shifts.

e Two-neutron separation energies.

14
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Figure 1.1: Regions where shape coexistence has been encountered.

One of the regions in which it has been proven to present isotopes that exhibit shape
coexistence occurs around neutron number N = 60 and proton number Z = 40, in isotopes
such as Sr, Zr, Mo, and Ru, although it is not the only region where this phenomenon is
encountered, as can be observed in Fig. 1.1, where a particular prevalence around neutron
and proton shell closures [30], 32] is observed. The result is that in the N = 60 region,
a sudden change from spherical to deformed shapes is observed, as seen in the evolution
of the energy spectrum and collective observables, suggesting the crossing of regular and

intruder configurations.

1.5 Quantum Phase Transitions in Nuclear Systems

Closely related to the phenomenon of shape coexistence we can find the concept of Quan-
tum Phase Transition (QPT), which refers to a qualitative change in the ground state
of a quantum system induced by the variation of a control parameter, in principle at
zero temperature [33]. However, in nuclear systems, such control parameters are more
often associated with changes in the number of valence nucleons or with the evolution of
effective interaction strengths, leading to QPTs manifesting themselves as for instance,

abrupt changes in the equilibrium shape of the nucleus.

Moreover, depending on the underlying physical mechanism, we can classify the two types

of QPTs [34]. In this way, type I QPTs occur within a single configuration space and
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correspond to shape transitions driven by a continuous evolution of the Hamiltonian pa-
rameters, while type II QPTs, on the other hand, arise from the mixing of different
configurations, usually associated with regular and intruder particle-hole excitations. In
addition, in certain situations, both types of transitions may coexist and influence each
other, giving rise to so-called intertwined QPTs. The first documented example of this
phenomenon was found in even-even Zr isotopes [35], and similar behavior has subse-
quently been identified in Sr [36] and Mo isotopes [37].

QPTs have been extensively studied in finite quantum systems, as could be atomic nuclei,
where they provide an specially convenient framework for understanding rapid structural

changes along isotopic chains.

1.6 Quantum Phase Transitions in the IBM and IBFM

Frameworks

Within the framework of the IBM, QPTs are described in terms of the competition be-
tween Hamiltonians associated with different dynamical symmetries: the spherical U(5),
the y-unstable O(6), and the axially deformed SU(3) limits. The concept of QPT has
been extensively explored in the IBM and its configuration-mixing extension (IBM-CM)
[38, 39} 40]. In this context, Type I QPTs correspond to shape transitions within a sin-
gle boson configuration, while Type II QPTs emerge from the interaction and mixing of

multiple boson configurations.

Seminal works on the IBM-CM [41], [39] have demonstrated that the resulting phase di-
agram is particularly rich, allowing for the occurrence of both first- and second-order
QPTs. Remarkably, in the presence of two configurations, a first-order QPT may occur
even for the quadrupole operator parameter y = 0, a situation that is forbidden in the
single-configuration IBM. In this regime, the phase structure becomes highly sensitive to
the energy offset AN*2: for sufficiently large values of this parameter, the phase transition
may disappear altogether. The origin of this first-order behavior can be traced back to
the topology of the ground-state energy surface, which, according to Catastrophe Theory
[42], exhibits a “butterfly” germ characterized by a 3% dependence.

The situation becomes considerably more intricate when unpaired fermions are present,
as in odd-mass nuclei. In such cases, the coupling between the odd particle and the
bosonic core, described within the IBFM, may either favor or hinder the onset of a phase
transition. For the IBFM with a single configuration, Refs. [43] 44] showed that, for
Hamiltonians depending continuously on a single control parameter, the presence of the
odd fermion can enhance or suppress the phase transition depending on the m-projection

of the fermionic level.
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An analysis of the different boson-fermion interaction terms reveals that the monopole
and exchange interactions generate contributions proportional to 3%/(1 + %), which can
be effectively absorbed into the one-body boson term. In contrast, the quadrupole in-
teraction introduces not only this same $%/(1 + 3?) dependence but also an additional
term proportional to 8/(1 + (%), that plays a crucial role, as it can induce a first-order
QPT even in a single configuration scenario with y = 0 in the bosonic sector of the

Hamiltonian.

Recent developments in the IBFM-CM, particularly through the use of the intrinsic state
formalism, have enabled a more detailed study of these phenomena, showing that the odd
fermion can significantly modify the topology of the energy surfaces, leading to complex
phase structures arising from the competition between regular and intruder configurations,
as schematically illustrated in Fig. As a result, determining the phase diagram of the
IBFM-CM constitutes a highly nontrivial problem, requiring a combination of analytical

approaches based on Catastrophe Theory and detailed numerical calculations.

o

Lﬂgw

o _Energy

Figure 1.2: Schematic evolution of unperturbed regular (spherical, green lines) and in-
truder (deformed, red lines) configurations for the IBFM. The thick lines correspond to
the boson energy surfaces while the thin ones to the fermion levels.

1.7 Motivation of this Thesis

Within this context, the main motivation of this thesis is the study of nuclear shape
coexistence employing the IBM and the IBFM with configuration mixing, IBM-CM and
IBFM-CM.

As we introduced before, the description of shape coexistence requires an extension of
the model, leading to the IBM-CM. In this framework, different bosonic configurations
are considered, associated with particle-hole excitations across a major shell gap. These
so-called intruder configurations that originate from excitations across closed shells are
expected to play a significant role in regions close to proton or neutron shell closures, such

as around Z = 82 (lead region) or Z = 40 (zirconium-strontium region).

The IBM-CM therefore constitutes one of the main theoretical tools for the development

of the objectives of this thesis. In particular, a central contribution exposed here is the
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analysis of both intrinsic and laboratory frame description of nuclei, which has moreover
lead us to expand the intrinsic frame formalism of the IBFM-CM for odd-even nuclei.
The expansion of this formalism for odd-even nuclei provides a framework that makes
possible to study in such intrinsic frame, cases with different j-values and of course not

only restricted to axial symmetry cases.

The new formalism is first explored and validated through schematic applications, showing
for a clear study its capability to describe configuration mixing in odd-even systems.
Subsequently, the model is applied to a more realistic nuclear system, which is the niobium

isotopic chain.

In addition to the study of odd-even nuclei, this thesis also includes a detailed analysis of
even-even systems, focusing on the strontium and molybdenum isotopes. These nuclei are
investigated in close comparison with their neighboring zirconium and ruthenium isotopes,
in order to elucidate the systematics of shape coexistence, QPTs, and the evolution of
nuclear structure along isotopic chains. Special attention is devoted to the interpretation
of these phenomena within both the laboratory and intrinsic frames, providing a coherent

geometric understanding of collective observables and underlying nuclear shapes.

Throughout this thesis, the results obtained within the IBM and IBM-CM frameworks are
discussed in close connection with the two other standard approaches to nuclear structure,
namely the Nuclear Shell Model and the Collective Model, and its relation to QPTs in
atomic nuclei, using algebraic models, primarily in order to provide a comprehensive and

consistent description of shape coexistence and structural evolution in atomic nuclei.

1.8 Structure of the Thesis

The thesis is structured as follows:

e Chapter 2| presents a concise but comprehensive review of the nuclear structure
models that are most relevant for the present work. The chapter begins with an
introduction to the Nuclear Shell Model, discussing the mean-field concept and the
emergence of single-particle potentials. The role of the residual interaction and the
construction of effective Hamiltonians are subsequently addressed, together with a
discussion of the scope and intrinsic limitations of the shell-model approach.We then
introduce in this chapter the Collective Model, focusing on collective coordinates
and the formulation of the collective Hamiltonian. Finally, the Nilsson model is
presented, including its extension with BCS pairing correlations, providing a bridge
between single-particle and collective descriptions and setting the stage for the al-

gebraic approaches discussed in later chapters.
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e Chapter (3| introduces in detail the IBM, which constitutes one of the main theo-
retical frameworks employed throughout this thesis. The chapter starts by defining
the bosonic basis states and the general structure of the IBM Hamiltonian, as well
as the electromagnetic transition operators. Then, the multipole expansion and the
Consistent-(Q Formalism are discussed in detail, followed by a systematic presen-
tation of the bosonic algebra and its subalgebras, together with the construction
of basis states associated with the different algebraic chains. The concept of dy-
namical symmetries is introduced through Casimir operators and group chains, and
analytical expressions for the energy spectra in the U(5), SU(3), and O(6) limits
are derived. The geometrical interpretation of the IBM is then developed using
coherent states and coset spaces, allowing for a direct connection between algebraic
structures and nuclear shapes. The chapter concludes with the formulation of the

IBM-CM, which is essential for the description of shape coexistence phenomena.

e Chapter {4 extends the discussion to odd-even nuclei through the IBFM. After
introducing boson and fermion operators and the corresponding basis states, the
physical operators of the model are constructed, including the Hamiltonian, tran-
sition operators, and the boson fermion interaction. In addition, fermion algebras
are discussed for both single-j and multiple-j configurations, together with their
associated basis states, then coupled boson fermion algebras and their dynamical
symmetries are presented. The chapter ends with the development of the IBFM
with configuration mixing, presenting one of the original contribution of this thesis.
As a matter of fact, the formalism is extended to incorporate configuration mixing

effects, and a microscopic interpretation of the model is also included.

e Chapter 5| presents the application of the IBM-CM to even-even nuclei, with a
particular focus on the strontium and molybdenum isotopic chains, and their com-
parison with neighboring zirconium and ruthenium nuclei. After a general introduc-
tion, shape coexistence is analyzed. Furthermore, experimental energy spectra and
electromagnetic transition rates are described, followed by a detailed description
of the fitting procedure used to reproduce excitation energies and absolute B(E2)
transition probabilities. The accuracy of the fits is assessed through a systematic
comparison with experimental data, where in addition, the structure of the wave
functions is analyzed in depth, emphasizing the role of configuration mixing and
the role of perturbed/unperturbed configurations. Additional observables, includ-
ing charge radii, isotopic shifts, and two-neutron separation energies, are studied.
Finally, nuclear deformation is studied through mean-field energy surfaces and defor-
mation parameters, providing an intrinsic-frame interpretation of the results, which
are concluded with a discussion of the relationship between shape coexistence and

QPTs, including a comparison between the Sr-Zr region and the Pt-Hg nuclei.
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e Chapter [6] presents the results obtained for odd-even nuclei using the intrinsic for-
malism for the IBFM with configuration mixing. Here, we begin with schematic
calculations illustrating the crossing of configurations. Then, the formalism is ap-
plied to a more realistic case, focusing on the niobium isotopic chain. The evolution
of nuclear shapes is analyzed in detail, separately for positive and negative parity
states. Finally, the results are discussed in terms of QPTs, energy curves and sur-
faces, providing insight into the collective dynamics, and configuration mixing in

odd-even nuclei.

e Finally, Chapter [7| summarizes the main conclusions obtained in the development
of this thesis.
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Chapter 2

Models of significance

2.1 The Nuclear Shell Model

2.1.1 Introduction

The Shell Model (SM) [10] is one of the most important frameworks for describing nuclear
structure. Its basic assumption is the existence of an average potential in which the
nucleons move almost independently [45]. In this way, each particle occupies a single-
particle orbit that is only weakly perturbed by the presence of the others. This is a
picture inspired by the success of the atomic shell model, in which electrons move in a
central Coulomb field.

However, the nuclear case is less obvious, mainly because nuclei do not present any central
field, moreover the nuclear force is short-ranged and repulsive at small distances, so strong
fluctuations would be expected in the motion of nucleons rather than a smooth mean field.
Despite these assumptions, the liquid drop model [§] was successful in describing some
physical properties of nuclei such as binding energies or some collective behavior, but this
model was based on a picture of nuclei that suggested that they were similar to a liquid
drop, meaning that those nuclei should be considered as highly correlated systems [46],
while, several experimental observations, as they were the existence of magic numbers,
deviations from liquid-drop model predictions, and separation energies, suggested a shell

structure in nuclei.

The key to connect theory and experiment was the introduction of a strong spin-orbit
term in the Hamiltonian. This idea, developed independently by M. Goeppert-Mayer
[5, 6] and by Haxel, Jensen and Suess [7], explained the stability of magic numbers
2,8, 20,28, 50,82,126, and established the Shell Model as a powerful microscopic descrip-

tion of nuclei.
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2.1.2 The Mean Field and Single-Particle Potentials
In the shell model, the motion of nucleons is described by the time-independent Schrodinger
equation, .2

{—%VQ + V(T)} ¢i = €9, (2.1)
where V() is the average potential and ¢; are single-particle wave functions. The nuclear

wave function is then built as a Slater determinant of these orbits, consistent with the

Pauli exclusion principle.
Several forms of the mean potential have been considered:

e Square well: which originates from the assumption:

V(r)= (2.2)

—Vo parar < Ry
+oo parar > Ry

where Vj & 50 — 60 MeV and Ry = rgAY? (rg ~ 1.2 fm and A is the mass number).
This potential reproduces some low magic numbers but is not realistic for nuclear

surfaces.

e Harmonic oscillator: In this case the potential considered is

2
Vir)=—Vo 1= (=) | = 22 (r* - RY), (2.3)
Ry 2
that presents a simple analytic solution [47],
E =hw(2k + {4+ 3/2) = hw(N + 3/2), (2.4)

where the quantum numbers that appear are defined as:

N=0,12,...
¢{=N,N—-2...1o0r 0, (2.5)
F= (N -0/,

being N is the principal quantum number, [ is the orbital angular momentum quan-

tum number, and k is the radial quantum number.

It should be noted that both the square well and the harmonic oscillator potential
do not provide a fully realistic description of the nuclear potential. In this way, when
continuum states are relevant, additional assumptions or approximations must be

introduced in order to account for their contribution.
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e Woods-Saxon [48]: That describes charge and matter distributions more accu-

rately, based on the assumption that the nuclear potential must verify that,

(752), =0

r r=0

V(r) = (_ag@) >0 (2.6)
r<Ro

V(r)r>Ro ~0

One of the potentials that behaves according to such conditions is,

W
1+ exp (’"_RO) ’

a

V(r)

(2.7)

with a ~ 0.5{m.

None of these potentials alone explain all the observed shell closures, and as we have
introduced earlier, the decisive improvement comes from adding a strong spin-orbit inter-

action,
H = Henpral + K L - S, (2.8)

which correctly reproduces the full sequence of magic numbers. Moreover, the existence
of this spin-orbit splitting is strongly supported by experimental data. This result also
supports the level scheme presented in Fig. [2.1]

2.1.3 Residual Interaction and Effective Hamiltonians

Even though nucleons move in a mean field, they still interact with each other, where
this residual interaction lifts degeneracies and mixes configurations. The full Hamiltonian

considering residual interactions can be written as

H = Hy+ H,s, (2.9)
where Hj is the mean-field Hamiltonian and H,. represents residual two-body interac-
tions.

There are different strategies to reproduce Hg:

1. Phenomenological approach: adjust two-body matrix elements to reproduce

selected experimental data as single particle energies.

2. Realistic interactions: start from nucleon-nucleon forces and modify them to

account for the nuclear medium.

3. Schematic forces: where we use simplified interactions (Gaussian, contact, Yukawa,
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NN
SN

Protons Neutrons

Figure 2.1: Single-particle levels for a Hamiltonian formed by central potential plus a
spin-orbit term.
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Skyrme) whose parameters are adjusted to experimental trends in a given mass re-

gion.

2.1.4 Scope and Limitations

The SM has been extremely successful in explaining nuclear properties near closed shells
and across wide mass ranges, providing a unified framework for both single-particle be-

havior and collective effects.

However, its main limitation is computational: the dimension of the Hilbert space grows
rapidly with the number of valence nucleons, making diagonalizations challenging. More-
over, strongly collective excitations, such as giant resonances or large deformations, often

require orbitals from several major shells.

Despite these difficulties, the nuclear SM remains one of the central tools of nuclear theory,
combining physical insight with modern computational techniques to explore nuclei from

stability to the limits of the nuclear chart.

2.2 The Collective Model

The SM has the great advantage compared with other approaches to nuclear structure of
providing a complete framework that does not leave out any nuclear degrees of freedom.
This allows phenomena to be described involving only a few nucleons as well as those in
which all nucleons participate simultaneously. However, applying the SM to the descrip-
tion of collective excitations becomes extremely complex, since it requires dealing with
a vast number of configurations and diagonalizing matrices of huge dimensions. For this
reason, phenomenological models were developed, in which collective properties emerge
naturally. Nonetheless, in principle, a “complete” SM calculation would always contain

such features, although extracting them may be very cumbersome.

The existence of a central mean field in which the nucleons move is itself a collective effect
arising from all nucleons. Moreover, several experimental observations point to collective
behavior in nuclei. For instance, quadrupole moments that are an order of magnitude
larger than those expected for a single nucleon indicate significant nuclear deformation.
Likewise, the appearance of rotational spectra, with energy levels following a sequence
proportional to J(J + 1), provides evidence of cooperative motion among nucleons. In
summary, the nucleus exhibits long—range interactions that induce collective effects, giving

rise to deformations and vibrational-rotational dynamics [8, [].

The Collective Model (CM) is a phenomenological framework tailored to describe low-

energy (< 8 MeV) excitations of medium and heavy even-even nuclei. In this model,
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the nucleus is considered an incompressible liquid droplet, meaning that single-particle
excitations are ignored. Instead, the nuclear surface is parametrized by a set of variables,
leading to a “classical” description in which the main modes of excitation are vibrations

and rotations.

2.2.1 Collective Coordinates

For medium and heavy nuclei it is not necessary to use the full set of orbital degrees of
freedom. Instead, we can introduce a reduced set of coordinates, a,, which are sufficient to
describe the essential collective properties. These are known as collective coordinates, and
most importantly, the explicit relation between the nucleonic and collective coordinates

is not required.

The nuclear surface can be parametrized as:

R(0,¢) = Ry (1 +ag+ Y Y a3 Yaulb, ¢)> , (2.10)

A=1 p=—2XA

where Y, are spherical harmonics and R is the radius of a sphere with the same volume
as the nucleus. For small deformations, truncating to the quadrupole terms (A = 2) is

sufficient, leading to

R(@, (b) = RO

L+ ) og“}/'gu(e,qﬁ)] . (2.11)

p==2

The parameters g, are known as deformation parameters. After suitable rotations in
order to reduce the number of deformation parameters, only two independent parameters

remain, usually expressed in terms of the Hill-Wheeler [49] variables 8 and ~:

1
Qg = 5 o8, gy = EB sin 7. (2.12)

Here 8 quantifies the overall deformation, while v characterizes the deviation from axial
symmetry. Specific values correspond to different nuclear shapes: v = 0° gives a prolate
ellipsoid, v = 60° corresponds to an oblate ellipsoid, and intermediate values describe
triaxial shapes. In contrast, in the y-unstable case the energy is essentially independent

of v, implying the absence of a preferred orientation in the v degree of freedom.
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2.2.2 The Collective Hamiltonian

For quadrupole deformations, the collective Hamiltonian can be written as
1 .2
H=3B ZM: |G 4 V (agp), (2.13)

where B is an inertial parameter and V is a generic collective potential. In the har-
monic approximation, this Hamiltonian reduces to that of a five-dimensional oscillator,
corresponding to a spherical nucleus undergoing vibrations while preserving spherical

symmetry.
A more general expression, derived by Bohr [2] 3], reads
3

M? (19,0 1 1 a . .0
Hou =2 57 (5 "2 (373575 * Tz 135 ) +V (o) @210

This formulation is known as the Bohr—Mottelson Hamiltonian, and the entire approach

is sometimes referred to as the Bohr—Mottelson Model.

Depending on the potential V(3,7), the spectrum exhibits rotational and vibrational
bands. For example, (-vibrations correspond to oscillations in the magnitude of the
deformation, while y-vibrations represent departures from axial symmetry. The coupling
of these modes gives rise to rich nuclear excitation spectra, including the well-known

vibrational-rotational structures.

2.3 The Nilsson Model

A widely used framework to describe the spectra of odd-even deformed nuclei is the Nilsson
model [50], in which single-particle states are determined by solving the Schrodinger
equation for a nucleon moving in a deformed mean field. The corresponding single-particle

Hamiltonian is )
H=2" 4 V(r) [1+BY2(0)] + Vio(r)1 -5, (2.15)

2m
where § is the quadrupole deformation parameter, Y? is the harmonic spherical, Ve(r)
denotes the central potential generated by the even-even core, and Vj,(r) represents the

spin—orbit interaction.

Within perturbation theory, the single-particle energy levels take the approximate form

i~ e+ 8P (3K — j(j + 1)) (G|[Va(r)Y @ 5), (2.16)
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(0)

where €, are the eigenvalues of the spherical Hamiltonian

2
Hy = 2p—m FV(r) + Vi (r) 1 - s, (2.17)
In general, the full solution requires diagonalization since the quadrupole term Y ?) couples

states with different j values.

An important point is that the Nilsson model can be regarded as the classical limit of the
IBFM when only a quadrupole boson—fermion interaction is present. In this correspon-
dence, the effective quadrupole interaction strength is related to the parameters of the
Nilsson potential as

r GlIVelr)Y @150, (2.18)

1
*Npp?
with N denoting the number of bosons in the even-even core. After applying the ap-
propriate scale transformation between the geometric deformation parameter of Bohr and
the bosonic deformation parameter of the IBFM, one obtains a direct mapping between

the two descriptions.

2.3.1 The Nilsson Model with BCS Pairing

While the Nilsson model captures the gross features of single-particle spectra in de-
formed nuclei, it does not reproduce the correct ordering of levels. To remedy this,
it is necessary to incorporate residual interactions. A natural choice is a pairing force
acting in the deformed basis, characterized by an effective strength Gger. Within this
scheme, a Bardeen—Cooper—Schrieffer (BCS) calculation [51] provides the quasiparticle

energies

EjK: \/(EjK_)\F)2+A2a (219)

where A\p is the Fermi energy and A the pairing gap. These quantities are fixed self-

consistently by imposing particle-number conservation,
N=> v, (2.20)
K

where v% is the occupation probability of the state labeled by K.

The Nilsson+BCS scheme leads to a more realistic description of odd-even nuclei and can
be related, at the classical limit, to the IBFM including both quadrupole and exchange
boson—fermion interactions. By equating the resulting single-particle levels, one can es-

tablish explicit connections between the interaction strengths of the two approaches.

Finally, it is worth noting a fundamental conceptual difference between the Nilsson model

and the IBFM. In the latter, single-particle energies saturate to constant values at large
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deformations due to the finite boson number Ng, which reflects the underlying microscopic
structure of the nucleus. In contrast, in the Nilsson model the energies associated with
a given j-orbit diverge as [ increases, since the deformed field is treated as an external
potential rather than as one generated microscopically by the finite number of nucleons.
This distinction becomes crucial when comparing both models at large deformations and
following this discussion, detailed comparisons of the properties of the Nilsson model and
the IBFM can be found in [52] 53].
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Chapter 3
The Interacting Boson Model

As it was exposed before, the IBM was introduced in the 1970s as an algebraic model
that would be functioning both in the vibrational U(5) limit so in the rotational SU(3)
(introduced by J. P. Elliot). In the IBM, all collective excitations of nuclei are described
by bosons, as this model stems from low-lying collective states being described in terms
of boson with angular momenta L = 0 and L = 2 resulting from the coupling of nucle-

ons.

From this point, it is clear that the appropriate formalism for this model is no other than
second quantization, where we describe the system in terms of a monopole boson with
angular momentum and parity J© = 0%, which will be called s, and a quadrupole boson
with J¥ = 2%, referred as d bosons, as depicted schematically in Fig. .

Thus, the system is built through the following blocks

stodl,  (pn=0,£1,+£2)
s,d, (p=0,£1,+£2)

. (3.1)

It is also convenient to introduce a more compact notation for those bosons operators
b () with 1=0,2 and m=—1,—1+1,...,1. (3.2)

Where Im can be considered as a single index, that can be named, for instance as «,

which ranges from 1 to 6, covering the possible cases.
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Bosons

Boson s Boson d

e

Figure 3.1: Bosons s and d depicted schematically.

In this way, commutation relations are the following ones,

[bl,m, bj/,m/} = 01 O
s ] = (B bl | =0,

(3.3)
or as
(Dbl | = G [bas bor] = [Bh, 81, ] = 0.
This results in 36 operators that can be mapped into an U(6) algebra,
de,/ dLs std, s's. (3.4)
That can be written in a more general way as:
GAZJ:’)/;"W]? i7j:17"‘767 (3.5)
that verifies
[éija ékl] = Gz‘ldjk - G’jkdil- (3.6)

For applying this model, it is convenient to define the group generators that are able to
transform adequately under rotations. In the case of fy;rm, they can be considered as a
spherical tensor of degree [ that under rotations transforms as basis vectors of a 2] + 1

dimensional group,
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However, in the case of the 7, operator, we encounter the difficulty that they do not
behave correctly under rotations, so in order to construct spherical tensors, one needs to

introduce the following
/?lm = (_1)l+m7l—m- (38)

Now that we have spherical tensors, it is possible to apply the tensor product to obtain

another spherical tensors[54]:

T = [TLl X TLQ}L
M

= Z (LyMy Ly My | LM) TJ\L411TAL/122a (3.9)

My Mo
where (L1 MLy Ms | LM) indicates the Clebsch Gordan coefficient.

A particular case is the scalar product, usually denoted by a round bracket in the following

way,

U® .V = (<) 2k +1)7 [UB x V] (3.10)

3.1 Basis States

It is essential to operate correctly with the IBM to define a basis of states, which in this
work will be constructed in the usual way by repeatedly applying bosons operators on a

boson vacuum |0)

biot, ... 10). (3.11)

Also, it is specially convenient to construct states with good angular momentum, for this
reason we couple the boson operators appropriately.

(n)
b} x bl ]M 0). (3.12)

It is important to note that the angular momentum alone itself is not sufficient to charac-
terize a state uniquely, as it is possible to find states with the same angular momentum L
for a certain number of bosons N. The issue of finding appropriate labels will be addressed
in the following sections. Moreover, many calculations are performed using a spherical
basis in which the s and s bosons are treated separately,

s [dima] (3.13)

vna LMy, ’O> )

where the parameters ny, ng correspond with the total number of bosons s and d, respec-
tively, and verify that N = n, + ng and the quantum numbers v, na will be discussed in

the next sections.
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3.2 The Hamiltonian Operator

As we want to describe a physical system composed by bosons, it is necessary to write all
operators in terms of boson operators, including the Hamiltonian. In this case and con-

sidering that the Hamiltonian operator conserves the total boson number, we write,

1
H=Ey+ Y eapblbs+ > :§uawbgbgb7b5 + ..., (3.14)
af afyd

where the one-body contribution is represented here with the term b'b, the two-body one
is b'b'bb and so on, it is also for the presence of these terms that these models are named
interacting boson models, moreover the interactions in equation (3.14]) are always number

conserving.

In addition, to make apparent that the Hamiltonian is invariant under rotations, we

write

oo @]
H= EO + Z glb bl + L%ﬁ/ 2ull/l//l/// |:|:bT X b;r/] |:bl” X bl”’i| :|0 +oeee (315>

As in many calculations, only up to two terms are retained, in that case, equation ([3.15)

can be written in terms of bosons s and d as,

H=Fy+¢s T-§—|—»sddT-cZ

+ > 3 Lon+1)be [[dedT}(L)X[ch N](L’](O)

L= 024

X

+ ivz [[dT x d'] ® % [dx 3@ + [dF x s'] @ % 1d ~](2)] o (3.16)

V2
1 L0
+ 5 [[dT x d'] © % [5x @ + [sT x s'] @ % [d x }(0)]

~ o 1 (0)
+ U [[dT x s'] ® 5 [d 5](2)] + 5o “31 x s'] O % 5 x 5](0)} ,
0 0

where it has also been considered that the Hamiltonian is an Hermitian operator.

3.3 Transition Operators

In addition to the Hamiltonian, transition operators can also be written in terms of boson

operators,
D =10, +Zt Jblbs + - (3.17)

Now, transforming this to tensor operators of rank L, as transition operators must have
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good quantum number L,

_ (D)
TH = ¢V, + thﬁ) [bj X by] 4 (3.18)

I
T "

It is specially convenient to use the coupled form for the generators, where again in our
case of s and d bosons the transition operators for the different multipolarities are written
as,

TéEO) =Y + ag [ST X 5] (()0) + 5o [dT X J} (()O) ,
(1)

4(2) (2
T;EE2) — ay [dT x5+ st x d] + By [dT X d} , (3.19)
m H
a(3)
o

T — By [d" x d]

- (4)
T = gy [t xd|

I

In equation ((3.19)), it can be observed that if only one-body operators are considered (with
s and d bosons), transition operators with multipolarity up to four can be constructed.
Moreover, the coefficients 7o, ar(L = 0,2),5.(L = 0,...,4) specify the strength of the

corresponding operators.

3.3.1 Choice of Phases

As it has been specified, the parameters in equations (3.16]) and (3.19)) have been chosen

to be Hermitian and real, but there is some phase ambiguity, as the operators s and d

could undergo a gauge transformation [55],

s — se ¢ st stetid,

. . (3.20)
d— de ™, df — dfeti¥.

This gauge transformation affects the first term in the E2 operator in equation (3.19) in

the following way,

(2)

[alT x §+ s x d] f) — iV —?) [dT X §+ e 2W9)gt d}u ,

(3.21)

where the standard choice is ¥ = ¢ = 0 and it is the choice that will be used through
this work, but it is also possible to choose a phase that verifies ¥ — ¢ = g, that would

transform the transition operator in:

T = i [d x 5 — s d]\ + By [d x d] (3.22)
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which is Hermitian but also complex.

3.4 Multipole Expansion and the Consistent-(Q) For-

malism

Usually the Hamiltonian and transition operators are written in multiple ways, one of the
most employed are the known as multipole expansion, in which two ways of writing the

Hamiltonian exist.

H:E(’]—l—adﬂd—i-aoﬁT-75+a1fw[:+a2@'Q

. . (3.23)
+asU-U+a,V -V,
and o R A
H =E{+¢enqg+aP-P+aL-L+aQ-Q (3.24)
tas0 - U + asi?, |
where,
hg=d - d,
1 -1
- 1 (1)
L=(10)2 [d" x d
(10)= [df x d]", (3.25)

V=1[dx d](4),
are often referred to as multipole operators.

Another important parametrization that will also be used in the calculations in this thesis
is the known as the extended Consistent-Q) formalism [56], in which the Hamiltonian is

written as,
H:E6+6ﬁd+clf/-f/+02@x-QX+030-U+C4V-V (326)

and the operators, ng, IA/, U and V are the same as for the multipole expansion. Moreover,

the transition operator is now written as,

A Foa 4@ P @

sz[d X 5+s xd] +X[d xd} . (3.27)
So, the transition operator is given by:

TE2) = QX (3.28)
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This parameterization is especially convenient as it reduces the number of parameters by
one, given that the quadrupole operator is the same and used in both the Hamiltonian

and the transition operator.

3.5 Bosonic Algebra

Employing the already defined bilinear products of boson creation and annihilation oper-

ators

~

G =71y, 4,j=1,...,6, (3.29)
That satisfy the commutation relations

|:éij7 lei| = éil(sjk - CATYch(Sli- (330)

Moreover, for problems where angular momentum is preserved, it is more convenient to

use the coupled form,

L

GLM (l7 l/) = |:7[T X f?l’]Ma l? l/ = 07 27 (331)

that verifies the commutation relations,

|:GALM (l7 l/) ) CA"YL’M’ (l//J l/,/>i| =
> V2L 4+ 2L + L(LMLM' | L"M") (1)

LIIM//

ioon | L LN L . 3.32
% [(_1)L+L +L { }5l’l”GL”M” (l7l//l) ( )

l/l/ l l/

L L/ L// R
— { l// l/ l } 5”///GL//MN (l”, l,)] s

where the curly brackets denotes a Wigner 6-j symbol, being those the generators of U(6)

in Racah’s form. It is also possible to write them in terms of s and d bosons, having each
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tensor a total of (2] 4 1) components as indicated

Géo)(s, s) = [ST X 5‘} ((]O) ,
G (d,d) = [d" x d]\”,
GO(d,d) = [d x d]”,
GA(d,d) = [d x d] ¥,

I ) w
G(d,d) = [d x d]"
GO (d.s) = [a x 57,
G’l(f)(s,d) = [ST X d] f) )

3.6 Bosonic Subalgebras

We define a subalgebra h as a subset of a given algebra g, closed under commutation,

which schematically can be written as,

Xeg, Yeh, gDh,
3.34
v, v = 3 Chvi (3.34)
k

As this model is made to work within the field of nuclear physics, it is compulsory that
states are characterized by a good value of angular momentum. This implies that the
algebra of tridimensional rotations, O(3), must always be included as a subalgebra of
U(6). In the particular case of coupled form generator, working with them in such a way,
will ensure automatically the inclusion of O(3) as a subalgebra, as the operators G,(})(d, d)

are no other but the generators of the O(3) algebra.

3.6.1 Boson Subalgebra I

The easiest subalgebra that can be obtained is U(5), composed by the generators that

only include d bosons:

Coo(2,2) = [df x d Z
Gua(2,2) = |d x d';,
Gan(2,2) = :dT X d:i, (3.35)
Cisn(2,2) = [d x d'i,
Cun(2,2) = |d x d':
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Again, from the resulting 25 generators, we can choose 10 that close under commutation,
being the O(5) algebra:

Gia(2,2) = [dT x d};,
Gan(2,2) = [dT x df’ , 230

m
where can be rapidly noticed that the O(3) generators are enclosed, so the O(5) algebra

contains intrinsically the O(3) one,

Gia(2,2) = [d* x CZT . (3.37)

I

This results in the following chain of subalgebras, together with their labels,

! ) ! ) (3.38)

So, the states are characterized by

|[[N]ngtvaL) . (3.39)

3.6.2 Boson Subalgebra I1

Obtaining the second subalgebra it not so obvious as the first one, since it involves the
consideration of linear combinations of the operators, given the case of
. . 70
G00(07 0) + \/gGO()(Z, 2) = [ST X 5}8 + \/5 |:d]L X d] s
0
. A1
Gia(2,2) = [d* x d] ,
o

3.40)
. . 7. (
Gu(0,2) + Gs,(2,0) £ gegu(z, 2) =

s d]” + [ xs]? £ YT [ <]

j I

It can be proven that they close under the U(3) algebra using the commutation relations.
Furthermore, we can notice that the Goo(O, 0)+ \/5@00(2, 2) operator, is the total number

operator N , which means that in the particular case of an application to nuclei with
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conserved total N, the algebra SU(3) is more convenient,

Gia(2,2) = [d* x CZT ,

n

R R NG
G2.(0,2) + G2,(2,0) £ TGQM(Z 2) = (3.41)

2 2
fwd s e Y (gt d
E ><d]ﬂ4r [dl 3] & [a de,
where again O(3) is a subalgebra formed by,

. 1
Gia(2,2) = [d* X d] . (3.42)

o

Resulting in the chain of subalgebras,

) ) ) (3.43)

3.6.3 Boson Subalgebra III

The third possibility is to consider the following 15 operators which close under the O(6)

algebra of orthogonal transformations.
Ci3n(2,2) = |d x d] , (3.44)

where if the generators G, (0,2) + Gy, (2, 2) are deleted, we encounter the 10 generators
of the O(5) algebra:

Cru(2,2) = [d' x Jl, »
Gian(2,2) = [d* X dr. 38

Where again, O(3) is a subalgebra,

Gia(2,2) = [d* x ci]l . (3.46)

I

This results in the following chain of subalgebras, that will be detailed in the following
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sections,

) ) ) ) (3.47)

3.7 Basis States of Every Algebra

The main reason for obtaining the set of nested subalgebras exposed before is that they
allow constructing basis in which the Hamiltonian operator can be diagonalized. For
constructing a basis, the main problem that needs to be addressed is the decomposition
of the representation [N] of U(6) into representations of subgroups, which we now present

its solution for every chain of subalgebras.

3.7.1 Chain I

The quantum numbers that characterize the representation of groups appearing in this

chain are [57]

U6) [N,0,0,0,0,0] = [N],
U(5)  (n4,0,0,0,0) = (nq),
o) (v,0) =v,

0O(3) L.

(3.48)

Note that we are considering only fully symmetric irreducible representations.

Given a certain representation of U(6), [N], the values ny are obtained as
ng=N,N—1,..1,0 (3.49)
and the values of v in that certain representation of U(5)

v=ng,ng—2,....,1 or 0. (3.50)

The representations of U(6), U(5), and O(3) are all completely symmetric, so there is no

ambiguity in how the states are labeled in these groups.

When reducing O(5) to O(3), a more subtle issue appears, namely, a single O(5) repre-
sentation, labeled by the quantum number v, may contain several different states with
the same angular momentum L. This means that the labels provided by O(5) are not

sufficient to uniquely identify all states once the reduction to O(3) is performed.

In general, when this happens for a group reduction G to G’, one says that G is not

fully reducible with respect to G’. In this case, O(5) is not fully reducible with respect to
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0(3).

To uniquely classify the states, an additional quantum number is required. There are
infinitely many possible ways to choose this quantum number, but for classification pur-
poses it is convenient to choose it as the number of boson triplets coupled to zero angular

momentum, denoted by na.

To determine the values of L contained in each O(5) representation v, the following
algorithm is followed,
ng = 2715 —+ 377JA + )\, (351)

where,
ng = (ng—v)/2. (3.52)

Considering the values that v takes in the equation (3.50)), then ng
ng=0,1,...n4/2 or (ng—1)/2, (3.53)

and
L= NX+1..2\—22\ (3.54)

This can be written in the following scheme

) ) ) ) (3.55)

As an example, the values of the quantum numbers for N = 1,2 and 3 are included in

table B.11

3.7.2 Chain II

In this case the labels needed to classify the states in this chain are [58]

U(6) [N,0,0,0,0,0] = [N],
SU(3) (A ), (3.56)
0(3) L.

Thus, a generic state can be fully specified by the set of quantum numbers

[INT(A, p) K L) . (3.57)
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U®6)  UBG) O6B) #@a OO
N ng L
0 0
1
1 1 0 2
0 0 0 0
1 0
2
2 2 0 4,2
0 0 0
0 0 0
1 0 2
2 2 0 4,2
3
0 0 0
3 3 0 6,4, 3
1 0
1 0 2

Table 3.1: Quantum numbers for the group chain I.

The allowed values of the labels (\, i, k, L) can be obtained from the structure of Elliott’s

SU(3) model and are summarized as

A\ p) = (2N — 4n, — 6n,, ZnI),

where ng,n, = 0,1,2, ... satisfy the condition

2N —4n, — 6n, > 0.

The remaining labels are defined as follows:

k=min{\, pu}, min{\, u} —2,...,1 0or 0,
L=k, k+1,..., k+max{\ u},
L=0,2,4,..., max{\, u},

(3.58)

(3.59)

(3.60)
(3.61)
(3.62)

Here, k is sometimes referred to as the missing label. The set of states defined by these

quantum numbers constitutes the so-called Elliott basis [59], which is not orthogonal in

its original form. By applying an appropriate orthogonalization procedure, one obtains

the Vergados basis [60], in which the label K emerges as a specific combination of

values.
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Schematically, we can write again

U®6) > SUB) S 03)

3 3 3
[V] (A ), K L

(3.63)

As an example, the values of the quantum numbers for N = 1,2 and 3 are included in

Table 3.2l
U®6) SUB) x  0O@3)

N (M) L

0 0,00 0 0

1 (2,0) 0 2,0

) 400 0 4,20
02) 0 2,0
60) 0 64,20

; (22) 0 4,20
(2,2) 2 3,2
0,00 0 0

Table 3.2: Quantum numbers for the group chain II.

3.7.3 Chain III

The labels that are needed to characterize the representations of the group in this chain

are [61]:

So, the basis state is

U(6) [N,0,0,0,0,0] = [N],
0(6) (0,0,0,0) = (nq),
o) (r,0)=m,
O(3) L.

I[N]oTva L) .

The possible values of the quantum number ¢ are then,

c=NN-2..,1, or 0,

(3.64)

(3.65)

(3.66)
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and the values of 7 given the O(6) representation are,
T=o0,0—1,..,01. (3.67)

Again, the step from O(5) to O(3) is not fully reducible, and an additional quantum

number is needed, that will be va, which verifies,
T=3ua+ A, va=01,.. (3.68)
and now the quantum number L

L=MA+1,..,2\—2 2\ (3.69)

Finally, the complete classification scheme for chain III can be written as,

U®6) > 06) > 0(B) > 0@3)
! ) ! ! (3.70)

Moreover, the algorithm previously written gives as a result the quantum numbers pre-
sented in table [3.3]

N o T L
0 0 0 0 0
1 1 2
1
1 0
0 0 0 0
2
2 2 0 4, 2
3 3 0 6, 4, 3
3 1 0
2 0 4, 2
3 1 0 2
0 0 0
1 1 0 2
0 0 0

Table 3.3: Quantum numbers for the group chain III.
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3.8 Dynamical Symmetries, Casimir Operators and

Group Chains in the Interacting Boson Model

Within the framework of the IBM, the Hamiltonian in its most general form typically
requires numerical diagonalization in one of the basis explained before. However, under
certain conditions, the problem becomes analytically tractable. These special situations,
known as dynamical symmetries, occur when the Hamiltonian can be expressed entirely

in terms of Casimir operators of a nested chain of groups:

GODG DG D (3.71)

3.8.1 Casimir Operators and Group Chains
Definition:

For a given Lie algebra with generators {X,}, a Casimir operator C' is defined as

C,X,]=0 VYa. (3.72)

Casimir operators are invariants of the group: they commute with all elements of the
algebra and therefore are constant within a given irreducible representation. The rank
of the algebra equals the number of independent Casimir operators, corresponding to the

number of integer labels that specify its irreducible representations.
Order of Casimir Operators:

Casimir operators are classified by their order, p, in the generators, denoted C’p(G). Some

examples are:
e First-order: proportional to the total number operator.
e Second-order: quadratic forms such as L? in O(3).
e Higher-order: cubic, quartic, etc., combinations.

Only unitary groups U(n) possess first-order invariants.

3.9 Hamiltonian in Terms of Casimir Operators

In IBM-1, the dynamical algebra is U(6) and its possible nested subalgebras finishing in

0O(3), as explained in previous sections are,

U6) > U(5) > 0(5) > 0®3), UG) > SUB)>O0B), UB) > 06) > 0(5) > 03).
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The eigenvalues of the corresponding Casimir operators are,

(C1[U(6)]) = N = fg + g, (3.73)
(CH[O(3)]) = L(L + 1), (3.74)
(Co[SUB)]) = A% + pi + M+ 3\ + p), (3.75)
(C5[0(6)]) = o (0 +4), (3.76)
(C1]0(5))) = v(v + 3) (3.77)

An important consequence is that the most general IBM-1 Hamiltonian up to quadratic

order can be expressed as

H=> a;Cp(Gy), (3.78)

where G; are the groups that belong to the relevant nested chains. If all GG; belong to the
same chain, H is diagonal in that chain’s basis, and the eigenvalues are given directly by

the Casimir eigenvalues. Otherwise, a numerical diagonalization is required.

3.9.1 Energy Eigenvalues in the Three Dynamical Symmetry
Chains

U(5) Chain: Vibrational Limit

In this symmetry limit, the most general Hamiltonian written in terms of the Casimir

operators is,

H = ey +e;CL(U(6)) + e2Co(U(6)) 4 eC1(U(5)) + aCo(U(5)) + BC(O(5)) + 7C(0(3)).
(3.79)

and their eigenvalues are,
E(N,ng,v,na, L,Mp) = Ey+ eng+ ang(ng+4) + Bv(v+3) +vL(L+1), (3.80)
where in Fy has been included

Ey=ey+eiN +eaN(N +5). (3.81)

The structure of this expression shows that, in the U(5) limit, the energy levels are mainly
organized according to the d-boson number ng4, with smaller splittings coming from the
O(5) and O(3) quantum numbers. This behavior can be clearly seen in Fig. 3.2 where
the energy spectrum for N = 4 bosons is displayed.
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U(5) Spectrum
3.0

6" (330)
+ 330
(330) 2+ (310)
2.0 0F e (331)
S
g 4% (220)
<15
> 2% e (220
g (220) o+ (200)
[
w10
2+ ———— (110)
0.5
00 0%t ———— (000)

Figure 3.2: Energy spectrum in the U(5) dynamical symmetry of the IBM for N = 4
bosons. Levels are arranged in columns according to the d-boson number ng;. Each
horizontal line represents a state with angular momentum L* (shown on the left), while
the labels on the right indicate the quantum numbers (ngvna). The ground-state energy
is shifted to zero.

SU(3) Chain: Rotational Limit

In this case, the Hamiltonian that we are considering in terms of Casimir operators:

H = ey +e1C1(U(6)) + e2C5(U(6)) + 6Co(STU(3)) 4 v CL(0(3)). (3.82)

Again, this Hamiltonian is diagonal in the basis [3.63] which gives the following energy

eigenvalues:
EYD (N, X, %, L, M) = Eg +yL(L + 1) + 6 (N + 1%+ A+ 31 +3p) (3.83)

and the value of Ej is given by equation ({3.81]).

From this expression it follows that, in the SU(3) limit, the energies are mainly determined
by the SU(3) quantum numbers (A, 1), while the angular momentum term produces the
rotational splitting within each SU(3) multiplet. This characteristic structure is illustrated

in Fig. |3.3] which shows the energy spectrum for N = 3 bosons.
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SU(3) Spectrum

61— (6,0)
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Figure 3.3: Energy spectrum in the SU(3) dynamical symmetry of the IBM for N = 3
bosons. Levels are displayed in separate columns following the SU(3) irreducible represen-
tations. The angular momentum L7 is indicated on the left of each level, and the labels
on the right correspond to the SU(3) quantum numbers (A, ). Energies are normalized
such that the lowest state is located at zero.

O(6) Chain: y-Unstable Rotational Limit

The Hamiltonian considered is,

H = ¢y + e1C1(U(6)) + e2Co(U(6)) + nCa(0(6)) + B Co(0(5)) + v C2(0(3)).  (3.84)

The energy eigenvalues obtained in the basis are,
EYD (N, o, 7,va, L, M) = Eo + B7(7 +3) + yL(L + 1) + no(o + 4), (3.85)

This expression shows that, in the O(6) limit, the spectrum is mainly organized according
to the O(6) quantum number o, with additional splittings associated with the O(5) quan-
tum number 7 and the angular momentum L. This structure is illustrated in Fig. [3.4]

where the energy spectrum for N = 3 bosons is shown.

3.10 Intrinsic State Formalism for the IBM

The IBM possesses an intrinsic geometric structure, a characteristic shared by all models
with a well-defined underlying group G. Each group is associated with an algebra g and
a topology, which together define the possible geometric properties of the system.
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O(6) Spectrum
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Figure 3.4: Energy spectrum in the O(6) dynamical symmetry of the IBM for N = 3
bosons. States are arranged in columns according to their position in the O(6) chain.
Each level is labeled by its angular momentum L™ on the left, while the right-hand labels
indicate the quantum numbers (o 7na). The ground state is taken as the zero of energy.

The geometric approach is important because it enables a direct connection between the
IBM and the description of collective nuclear states through shape variables (3, ), orig-
inally introduced by Bohr and Mottelson [2], 3], 62]. Furthermore, coherent or intrinsic
states form the central mathematical tool for exploring both static and dynamical prop-

erties within this geometric framework.

3.10.1 Coherent States

In practice, it is more convenient to use a type of coherent state, known as ”projective
state”, to work with the geometric properties of the IBM. In relation with the collective
model, they were introduced by Bohr and Mottelson [62], Ginocchio and Kirson [63] and
Dieperink, Scholten and Iachello [64]. The projective coherent states, better known as

intrinsic states are: N
IN;a,) = (g* + ZaﬂdL) |0), (3.86)
o

where o, are five complex parameters.

This set of parameters can be used to study both static or dynamic problems, with the
essential difference that for static problem «, is a real parameter while for dynamic must

be taken as complex.

In the first place, we will address static problems, where o, can be expressed in terms
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of Euler angles (601, 6,,03) defining the intrinsic frame orientation, and the Bohr shape

variables (f3,7),
a, =Y _ a,DR(Q). (3.87)

v

Being D;(i) the Wigner-D function and €2 = (6, 0,,03) are the Euler angles and

ap = B cos, (3.88)
B .

Q49 = —=Sin-y, 3.89

+2 NG Y ( )

aty1 = O, (390)

Now, in terms of the intrinsic variables [3,~ the intrinsic state is written as:

N
’N:5,7>=%(\/%52<3T+Bcosvd$+%Bsinv(d§+dig)>> 0),  (3.91)

Once defined the intrinsic state it is possible to evaluate many nuclear properties, such

as the ground state energy,

(N; B,7|H|N; B,7)

B0 = N B AN B

(3.92)

where H must is the IBM Hamiltonian.

It is also possible to obtain the equilibrium shape of the system. For doing so, E(N; 3,7)

must be minimized with respect to § and ~.

The expectation value of the Hamiltonian in an intrinsic state defines the energy sur-
face. Moreover, minimization with respect to § and + yields the equilibrium shape.
This procedure, analogous to the Hartree-Fock method, is known as the Hartree—Bose

approach.

For the most general Hamiltonian H, which can be obtained using the method detailed

in Appendix [B] the energy surface reads,

E(N;B,7) =Eo + N (e +2aB?)

(1+05?%)
N(N = 1) 1 (3.93)
+ W (f154 + f253 cos 3y + f352 + 5“0) )
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with
PR
LT 00T 72 T gp
1\2 .
fa=-2 (g) V2, (3.94)

1

f3= (%)2 (Vo + u2)

where it is important to notice that those variables S and 7 are not the same as the ones

introduced by Bohr and Mottelson, but are related in the following way,

YoM = YIBM, (3'95)

Bem = ¢ Brem-

3.10.2 Shape Structure of the Dynamical Symmetries

The three dynamical symmetry chains of the IBM lead to distinct equilibrium geome-

tries.

Chain I (U(5) limit). The energy functional is 7-independent and its minimization
leads to 8 = 0, corresponding to a spherical shape. In the (5,v) plane, lines of equal
energy are concentric circles, meaning an spherical nucleus. The expression for the mean
field energy in this case equals to

B B

Eu)(N;B,7) = Eg + eaN——— + fiN(N — 1)m-

T (3.96)

This limit is known as the vibrational limit, due to the fact that the only collective

behavior possible are vibrations.
Chain IT (SU(3) limit). Considering a Hamiltonian composed by the terms:
H=—r'C,J03)] — kQ - Q, (3.97)

with y = —v/7/2 to have explicitly the second order SU(3) Casimir operator, the energy

functional is,

E(N;ﬁ77)SU(3):—2/<;[ N <5+%52)+M

1+ 52 1+ 32)°
5 (1+5 )6N52 (3.98)
X (7 + 2\/§ﬂ3COS3’7+4ﬁ2)} - /-@'1 T

Observing this functional, we may take notice that the minimum occurs at v = 0° and
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B # 0, representing an axially symmetric prolate shape. A sign change in the y parameter
of the quadrupole operator reverses the symmetry to v = 60° (oblate shape). Furthermore,
in the case of N — 0o, the value of beta obtained is 8y = v/2. This limit is known as the

rotational limit and both vibrations and rotations are possible.

Chain IIT (O(6) limit). Considering the Hamiltonian,

H = APTP + CC,[0(3)] + BCL[O(5)], (3.99)
The resulting energy is,
NB2 A 1—82\?
E(N; — (144B S 2L IN(N-1) [ —2 1
(N8 7)o = (1448 +00) s + AN =) (15 ) @100)

The energy is y-independent but minimized at g # 0, corresponding to a y-soft deformed
shape. In the limit N — oo the equilibrium value of 8 is Sy = 1. Finally, in this case,
known as vy-unstable, the only possible collective excitations are the g-vibrations and the

rotations.

3.11 The Interacting Boson Model with Configura-

tion Mixing Formalism

In the case of a large number of nuclei, when studying the experimental data of the same
energy region, it is possible to find different structures coexisting in the spectrum. These
structures, that may appear close in energy, cannot be treated as independent, due to the

interactions between them, which lead to observable configuration mixing.

With the objective of describing how these different configurations affect the global de-
scription of nuclei, the IBM-CM is introduced. This model constitutes a natural extension
of the original IBM [I1]. Its essential feature is the possibility of treating, within the same
algebraic framework, different bosonic configurations that correspond to different parti-
cle-hole excitations across a closed shell or subshell [31], 65]. By doing so, the IBM-CM
provides a powerful scheme to describe phenomena such as shape coexistence and config-

uration mixing.

The philosophy of the method is based on performing a general description of both con-
figurations within the IBM, and then mixing the results obtained through an appropriate

IBM mixing Hamiltonian

To describe the technique, it is necessary to keep in mind that in the IBM works with

valence nucleons treated as bosons.This means that the total number of bosons, N, is ob-
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Protons Neutrons Protons Neutrons

Figure 3.5: Example of a regular proton and neutron configuration (left side) and the
same nucleus when a proton pair has been excited across the shell. White dots refers to
hole, while black ones refer to particles

tained as one half of the total number of valence nucleons, counting protons and neutrons,

regardless its particle or hole character i.e.,
N =1(N.+N,), (3.101)

where N, and N, denote the number of valence protons and neutrons, respectively.

As we introduced earlier, two simultaneous structures arising from different boson con-
figurations are considered. These configurations will be named as regular or intruder
configuration, where the regular one comes from the standard IBM picture while the in-

truder has its origin in exciting a pair of fermions above the shell gap. This is schematically
depicted in Fig.

This means that the Hilbert space for the resulting Hamiltonian is (taking into account

the two extra bosons from the intruder configuration) the direct sum
H=[N] & [N+2]. (3.102)

Moreover, as we also expect to have some mixing between configurations, it is necessary

to introduce a part to reproduce this behavior. In the cases treated in this thesis, this
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term is considered as the most general, composed by two terms as follows,

mix

A (0) ~ (0
VNNE2 N2 (3T x st 45 x s) + wy N2 <alT x d' 4 d x d) : (3.103)

N,N+2

where w and wév N+2 denote the mixing strengths, respectively.

We also need to introduce a new parameter which gives the energy needed to excite a

boson into the next major shell, this will be the parameter that will be represented as

A

Accordingly, the Hamiltonian of the IBM-CM is written as

~ ~

H="PyH™ Py + P, (HY + AN2) Pyyy + VN (3.104)
where Py and Py are projection operators onto the [N] and [N + 2] boson subspaces,

respectively, and H®) and HO*2) are the corresponding Hamiltonians.

Moreover, here the operators f[é%QF (¢ = N, N + 2) denote the so-called extended
consistent-Q Hamiltonians (ECQF) [56], where the definition that we will use is:

I:]géQF = €;Ng + K, L-L+k Q(Xz) : Q(Xi)) (3.105)

with ng the d-boson number operator, L the angular momentum operator, and @(X@) the
quadrupole operator,

Y (v) = [of s dae df x 1@ 4 v [t % 4@

Qulxi) = [s xd+d Xs}u + X [d XOZ]H . (3.106)
The parameter AV*2 represents the energy cost to promote two protons across the shell

gap (a 2p-2h excitation), corrected for pairing correlations and monopole shifts

The interaction term V™2 mixes the two boson configurations and is given by Eq. (3.103]).

Furthermore, electromagnetic properties which can be described using the E2 transition

operator, constructed consistently with the quadrupole operators employed in the Hamil-

tonian, are in the IBM-CM frame described as:

T(E2)= Y &P Q)P (3.107)

i=N,N+2

where e; are effective boson charges for the regular and intruder sectors. Importantly, here
no cross terms are included, so that E2 transitions are generated independently within

each subspace.

In summary, the IBM-CM formalism provides an approach to describe nuclei in regions
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where regular and intruder configurations coexist. By incorporating explicit configuration
mixing, the model is capable of reproducing not only spectra but also transition rates and

properties that cannot be captured within the standard IBM framework.
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Chapter 4

The Interacting Boson Fermion
Model

The IBM has shown to be a powerful framework for describing the collective properties of
nuclei, due to its algebraic structure and its connection with the shell model. The IBM is
designed to deal with even-even nuclei. However, it must not be forgotten that more than
a half of nuclear species have an odd number of protons and/or neutrons. In those nuclei
it is also important to take into consideration the interplay between collective (bosonic)
and single-particle (fermionic) degrees of freedom. Under this conditions, it was necessary
to extend the IBM into the IBFM.

The IBFM offers a powerful algebraic framework to describe the structure of odd-mass
nuclei by coupling collective bosonic degrees of freedom, associated with correlated pairs
of valence nucleons, to a single unpaired fermion. In this way the IBFM has proven
to be an useful tool successfully reproducing low-lying collective excitations as well as

single-particle features in a range of nuclei.

Within the IBM, studies of phenomena like shape coexistence are incorporated through
the IBM-CM, which allows for the coexistence and interaction of different boson spaces
corresponding to regular (Op—0h) and intruder (2p—2h) excitations across closed shells.
Extending this concept to odd-mass systems leads naturally to the IBEFM-CM, a recently
developed formalism that unifies bosonic collective dynamics, single-fermion motion, and

configuration mixing effects within a single algebraic framework [35] [66], [67].

From a geometric perspective, the IBFM-CM is particularly appealing because it permits
the analysis of energy surfaces, equilibrium shapes, and shape coexistence in odd-mass
nuclei in direct analogy with the intrinsic-state formalism of the IBM-CM [68, (69, 41].
In the present thesis, we extend the intrinsic-state methodology originally developed for
the IBM-CM to the IBFM-CM, establishing a consistent boson—fermion intrinsic-state
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formalism. This development enables the systematic study of shape coexistence, intruder
band formation, and collective—single particle interplay in odd-mass nuclei from both an

algebraic and a geometric point of view.

Historically, the intrinsic-state formalism of the IBFM was first introduced in the seminal
contributions of |70} [71]. The earliest formulation in [70] was restricted to a single-j shell,
allowing only for axial shapes. Later, in [71] the formalism was generalized to multi-j

shells, but not considering triaxiality.

In more recent studies [43, 144], the intrinsic-state approach has been employed to investi-
gate the role of the odd fermion in the context of QPTs [72]. These works demonstrated
that the unpaired particle can significantly alter the collective dynamics, either reinforcing
or suppressing the occurrence of a QPT, depending on the details of the boson—fermion

coupling and the underlying shell structure.

The formalism presented here represents a significant advancement for several reasons: it
is a formalism constructed for the IBFM-CM that (i) is applicable to both single- and
multiple-j shells, (ii) consistently incorporates both axial and triaxial shapes, and (iii)
explicitly accounts for configuration mixing effects. As such, it provides a theoretical
tool to study the interplay of shape coexistence and configuration mixing in odd-mass

nuclei.

4.1 Boson and Fermion Operators

In the interacting boson-fermion model, the collective degrees of freedom are described
using the boson operators already described in chapter [3 that interact with the single
particle degrees of freedom. As single particles that will be considered are fermions (pro-
tons or neutrons), the formalism of second quantization is necessary, introducing in this

way the fermion creation and annihilation operators

al ., (m==+L 43 .. +5),

gim? A (4.1)
W, (m=+5,+3,... %)),
These operators satisfy anticommutation relations,
a; CLT» = 5 '/(5 ’
goms At 55’ Omm’ 5 (4.2)

S _
{@jm> agom} = {%W Gy § =0,

were the curly bracket denotes an anticommutator, i.e., {A, B} = AB + BA.

Moreover, it is assumed that bosons and fermion operators commute, which is a natural

model assumption given that both fermions and bosons are considered as elementary
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particles.

In the same way as in the IBM, spherical tensors are constructed, leading to the same
problem with annihilation operators that was encountered in the IBM-case, i.e., they are

not transforming appropriately under rotations, so in an equivalent way we define,
Qjm = (=) " —m, (4.3)

which transforms appropriately under rotations.

4.1.1 Basis States

As we are working in the framework of second quantization, we need to repeatedly apply

creation and annihilation operators on a vacuum state to obtain our basis state.

For bosons, in the same way as in the IBM,

bibt,...|0), (4.4)
while for fermions,
alal,...|0). (4.5)

However, it is necessary to keep in mind that in contrary to bosons, it is not possible to

put any number of fermions in a certain state but only one for each, implying that,
N2
<ai> 10) = 0. (4.6)

As a result, all indices for fermions must differ, and the resulting boson-fermion state is
written in its general form as,
alal,..blbl,...10). (4.7)
Moreover, to construct states with good angular momentum we couple fermion and boson
operators in the same way as we did in the basis state of the IBM,
(L)

Haj X al, x ...](LF) x [of x b}, x ...}(LB)}M 0). (4.8)
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4.2 Physical Operators: Hamiltonian and Transition

Operators

4.2.1 Hamiltonian Operator

The IBFM is made for systems that include bosons and fermions, which also interact
among themselves. For this reason, the Hamiltonian that will be considered is made of
three terms,

H=Hg+ Hp + Hgp. (4.9)

Being Hp the bosonic Hamiltonian, Hp the fermionic, and Hpp the term to account for the
interaction between bosons and fermions. The structure of each part of the Hamiltonian
is,

Hy = Ey+ Z EoéﬁbJf bg + Z éuaa/ﬁg/b b /bgbg/ +

aa’ﬁﬂ’
Hp =& + Z nixalay + Z _Uu’kk’a Cl LT R (4.10)
zz’kk:’
VBF = Z wmgkbaa bﬁ(l]g + -
aifBk

These expressions can be rewritten in order to get a Hamiltonian invariant under rotations

as,

~ 1(0)
Hy =By + Y aV2+1 [bf x b
0
l

1 B) = - 1)@
+ Z ugﬁl]?/l/// |J:b1l X b;‘/i| |:bl” X bl///i| :| + .. ,

Lg, ll/l//l/// 0

(0)
Hyp =& — ZT]]\/2J—|—1|:CL xaj]o

(Lr)
1 T
+ 2: ]]] J”’ Haj X aj’} (4.11)

Ly, j'5"5"
(0)
X [EL]‘// X ELJ‘///](LF)}O + - y

Vep=— Y w) V2T +1 Hb* X a }(J)

J 3’5’
(0)

~ B (J)
X[bl/xaj/] + .-
0

In equation (4.11)), the term wl(]‘-]l2j, corresponds to the boson-fermion interaction matrix-

elements, written as,
wl]l’ o= (bag; J| Vi [brag; J) . (4.12)
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As the hermiticity of the Hamiltonian must be imposed, this results in certain restrictions

over the parameters of equation (4.11)). For example, assuming that the parameters of

equation (4.12)) are real, they must verify that wl(j%/ = ;/J?l]

4.2.2 Transition Operators

In the same manner as for the Hamiltonian operator, transition operator also must include

a part describing bosons and another one describing fermions,
T® =1 1. (4.13)
Each of them with the following structure,

L) = 40 5L0+Zt )bl by + -

0 (4.14)
= fo 5L0+Zfik alap+ -
ik

Again, if we rewrite transition operators to transform as rank L tensors under rotations,
we get,
(L)
T( —t(0)6 0+Ztll’ |:bT ><bl’i| +oeey
g o (4.15)
(
= (V60 + 3 £ [a xa]}

JJ’

In addition to their behavior under rotations, electromagnetic transition operators also

have a well-defined transformation property under parity.

If we consider only bosons with quantum numbers J¥ = 07 and 2%, their parity is always
positive. As a result, the bosonic part of the transition operator, Tl(gL), has positive parity

and does not change sign under a parity transformation.

In contrast, the fermionic part of the operator, T}L), can have either positive or negative

parity, depending on the specific fermion states involved.

4.2.3 The Boson-Fermion Interaction

Although we have given an expression for the boson fermion interaction in (4.11)), it is
convenient to account for a simpler form, especially for working from a phenomenological
point of view, as originally proposed in [19]. In first place, the monopole term is written

as,

VMON ZA “dT X d} Y [a; X d]} (0)} v : (4.16)
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Secondly, the quadrupole term is written as,
(0)

PQUAD _ ZFH H(ST wdtd x g) .y (d* 5 j>](2) % [a} % aj/]@)] , o (417)

0
where hermiticity implies that I';;; = (—1)i=7" I'j;, due to the Clebsch-Gordan symmetry
properties.

Finally, an interaction that will be called exchange interaction,
EXC __ . o~ 10" 7 T (@] .
Vi ZA | [d xa;]" % [d X aj,] 3 (4.18)
0
J5'3"

where : stands for normal order. This interaction could also include the following terms,
VEXCI o A/j/ . dT - (]/) T (]/)
BF —Z il [d" x a;] X |5 X aj,
g5 0
. - (j/) (0)
+{[STX&J.,](J)>< [dxaﬂ ] }:,

0

(0)

(4.19)

and
(0)

EXC" ZA”J : [ X aj](j) X [5 X aT] (J)} e (4.20)

0

That in case of considering a single orbit j, they can be both included in equations (4.17))

and (I15).

4.3 Fermion Algebras

Previously, we have discussed the algebras constructed in systems composed uniquely by
bosons, however in the framework of the IBFM, it is necessary to introduce algebras built

with fermion operators in combination with those built with bosons.

In first place, we consider the set of bilinear products of fermion creation and annihilation

operators,
g: Ap=dap, (G,k=1,...,n), (4.21)

which commutation relations are,
[Aika Ast] = Aitd’cs - Ask(gita (422)

that are the generators of the unitary algebra in n dimensions u(n), that in coupled tensor
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notation are,
o _1™
g: Al(;\) (4,4 = [a;r- X aj/} (4.23)

m

and satisfy the following commutation relation,

[ALA) (],j,) aAL)/\,) (j,/,j,/,)]
= V@ N D) (i | V)

ANMH
" - =117 )\ )\, )\// AN . . (4.24)
X [(—)A M { o }5]-,]./,/12,, ) (4, 5"
! -/ =1/ )\ )\l )\” )\II . .
_(_))\Jr)\ +5'+] { o }5”,,”14/(” ) (J”,J/)] :

being j, j', j” and j” half-integers. Moreover, as the algebraic structure in this case is

richer that in the case of bosons, it is useful to divide our discussion in two parts, firstly
the case in which we only consider a single j, and in second place the case in which we

assume more than one value of j.

4.3.1 Single j

When considering a single j-shell, the value of n regarding the definition of creation and
annihilation operators, a;’m, jm, 18

n=2j+1. (4.25)

oy

X dj] are the generators of an U(2j+1)
o

group, which eliminating the case of A = p = 0 returns the corresponding algebra of an

SU(2j+1) group.

Moreover, the n? operators AL)‘)(j, j) = [a}

Within this algebra it is useful to keep identifying more subalgebras in an equivalent way
as we did for the IBM. From equation (4.24)), it is possible to notice that operators with
odd values of A close under commutation and they generate the algebra Sp(n) (sympletic),

containing 2n(n + 1) generators.

Moreover, we take into account the isomorphism,

SU(2) ~ O(3), (4.26)
. . Ny . t ~ ) .
which is generated by A, (7,7) = [aj X aj] with A = 1.
m

In this way, one naturally obtains a hierarchy of algebras, where each step corresponds to
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imposing additional restrictions on the system:

U(2j+1) D SU2j +1) D Sp(2j + 1) D SU(2). (4.27)

We now can consider some examples of this chains for a certain value of j, we will consider
in first place the simplest case for j = 1/2 and latter the case of j = 3/2, keeping in mind

that for higher values of j the same exact process is repeated.

The Case j = 1/2
In this case the expression

AV, ) = |af x 5] (4.28)

results in 4 generators arising from:

11 1)
AW <—, —> = [aT X a ] — 3,
v\ 99 1/2 1/2 "

o (1 1\ [+ _. 10
AO (5,5)—[&1/2X(11/2:|0 —>1,

(4.29)

The algebra generated by these four operators is then U(2). Regarding Af}) (%, %), it is
helpful noticing that they are the generators of

SU(2) ~ O(3) ~ Sp(2), (4.30)

while the operator

(1) 11 - N 1)
AO (5, 5) = [QI/Q X a1/2:|0 , (431)

generates the algebra O(2) of rotations around an axis.

Finally, the chain of algebras obtained in this particular case is then,
U(2) D Sp(2) D O(2). (4.32)

The Case j = 3/2

When moving to higher values of j, it is clear that an equally higher number of generators

will be encountered, in the j = 3/2 case, we part from an U(4) algebra generated by the
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following 16 operators,

33 [ )
AEE’) <§, §> = -CL3/2 X a3/2_ . — 7,
3 3 i + ~ T (2)
Aiz) <§a 5) = |32 % Gs/z| — 9,
33 r 1) (4.33)
I pe
AP <§, 5) = |2 X Gsp2| 3,
(0) 3 3 R _ 700
0 (5,5) = _0,3/2 ><a3/2_0 —>1,
Moreover, neglecting the case of A\ = . = 0 reduces to the SU(4) algebra,
33 i t - 1(3)
A;(tg) <§a 5) = | %372 % a3/2_ﬂ — 7,
33 i + - 1(2)
A;(LQ) (5, §> = _a3/2 X CL3/2_ . — 9, (434)
3 3 [ 1 - 1@
AS) <§a §> = | %32 % Gs/2| | — 3,
where it is possible to identify the subalgebras of Sp(4) with 10 generators,
33 t _ 103
ALS) <§a 5) = [%/2 X a3/2]# =7,
3 3 " (4.35)
I pe
A'Etl) (5’ 5) = [CL3/2 X ag/g]u — 3,
then SU(2) =~ O(3),
33 t 1M
AE}) (57 5) = |:CL3/2 X ag/g] . , (436)
Resulting in the chain,
U(4) D SU(4) D Sp(4) D SU(2). (4.37)
4.3.2 Multiple j
When several single-particle angular momenta ji, jo, . . . are involved, the classification of

the associated chains of algebras becomes considerably more complicated. For this reason,

we will discuss only a few representatives cases.

Each angular momentum j; contributes with a space of dimension (2j; + 1). When com-

bined, the total space has dimension:

n=> (2j;+1), (4.38)

7
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and the most general symmetry generated is the unitary group U(n).

In many situations, the value of n can be quite large, often reaching the order of 20 or
30. Moreover, although the full group U(n) provides the most general description, it
is usually too large to be directly useful. Therefore, it becomes necessary to focus on
particular subcases, which correspond to specific ways of reducing this large symmetry

into smaller subalgebras.

Spinor Algebras

This class appears when the set of angular-momentum values jy, j2,... forms a spinor

representation of an orthogonal algebra.

A spinor representation is a type of group representation in which states transform dif-
ferently from the ordinary vector representations. In particular, under a rotation of 360°,
spinor states do not return to their original value but instead acquire a minus sign, only
recovering their original form after a rotation of 720°. Those representations, which arise

naturally in the description of fermions, are associated with spin groups Spin(n).

In our case, the single-particle states transform according to spinor symmetries, being
a particularly important example when the values of j are a representation of the alge-
bra,

Spin(6) ~ SU(4). (4.39)

The spinor representation of lowest dimensionality is formed by the single value j = 3/2,

a case that has already been considered when studying single j cases.

The next higher spinor representation includes the set of values j = %, %, g, %, with a total
dimension of n = > (25 + 1) = 20. This means that the corresponding unitary algebra
U(20) therefore contains 20> = 400 generators. Rather than listing these generators ex-

plicitly, it is better to describe the symmetry structure through a chain of subgroups:

U(20) D Spin(6) ~ SU(4) D Spin(5) ~ Sp(4) D Spin(3) ~ SU(2) D Spin(2) ~ O(2).
(4.40)
Because of the special properties of spinor groups, this chain has the same structure as a

smaller-dimensional case, but starting from U(20) instead of a lower-dimensional unitary

group.

Pseudo Spin Algebras

Pseudo-spin algebras arise from a convenient way of reorganizing the single-particle angu-

lar momentum j into two separate contributions. Instead of treating j as a single object,
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one can consider that it can be decomposed into an integer part, called the pseudo-orbital

angular momentum k, and a half-integer part, called the pseudo-spin s [73, [74].

An example can be found in the example provided by the set j = 1/2,3/2. This pair of
values can be interpreted as originated from a pseudo-orbital angular momentum k = 1,

coupled to a pseudo-spin s = 1/2, being the total dimension n; = 6.

Algebraically, this decomposition corresponds to the breakage of the unitary algebra U(6)
into two smaller unitary algebras, one associated with the pseudo-orbital degree of free-
dom and one with the pseudo-spin degree of freedom, denoted as Uy (3) and Us(2), respec-
tively.

More generally, an algebra U(n;) can be decomposed as
U (TLJ) DU, (nk) ® U, (ns) , (4.41)

where the dimensions of the spaces are given by

ng =Y (2 +1),

Ji

ne =Y (2ki+1), (4.42)

ki

nS:Z(Zsi—i—l).

Si

The generators of the pseudo-orbital group Ug(ng) (K) and of the pseudo-spin group
Us(ns) (S) can be constructed explicitly from the generators of U(n;) (A). This is done
by changing the coupling scheme from a j-j coupling to a k-s coupling [75],

K/S/\) (k,K') =— Z Z \/(Qj +1) (25" + 1)(_)j’+/\+k+s

s g

i i A o
X AW (5,47,
{k,k S} i (4,)

SO (s,8) =3 S V27 + 1) (24 + (=)
kg3’

s s A
X AN (5,47
{j,j k} i (4,)

The resulting generators satisfy well-defined commutation relations. The commutators

(4.43)

among the pseudo-orbital generators close within the Ug(ny) algebra, those among the

pseudo-spin generators close within Uy (n;), and the mixed commutators between pseudo-
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orbital and pseudo-spin generators vanish,

[K;(L)\) (k, k/) ’ K,(j\/) (k//, k///)}
= Z VAT (2N + 1) X | M)

Nt

y [ /\”+k+k”’{ AN }5k,k/,K ¥ (kK" (1.44)
k,/// k, k./
AN N "
>\+>\ +E k" )
{ Ok }5kk”’K (K" k/)]
[SELA) (s,5), S/S,/) (s, S”’)}
= VAT N 1) QX! | X1 (=)
A///J///
a A NN " (4.45)
A ()
X [<_) { A }(55/5//5’#” (S, S/l/)
AN N "
AN (")
_<_) + { S// 8/ . }555”/311” (8//,8/)] :
K (k) 557 (5, 5)] =0, (4.46)

As a result, we can construct chains of nested subalgebras in the usual way, now expressed
in terms of pseudo-spin and pseudo-orbital symmetries instead of the original total angular

momentum.

4.4 Basis States for Fermions

4.4.1 Single j

In this section we will address the construction and classification of basis states for a

single value of the angular momentum j.

The maximum number of fermions that can occupy a single-j shell is following directly
the Pauli principle,
Np =2j5+1. (4.47)

In the case treated for the IBM, the total wave function needed to be symmetric, but
this situation changes for fermions, whose total wave function must be antisymmetric.
The classification of these antisymmetric states of the unitary algebra U(n) is, in general,

nontrivial. A way to label these states is provided by a chain of algebras where each
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algebra in the chain contributes with a set of quantum numbers, which may or may not

be sufficient to uniquely identify the states.

For a single-j shell, the considered chain is,

U(2j +1) D SU(2j + 1) D Sp(2j + 1) D SU(2). (4.48)

Using this chain, the basis states can be labeled according to the following scheme:

U(n) D Sp(n) D SU(2)
1 ! ! (4.49)
{NF} (nl,ng,...,nn/Q) l/,J

where N denotes the number of fermions and the remaining quantum numbers arise from
the successive subalgebras in the chain. In some cases, additional labels v are required to

fully distinguish the states, known as missing labels.

For shells with j < 7/2, however, no extra labels are needed, since the quantum numbers

from chain of nested algebras are sufficient to uniquely characterize all states.

We can also discuss explicitly the two cases introduced earlier.

(i) The case j =1/2.
For j = 1/2, the corresponding group chain is
U(2) D Sp(2) = SU(2).

! (4.50)
{Ne}

where the allowed number of fermions is Np = 0,1, 2.

In fermionic systems, there exists an equivalence between a configuration with Ny particles
and one with (25 + 1 — Ng) particles, known as particle-hole conjugation. As a result,
for j = 1/2 the configurations with Np = 0 and Np = 2 are equivalent. In this case, the
number of fermions alone uniquely specifies the state and no additional quantum numbers

are required.
(ii) The case j = 3/2.

For j = 3/2, the relevant group chain is as we obtained before,

U(4) 5 SU(4) O Sp(4) O SU(2). (4.51)
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The decomposition of representations of U(4) into representations of Sp(4) has been

worked out explicitly in [76] and the quantum numbers can be written as,

UM) 5 Spd) 5 SUQ)
1 ! 1 (4.52)
{Ne} (n1,m2) J

At first sight, several quantum numbers appear to be needed to label this state, however,
the allowed representations of Sp(4) are subject to strong constraints. In practice, they
can be characterized by a single quantum number, denoted by v, that takes the values
vp = Np, Np.—2, ..., 1orQ,

Thus, the classification of the basis states for j = 3/2 remains simple and does not require

additional missing labels.

4.4.2 Multiple j
Spinor Algebras

We now turn to systems involving multiple values of 7, firstly studying the case of spinor

3 5 7

algebras. A physically important example is given by the set j = %, 5,353, which is

classified using the group chain given in equation (4.40)).

The single-particle states associated with these values of j transform as the fundamental
representation {1} of the unitary group U(20), together with the representation of the
spinor algebra Spin(6), which is equivalent to the representation [2,1] of SU(4).

Many-particle antisymmetric states are obtained by forming appropriate antisymmetrized
products of these single-particle representations. The resulting basis states can be classi-

fied through the successive reduction of symmetries along the algebra chain,

U(20) D Spin(6) D Spin(b) D Spin(3) D Spin(2)
| ! I I ! (4.53)
{Nr} v, (01,09,03) (71,72) v J M,

where the intermediate labels denoted by v and v/, are referred to as missing labels.

Pseudo-Spin Algebras

For pseudo-spin algebras, the construction of basis states is somewhat simpler than in
the spinor case because the single-particle space factorizes naturally into a pseudo-orbital

part and a pseudo-spin part.
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It was shown in [76] that overall antisymmetry under U(n;) is preserved when the repre-
sentations of Uy(ng) and Ug(ng) are conjugate to each other, meaning that the symmetry

pattern in one sector fixes the allowed symmetry in the other.

As an explicit example, we consider the case j = %, %, which is classified using the group

chain

UB) O SULB) ® SUL2) D 0u3)®SUL2) > SU;2) D> 0,(2)

) ) ) ) ) Lo (459
{NF} (A, u) S L J M;

The requirement of overall antisymmetry under U(6) imposes a constraint linking the
allowed SUy(3) representations to the corresponding SU4(2). As a result, only specific

combinations of orbital and spin quantum numbers are allowed.

4.5 Coupled Bose-Fermi Algebras

The algebraic structure of systems containing both bosons and fermions is intrinsically
more complex. Nevertheless, the basic idea behind their description is straightforward:
the bosonic and fermionic sectors are first treated separately and then combined in the

same algebraic framework.

The bosonic degrees of freedom are described in terms of boson creation and annihilation

operators,
Bag =blbg, (a,8=1,...,np). (4.55)

In an analogous way, the fermionic sector is described by bilinear products of fermion

operators, which generate the unitary algebra ug(ng),

Aik = a}ak, (’L, k= 1, ce ,np) . (456)

Moreover, as we have explained, bosons and fermions are usually classified through sepa-

rate chains of algebras. Hence, for bosons we have,
GEPoGPoG™® o, (4.57)
while for fermions it verifies,

GFo>G"o>G@" -, (4.58)

Coupling between the two sectors is possible in the case that the algebras in these chains
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coincide or are isomorphic. This situation can be visualized by a lattice of algebras, which

may admit several distinct coupling routes,
B F
G ) G

N
AN |

BF
v/
'‘BF

Z
‘_

(4.59)

Depending on the structure of the fermion algebra, two cases can arise. Firstly, for spinor
algebras, the coupling leads to so-called twofold lattices. For pseudo-spin algebras, the

fermion symmetry is further decomposed, resulting in threefold lattices,

{\ G ® G
BF GLF ]

N
|

(4.60)

The generators of the coupled Bose-Fermi algebras are constructed as linear combinations

of boson and fermion generators and are most conveniently expressed in coupled-tensor
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form,
EeN
BY (l,l’):[b}xbl,} ,
g (4.61)
A0 () = Tat s a1
o (ja]>_ |:a’j X aj'i|# :

When the boson and fermion algebras are combined at an early stage of the symmetry
chain, the coupling is known as maximal and results in strong restrictions on the form of
the Hamiltonian. The case where the coupling is done later, for example at the level of

the rotation group, is usually less restrictive.

For pseudo-spin algebras, the coupling requires two steps, in first place the fermion gener-
ators are separated into pseudo-orbital and pseudo-spin parts, and secondly the bosonic

generators are coupled successively to each of them.

In essence, the coupling of Bose-Fermi algebras is a generalization of the coupling of
angular momenta. As an example, combining a boson orbital angular momentum L with

a fermion spin S leads to the total angular momentum,
J=L+S§, (4.62)

which generates the corresponding coupled rotation algebra.

4.6 Boson-Fermion Basis States

After obtaining the specific algebraic structure for the model, the next step is to construct
the corresponding basis states, which are obtained from the representations of the algebras

that appear in the dynamical-symmetry chain.

In this way, constructing a basis consists in decomposing the representation of a given
algebra into its subalgebras. However, in the case that bosonic and fermionic degrees of
freedom are present, the procedure also involves combining representations of different

algebras.

Consider as an example the chain:

GPeG" 5GP eG" oGP oGP (4.63)

The first step would be decomposing bosonic and fermionic algebras separately:

GE>GB, GYoGF, (4.64)
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Later, combining bosonic and fermionic representations:
G® o G* > GPF (4.65)
and finally decomposing the combined algebra:

GBF 5 @B, (4.66)

Each step in this chain introduces a set of quantum numbers that characterize the basis

states. Schematically,

GB ® GF D) G/B ® G/F D) G/BF D) G//BF

I ! I I I I (4.67)
[Ng] {Nr} labels labels labels labels

These labels may or may not be sufficient to uniquely specify each physical state. If they
are sufficient, the construction ends here. If not, additional labels must be introduced to

uniquely distinguish these states.

To combine the representations in practice, one often uses Young tableaux and their
multiplication rules [77]. Moreover, in some cases, it is possible to simplify the calculations

by exploiting isomorphisms between algebras.

4.7 Dynamical Symmetries for Boson-Fermion Sys-

tems

The basis states obtained in the previous section can be used in two different ways. In
first place, these bases give a concrete set of states on which one can diagonalize the
Hamiltonian numerically. For example, the ODDA code [78] performs calculations in a
basis of the type shown in equation . The second purpose is to find Hamiltonians
written in terms of the Casimir of the nested groups, known as dynamical symmetries,
which are especially valuable because they provide simple expressions for energies and

wave functions.

The method used to obtain analytic solutions is the same as the one followed for the IBM,
that is writing the Hamiltonian as a combination of Casimir invariants of the groups that
appear in the chosen chain. For example, for the chain in , the Hamiltonian take
the form

H =Ey+ aC (G®) + BC (G¥) + o/C (G®) + g'C (G)

(4.68)
+1C (GBF) + 6C (G"PF) |
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It is important to remember that each algebra generally has several Casimir operators (of-
ten of different orders), but if the Hamiltonian contains only up to two-body interactions,

then only invariants up to second order appear.

Now, evaluating the Hamiltonian in the basis of equation gives as a result the
energy
E(labels ) =Ey + a(C (G®)) + B(C (G¥)) + ' {(C (G"))

(4.69)
+8°(C(GY)) +7(C(G™)) +(c(G"™)).

Finally, an important point is that the Casimir invariants of Gg and G contribute the
same amount to all states because their expectation values depend only on the fixed boson
and fermion numbers Ng and Ng. Therefore, these terms do not affect excitation energies

but are relevant when computing absolute binding energies.

4.8 Boson-fermion Interaction in the U(5) Limit

The energy structure of odd-even nuclei is governed by the coupling between collective
bosonic degrees of freedom and the effect of one unpaired nucleon. This coupling, which
is described by the boson-fermion interaction Hgp, plays a central role in determining
the splitting and ordering of the energy levels. In order to identify the characteristic
effects of each element in this interaction, it is useful to analyze its different components

separately.

In this section we consider the case in which the boson core has a U(5) dynamical sym-
metry, corresponding to a spherical, vibrational collective structure. The reason of this
choice is that it provides a reference and is consistent with the schematic results presented,

where a U(5) behavior of the bosonic sector is assumed.

The boson wave functions are characterized by the quantum numbers [Ng|, ng, 7, na, L, M7,
and the boson Hamiltonian Hp is diagonal in this basis, with eigenvalues given in equa-
tion (3.80). The fermionic part consists on a single particle occupying one orbit with

angular momentum j (here j = 9/2), characterized by j and its projection m;.

A convenient basis for the odd-even system is obtained by coupling boson and fermion
states to total angular momentum J, taking into consideration the properties of Clebsch-

Gordan coefficients

|[Ns],na, 7, na, L j; MY = Y (LMj, jmy|JM)|[Np], ng, 7, na, LMy)|jm;). (4.70)

ML,mj

In this basis, both Hg and Hp are diagonal, and the spectral structure is determined

entirely by the boson-fermion interaction Hgp.
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We now discuss separately the effects of the monopole, quadrupole, and exchange terms
of HBF-

Monopole term. For a single fermion orbit, the monopole interaction reduces to

TMON A (4.71)

BF = T o 1y Ny,

where 74 and 7, are the number operators for d bosons and fermions, respectively. Since

(nj) =1, this term is diagonal in the basis proposed and leads to the energy shift

A

ABE,, = ——
¢ 5(2j + 1)

na. (4.72)

The monopole interaction therefore just renormalizes the boson excitation energy and does
not produce additional splittings of the coupled multiplets, as illustrated in Fig[4.1]

Quadrupole term. The quadrupole interaction couples the quadrupole moments of the

boson core and the fermion and it is written as
AP T Q- 4;/V5. (4.73)
In the U(5) basis, this interaction contains a diagonal part,
HUAP = xT; Hcﬁ X d“] Y [a} X aj} (2)} Y (4.74)
and an off-diagonal part,

- QUAD - @ 7
Hg 2P =T HST x d+d x 59} X [aj X ELJ} ] : (4.75)

When € in equation is large, the diagonal term dominates. As a consequence, the
quadrupole interaction produces a characteristic splitting of the multiplets obtained by
coupling a boson state with angular momentum L to the fermion with angular momentum
7, as shown schematically in Fig[.1]

Where a splitting of the multiplet with ng = 1is given by:
j 2 2

AE;d_1<J>=<xrjjw5<—>J-f{ 27 } (4.76)

Exchange term. The exchange interaction accounts for the exchange of identical par-

ticles between the boson core and the unpaired fermion. For a single fermion orbit it is
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(a) Monopole interaction (b) Quadrupole interaction (c) Exchange interaction
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Figure 4.1: Schematic illustration of the effects of the boson—fermion interaction Hgg on
the energy spectra of odd even nuclei with j = 9/2 and Ug(5) symmetry:(a) monopole
term; (b) quadrupole term; (c) exchange term.

given by
(0)

AESC = A[[d" x 0,9 x [d x af])] (4.77)

This term is diagonal in the basis introduced in this section and leads to an additional
splitting of the coupled multiplets. For the ngy = 1 multiplet, the resulting energy shifts
are given by
Y Jg 2 J
AE, _i(J) :A;j\/2]+1{ io } (4.78)
Its qualitative effect is illustrated in Fig. [4.1]

In the U(5) limit the boson core has a spherical character, and the coupling to a sin-
gle fermion corresponds to the particle-vibration coupling scheme. The analysis of the
separate effects of the monopole, quadrupole, and exchange interactions provides a clear

interpretation of the spectral structures in this limit.

4.9 Multiple j and Microscopic Interpretation of the
IBFM

When operating within the IBFM, it is possible to perform calculations involving single-
j or multiple-j situation. In the case of many j calculations, we must be careful with
the terms corresponding with the boson-fermion interaction, that are, as it has been
previously introduced, the monopole term in equation , the quadrupole term in
and finally the exchange interaction in equation (4.18)).
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The reason is that, when several single-particle orbits are included in the calculation, the
independent parameters A;, I';;/, and A;:;.,, would introduce an excessively large number of
free parameters. To overcome this difficulty and reduce the number of free parameters, we
will use the microscopic interpretation of the IBFM and assume that these coefficients de-
pend on the angular momentum of a single-particle, 7. Moreover, a widely used approach
within this interpretation is the generalized seniority scheme, which provides simple ex-
pressions for the interaction strengths while preserving the shell-model structure. Within
this scheme, the coefficients are expressed in terms of the orbital degeneracy (25 + 1), the
occupation probabilities of the single-particle states, u; and v;, and the matrix elements

of the quadrupole operator. The use of this seniority scheme leads to [79):

Aj = —/5(2j + 1) Ao,

Ly = V57T, (4.79)
)

Aj], = —2 m/ﬁjjﬂﬁj/j"‘/\o’

where
Vi = (ujug —vjv5) Qe
Bijr = (ujvj + vjug) Qjjr.

Moreover, ();; in these equations are matrix elements of the quadrupole operator in the

(4.80)

single-particle basis,
Qi = Y57 (4.81)

The occupation amplitudes u; and v; are most commonly obtained from a BCS calcula-
tion [§], although they can also be obtained using other procedures [80]. When a BCS
approach is used, we can obtain within the same calculation the single quasi-particle
energies in terms of the particle energies, the Fermi energy A\r and the energy gap Ap,
which establishes a direct connection between the microscopic interaction and the effective

parameters used in the model.

& = /(B — Ae)? + A2, (4.82)

The generalized seniority scheme provides a reliable description for nuclei close to closed
shells, where the U(5) dynamical symmetry is a good approximation. However, its validity
gradually decreases as one moves away from this limit and collective deformation effects

are more important.

To improve the description of nuclei outside the U(5) region, this model can be extended by
including additional exchange interaction terms. In particular, the exchange interaction

associated with deformation plays a crucial role, since its inclusion has a strong impact
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on the results and is essential for a proper description of nuclei in regions where the SU(3)

limit is more appropriate.

4.10 The Interacting Boson-Fermion Model with Con-
figuration Mixing

In the case of odd-even nuclei close to closed shells, it is not unusual to find cases where
different structures coexist within the same energy region. For this reason it is necessary

to again enlarge the IBFM formalism to allow core excitations, giving rise to the known
as IBFM whith configuration mixing (IBFM-CM) [67, [66].

The Hamiltonian of the IBFM-CM is then written as:
= Bl ™ By + By (A0 4 AN2) Byy + TAYE2 0 (483)

where Py and Py, are projection operators onto the [N] and [N + 2] boson subspaces,

respectively.

Moreover, in this case, the Hamiltonians considered for [N] and [N + 2] consist on three
parts,
H = Hp + Hyp + Hpp, (4.84)

being Hp the Hamiltonian of the IBM-CM, for which it is important to remember that
already contains terms that account for the mixing between the regular and intruder
boson configurations, as well as the A energy that was required to excite a boson pair
across the shell closure; Hp represents the fermion Hamiltonian, and Hpr is the boson-
fermion interaction, in which the monopole, quadrupole and exchange terms are included,
whose strengths can be expressed in terms of the occupation probabilities (u;,v;) using

the microscopic interpretation of the IBFM. Finally, the term,

Vé}@ﬁﬁf = Zﬁjwj([sT x st s x 8]0+ [df x d +d x d©), (4.85)
J

controls the mixing for each orbit.

Furthermore, electromagnetic transition operators contain both bosonic and fermionic

contributions. They are therefore written as

T = 7P L 7oh), (4.86)

In the case of electric quadrupole transitions, the bosonic part of the operator is given
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by
Ty(E2) = QW) + P QN+ (4.87)

where the superscripts (V) and (N +2) indicate projections onto the corresponding boson

spaces.

4.11 The Intrinsic State Formalism for the IBFM-
CM

The intrinsic state formalism provides a powerful geometrical interpretation of the IBM
in terms of deformation variables (f,7). In the IBFM, this approach can be naturally
extended to odd-mass nuclei by coupling the bosonic intrinsic state to an unpaired fermion
occupying several single-particle orbitals, for which the bosonic condensate, defined in
equation (3.91)), will be used as an essential component of the basis employed all along

our calculations.

In the general case, the odd fermion can occupy several single particle orbitals labeled by
j. For this reason, the intrinsic basis is constructed as the direct product of the bosonic

intrinsic state and the fermionic single particle states,
[N:B,v;9m) = |N; B,7) & |jm). (4.88)

Taking the expectation value of the Hamiltonian with respect to the bosonic intrinsic

state, one obtains an effective fermionic Hamiltonian that depends parametrically on

(6.7) 811, A
Higrm(N, B,7) = (N; B,7[H|N; 8,7)

4.89
= Z M(Na ﬁa 7)j1m17j2m2 aj'lml Ajomag - ( )

Jjimijamae

This matrix can be decomposed as

HIBFM(Na g, 7) = Z M(N, B, 7)j1,m1712,m2a}1,m1aj2,m2
Ji,mi,j2,me
- Z (EB(N> 67 7) + €j)a},maj,m
Jjm

(4.90)

T

T
a; a; +a. a;
,my - J2,1m2 ,mg " J1,1M1
+ § EBF(Na Ba 7)j1=m17j27m2 X = 11 5 532 : .
+ j1,J29m1,ma

J1,m1,52,m2

¢; are the fermion single quasi-particle energies, Eg(N, 3, ) stands for the matrix element

of Hy with the intrinsic state (3.91)), and Egp(N, B,7)j1.m1.joms 18 the matrix element of

~

HBF-
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The bosonic energy surface is, using the H rscor defined in (3.105¢

Np3? N
Eg(N,B,7) = TBBQ rﬁgﬁ(5+ (1+x%)6%)

(4.91)
4 N(N_ ].) P (%X264 _4\/2X6360837+462> )

(e 4+ 6K") +

(14 p2%)

Regarding Epp(N, 5,7)1.m1.j2ms, the different contributions are,

. (2
E%/IIQN(N7 67 7)j1,m17j2,7n2 = _NAJi/ V 5(2j1 + 1)5j17j25mhm2r627 (492)
L', - _ . .
EggAD(N,577)j1,m1,jg,m2 = N-ZZ Z(—l)JﬁmQ MQ2M(5;’Y)<91,7711;]2, —my|2 — M),
V5 47
(4.93)
where
(B,7) = —— (28 fﬁ? 2
= COSY — 4/ = Cos
a0\, 1+ 32 g 7 X T
1 1 4.94
Gox2(B,7) = 11 3 (\/5/5 sin 7y + \/;XﬁQ sin 27> , ( )
QQ:I:I(577) =0,
and

EXC j” (_1)]1+]//
EBF (Nv ﬁa 7)j1,m1,j2,m2 =N Z Aj1j2 an’/+m1nm”+m2

X <27 m” + ml;jla _m1|j/,m”> <27 —mo — m”;j27 m2|j” - m”>7

j//m//

(4.95)

h
where _ Pcosy B _0 B _ Bsiny 196
770 m? 771 77—1 ) 772 77—2 2(1 T 52) ( . )
and (...|...) stand for the Clebsh-Gordan coefficients. Moreover, all these expressions

have been obtained by using the method detailed in Appendix [B] Hence, solving the
problem requires diagonalizing a matrix of dimension }.(2j + 1). However, since the
Hamiltonian only connects states with Am = +2, the matrix can be decomposed into
two equivalent blocks, each of dimension 1/23 (25 + 1). One block includes states with
m = 7,7 — 2,...,—(j — 1), while the other contains the corresponding complementary

values.

It is also possible to rewrite this term using the properties of Clebsch-Gordan, Wigner -3j
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and -6j coefficients, that have been summarized in Appendix [C], resulting in,

Eg?C(N, /677)j1,m17j2,m2 = _—_N Z Ag:;le(—1)J_M+j1_ju+j2_m(2<] + 1) /2]'// + 1

J1.g23" pI M
" 2 2 J 2 2 J i g2 J
jo gv 3" f\u —u—nr b)) \my —my )T
(4.97)
Configuration Mixing

In order to take in consideration 2p-2h excitation, it is necessary to include the space we
are working with, meaning that the boson space is then [N]®[N+2], and the corresponding
Hamiltonian is the one defined in (3.104))

Furthermore, for identifying the space we are working with, an index i is included in

expressions introduced before in the following way,

For the bosonic Hamiltonian in each sector, we write

A . A A A

Hi = eing+ kL L+ 5:Q0x:) - Q) (4.98)
with ¢ = N, N + 2, ng the d boson number operator, being

Qulxi) = [s" x d+d x 5@ + y[d" x d|?) | (4.99)
the quadrupole operator.

The fermion Hamiltonian,

T =)y (4.100)
J
And finally, for the boson-fermion part,
e = IO 4 QDS 1 XS, (a101)

where each term has been defined in section [£.9]

To account for the mixing between regular, N, and intruder N + 2, configuration, we

make use of the operator Vév F]Znti for the bosonic sector already defined in equation (4.85

from section .10

Now that two configurations are introduced, we need to enlarge space and as a result the

matrix we are working with is now the following,
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(4.102)

HIBFM(NMB”Y) = (M(N’ﬁ”y) Qpr(S) )

Qpr(B) M(N +2,8,7)
where M(N, 3,v) and M(N + 2, 3,7) correspond to the matrices of the regular and the

intruder Hamiltonian and Qpp(5) is the matrix form of the mixing operator V,,;.(IV, 5)

written as

Viic(N.B) = > Qpp(N.B) sy goma @y oy G- (4.103)

Ji,ma,j2,me
The expression of V,,;.(N, 3), assuming equal weight for the s and d boson parts, can be

written as,

N+2)(N+1 2
QBF(Nv B)jl,m17j2,m2 = 5j1,j25m17m2 (w + wjl) \/( )( ) (1 " /B_) ’ (4104)

1+ 32 V5

but considering no dependence of w; on j, its value can be absorbed in w, such that

w+w; = w. Therefore, Qpp(N, () is a diagonal matrix proportional to the identity.

As previously discussed, the matrix has dimension 2} (2j + 1) when both the N
and N + 2 sectors are taken into account. However, it can be separated into two identical
sub-blocks, so that its diagonalization yields ) j(2j + 1) eigenvalues, each depending on
B and 7, and each appearing with a twofold degeneracy.

For every eigenvalue, the equilibrium deformation parameters (/3y,70) are determined by
minimizing the corresponding energy surface. It should be noted that, in general, the

equilibrium parameters may differ from one energy surface to another.

As a result, the proposed formalism brings several significant improvements: it takes
into account all three parts of the boson—fermion interaction, allows for the inclusion of
multiple j values, incorporates both N and N 4 2 configurations, and explicitly considers
the triaxial degree of freedom. Altogether, these aspects represent a substantial advance

in the formulation of the boson—fermion intrinsic state within the IBFM framework.

Finally, the eigenstates obtained after diagonalizing the Hamiltonian described in (4.90)),
are denoted by |¢(k; 3,7)), and they describe the physical states of the system obtained
as mixtures of the two different configurations: a normal configuration, [N] sector, and an

intruder configuration, [N+2] sector.

|6(k; B,7)) = Za’fwm B,7)IN; B,7) ® |jm)

(4.105)
+szv+2]m B, VIN; B, ) @ [jm).

Note that the wave functions depends on § and ~. It is also convenient to define the
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weight of the wave function contained within the [N]-boson subspace, i.e., the sum of the

squared amplitudes (similarly it can be defined for the [N+2] sector),

wh(N;B,7) =Y lake; (8.7 (4.106)

j?m

In addition, for each of the eigenvalues, it is needed to obtain the equilibrium values
of f and 7, By and 7y, which minimize the corresponding energy surface [44]. Those
equilibrium values are, supposedly, different among them and different from the boson
ones. This fact is very relevant because the wave functions corresponding to the
equilibrium values will lose their orthogonal character, in principle, which supposes a

drawback of the formalism.
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Chapter 5

Structure and Shape Evolution in

Even—Even Nuclei

5.1 Introduction

The region around the Z = 40 subshell closure is one of the most known testing ground to
study how nuclear shapes change as neutrons are added. In this mass region, the even-even
isotopes of Sr, Zr, Mo, and Ru show different but closely related patterns of structural
evolution when they approach neutron number N =~ 60. This makes these isotopic chains
particularly convenient in order to perform an analysis of deformation and configuration
mixing. The origin of this behavior is moreover strongly connected with the filling of the
neutron 1g7/, orbital and its interaction with the proton 1gg/; orbital. This mechanism
was first identified in the seminal works of Federman and Pittel [82, 83, [84], who showed
that the simultaneous occupation of neutron-proton spin-orbit partner orbitals plays a

key role in driving deformation in this mass region.

In general, the shape of a nucleus results from the balance between different nuclear inter-
actions. Pairing correlations tend to stabilize spherical configurations, while quadrupole
correlations favor deformed shapes instead. In addition to this competition, the monopole
interaction is the term responsible of controlling the evolution of single-particle energies

as a function of particle number.

This balance between competing interactions provides the physical basis for the appear-
ance of shape coexistence. The concept of this phenomenon was first introduced by
Morinaga [23] to explain the nature of the first excited 07 state in '°0 and is now
known to occur throughout the nuclear chart. Early shell model studies [24], 25, 20]
showed that particle-hole excitations across major shell gaps can generate low-lying de-

formed 07 intruder states. These intruder configurations often give rise to rotational
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structures coexisting with spherical states. A classical example is “°Ca, where multi
particle-hole configurations successfully reproduce the experimentally observed coexis-
tence of very different shapes [27, 28, 29]. Experimentally, some of the clearest signatures
of shape coexistence are observed in nuclear radii and isotope shifts, as first evidenced
by the odd-even staggering in the mercury isotopes. Later studies confirmed that sudden
changes in radii and related observables appear in many light, medium, and heavy nuclei
[85], 186, (301, 87, 32].

When a nucleus lies close to a major shell closure, spherical configurations are usually
favored and particle-hole excitations across the shell gap require a large amount of energy,
this is something that changes as residual interactions become more relevant at the same
time that we increase the number of valence nucleons [30]. In such cases, the excitation
energy of particle-hole configurations can be strongly reduced, allowing deformed struc-
tures to appear at relatively low energy. This effect is especially pronounced when protons
are near a shell closure while neutrons occupy mid shell orbitals, or the other way around.
Under these conditions, nuclei can show coexisting configurations with different charac-
ter, that are called regular configurations associated with Op-Oh excitations and intruder
configurations involving 2p-2h excitations, as we introduced in previous sections. These
configurations can lie close in energy and, in some nuclei, the intruder configurations may

even become energetically lower than the regular ones [8§].

From a theoretical point of view, many approaches have been used to describe the evo-
lution of nuclear shapes in the Z =~ 40 region. Mean-field calculations based on non-
relativistic and relativistic energy density functionals, including Skyrme, Gogny, and PC-
PK1 interactions, predict a rapid change from spherical to deformed shapes in neutron—
rich Sr and Zr isotopes [89, 00, O1]. In contrast, Mo and Ru isotopes generally show a
smoother evolution. In these nuclei, different shapes often lie close in energy and triax-
ial configurations may develop. Furthermore, Hartree-Fock-Bogoliubov calculations [92]
describe Mo isotopes as oblate at N = 58 and evolving gradually towards triaxial shapes
up to N = 68, forming a wide region of triaxial deformation. Other studies [93, [94] also
report nearly degenerate prolate and oblate minima in several Mo and Ru isotopes. In
particular, 1Ru stands out because of the flatness of its potential energy surface, which

has been associated with an E(5) symmetry.

Moreover, Zr isotopes provide an essential reference for understanding the behavior of Sr,
Mo, and Ru. Along the Zr isotopic chain, the competition between spherical, oblate, and
prolate configurations is particularly clear, and many of the mechanisms responsible for

the structural evolution of Sr and Mo can be most easily identified [95] 88|, 96].

Additional theoretical methods support this picture of Mo and Ru being transitional

isotopes, like Triaxial projected shell-model calculations [97], the nucleon—pair approx-
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imation [98], and several IBM studies [99, 100} 101], 102, [103| 104]. In the Sr isotopic
chain, the approach to N = 60 is marked by a very abrupt structural change. This is
reflected in a strong decrease of the 2] excitation energy, a sharp increase of the ratio
E(47)/E(2]), and clear anomalies in nuclear radii and two—neutron separation energies
[88, 96]. In Mo isotopes, similar observables indicate a rapid but less sudden evolution,
where intruder configurations play an important role. In contrast, Ru isotopes show a
smoother behavior, although clear signatures of transitional dynamics remain, especially

in nuclei such as '®Ru, which display very flat energy surfaces [105], [106].

In the following sections, the results obtained for the even-even Sr, Mo, and Ru isotopes
are presented [36, 37, 107, 108]. For completeness, results for Zr will be also shown,
although obtained by other authors. By comparing excitation energies, energy ratios,
nuclear radii, and configuration mixing patterns, the analysis aims to provide a unified
and transparent picture of shape evolution and the role of intruder configurations in the

vicinity of the Z = 40 subshell closure.

5.2 Motivation: Experimental and Theoretical evi-
dences of Shape Coexistence and the Crossing of

Configurations around Z = 40

The presence of different configurations in the energy spectrum implies that states with
different deformation exist. However, we must keep in mind that nuclear deformation itself
cannot be measured directly and must therefore be inferred from experimental observables
or theoretical calculations. When studying the evolution of the different configurations
along an isotope chain, those can cross, hence, they can induce the onset of deformation

along the isotopic chains and even the appearance of QPTs.

5.2.1 The Moment of Inertia

A valuable approach for gaining insights into the evolving collective structure along the
yrast band, with a particular focus on deformation, is to examine the variations in the
moment of inertia as one progresses up the band structure. In this context, we will
specifically investigate the kinematic moment of inertia, denoted as J*), which is defined
as follows [109],

y R dE o RA(20 -1
=3 (d<J<J+ 1>>> B (T-2) (5-)

where E,(J — (J —2)) is the energy difference E(J) — E(J — 2).

86



CHAPTER 5. STRUCTURE AND SHAPE EVOLUTION IN EVEN-EVEN NUCLEI

@)sr T T
25| et LN
0 ﬁ
(b) Zr
25
> 0 —
=
N (c) Mo
< 25
EN >
(d) Ru
25
0-

0.5 1.0 1.5
E, (MeV)

Figure 5.1: Value of the kinematic moment of inertia for Sr, Zr, Mo, and Ru isotopes as
a function of the v energy, for different neutron numbers.

In constructing the experimental values of J(), we rely on the yrast band energies. How-
ever, complexities are encountered at high-spin levels (87, 107, and 12%). These com-
plexities arise from the crossing of non-collective states, such as those associated with
broken-pair configurations, and the crossing of regular and intruder configurations at
specific energy levels. Such crossings can lead to significant variations in the smooth

progression of J) sometimes resulting in a back-bending pattern.

In Fig. [5.1] we present the kinematic moment of inertia for the different isotope chains.
To aid in visualization, it is helpful to note that a purely rotational system exhibits
a constant moment of inertia, while a pure vibrational structure appears as a vertical
trend. For Sr isotopes a significant change in behavior is observed from N=60 onward,
where the moment of inertia demonstrates a relatively smooth trend, indicative of a
rotational structure. However, for N=58, it appears that the lowest angular momenta
correspond to a more vibrational-like structure, while the highest angular momenta exhibit
rotational characteristics. For N=>54-56, it is challenging to draw a definitive conclusion,
though the substantial values of E,, (gamma-ray energy) suggest a vibrational system. The
results points towards the coexistence of two configurations, with the rotational structure
corresponding to the intruder configuration and the vibrational structure to the regular

one. For Zr and Mo isotopes, similarly to Sr, the information presented in Fig.|5.1|supports

87



CHAPTER 5. STRUCTURE AND SHAPE EVOLUTION IN EVEN-EVEN NUCLEI

the existence of two different configurations. From N=60 and onwards, there is a clear
presence of a rotational structure. However, for N=54-60, the observed back-bending
suggests the coexistence of two structures within the yrast band. In the Ru isotopes,
a relatively consistent behavior is observed across the entire chain. Nevertheless, the
highest angular momenta exhibit an upward trend, suggesting the presence of a vibrational
structure, while the lowest angular momenta maintain a relatively horizontal trend, typical
of a more deformed structure. In summary, the kinematic moment of inertia serves as a
suitable observable for studying the coexistence of different configurations. For Sr, Zr, and
Mo, the data suggests the presence of two crossing configurations, while in Ru, a single
configuration exists, showing more of a rotational nature for lower angular momenta and

a more vibrational character for higher angular momenta.

5.2.2 The “Crossing” of Configurations

—e— reg
21 —=— nt
(a) Sr
= - —
(b) Zr
2<
S0 - =
W
= (c) Mo
2| S B
O :
(d) Ru
2<
‘\"’\'——‘\H——O/‘

54 56 58 60 62 64 66 68 70
N

Figure 5.2: Unperturbed regular (black dots and lines) and intruder (red squares and
lines) ground-state energies for Sr, Zr, Mo, and Ru isotopes as a function of neutron
number.

Distinguishing between regular and intruder states in a nucleus is not straightforward and
usually requires the help coming from theoretical description. Initially, we will present
results obtained from Sr[36], Zr[88], Mo and Ru [37] (although later they will be presented

in more detail), so we can represent in Fig. the energies corresponding to the ground
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state, employing a calculation in which the interaction mixing the two configuration spaces
is switched off. Moreover, the lowest energy states associated with the regular and intruder

configurations are shown separately.

As a result, Fig. shows that the energy separation between regular and intruder
configurations becomes very small in the vicinity of neutron number N = 60. In addition,
it is possible to observe clear crossings between the two configurations for the Sr; Zr,
and Mo isotopic chains. In the Ru isotopes, although a true crossing does not occur,
the minimum energy distance between the regular and intruder configurations is also
found around N = 60, that is a number known for its rapid structural changes and for
the presence of a QPT. Therefore, these results justify the study of this region, as it is
natural to associate the appearance of these configuration crossings with the underlying
QPT [35], 110].

5.3 Experimental Data in the Even-Even Sr, Zr, Mo,
and Ru Nuclei

5.3.1 Sr Isotopes

The experimental information available for even-even Sr isotopes in the neutron 50-82 shell
covers a wide range of structures, from the closed-shell nucleus ®8Sr to the well-deformed
1028r.  Fig. summarizes the systematics of positive parity states up to excitation
energies of about 3 MeV, in which despite the significant experimental progress achieved
in recent years, several isotopes still lack complete spectroscopic information, in particular

concerning quadrupole moments.

In Fig. [5.3] we indicate the levels that have been identified in the literature as predomi-
nantly regular, or vibrational, in blue, while intruder, rotational states are shown in red.
We can observe an evolution of structure along the isotopic chain. In first place, the nu-
cleus ®8Sr exhibits the large energy gap characteristic of a closed shell. Then, the isotopes
0Sr and ?2Sr display vibrational patterns that become increasingly complex at higher
excitation energies. In %Sr, the energy of the 2] state remains almost constant, but a
noticeable gap develops between the 2] and 4] states. Finally, a sudden compression
of the spectrum occurs in %Sr and 8Sr, accompanied by a sharp decrease of the F(2])
energy that ends in °°Sr and '92Sr, where the yrast sequence shows a clear rotational

behavior.

For comparison with theoretical calculations, we rely on the evaluated data in Nuclear
Data Sheets for A = 92 [I11], A = 94 [112, 113], A = 96 [114], A = 98 [115,116], A = 100
[117], and A = 102 [118]. Moreover, the nuclei #~%Sr, being at or too close to the shell
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Figure 5.3: Experimental energy level systematics of positive-parity states in Sr isotopes
up to E, = 3 MeV. Levels labeled in blue correspond to spherical shapes, while those in
red correspond to deformed ones (see discussion in Section [5.3)).

closure, are excluded from the analysis because the theoretical framework employed (the
IBM-CM) is not sufficiently reliable in this region.

A number of experimental works have refined the Sr systematics in recent years. In
[T19], isotopes 92949Sr were investigated through spontaneous fission of *#*Cm, leading
to revised spin and parity assignments for several levels. A gamma-ray and internal
conversion electron spectroscopy study of *Sr at TRIUMF-ISAC [120] yielded p?(E0)
values for the 05 — 07 transition and several B(E2) values, consistent with evaluated
data except in the case of B(E2;05 — 27). Mixing ratios of 9% for the two lowest 0"

states and 1.3% for the two lowest 21 states were extracted.
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Coulomb-excitation experiments at REX-ISOLDE for “%Sr [121] provided B(E2) val-
ues and spectroscopic quadrupole moments, indicating small mixing between spherical
and prolate configurations in %Sr. A subsequent study with radioactive beams and the
MINIBALL array [122] reported a sudden increase in 8 deformation at ?*Sr, with a regu-
lar-intruder mixing of about 12%. Lifetime measurements for *49%Sr using the EXILL-
FATIMA setup at ILL [123] confirmed the rapid onset of deformation at *Sr.

Additional insight was obtained from spectroscopic factor measurements for the 05 and
01 states in %°Sr [124]. These results are consistent with a mixing amplitude of about
40% and a difference in deformation parameter 3 of 0.31 between the two states. Delayed
y-ray measurements in *Sr [125] provided several lifetimes and placed this nucleus at the
transition between spherical and deformed structures, corresponding to neutron numbers
N = 58-60. Finally, Ref. [126] analyzed the 0 states in %Sr and 1°°Zr using spontaneous
fission of 2#*Cm and ?*2Cf. In that work, the 0T states were classified into four categories,
and it was concluded that the two lowest 0T states correspond to highly deformed 2p-2h
neutron excitations involving the 9/2% extruder orbital and low € orbitals originating
from the hy;/5 shell.

5.3.2 Zr Isotopes

For completeness, we briefly review the experimental data for zirconium isotopes. Regard-
ing the available data, here we cover a broad range of nuclei, from °°Zr up to neutron-rich
isotopes around A = 110, where the nucleus *°Zr is close to a closed-shell configuration,
while heavier isotopes show more changes in their nuclear structure, we will also restrict
ourselves to energies up to 3 MeV, as it has been represented in Fig. (figure from
[33]).

As we have previously mentioned, some early experimental studies have already reported
evidence for the onset of deformation in the mass region around A = 100, moreover, as the
neutron number increases, a clear structural transition is observed. This leads to nuclei
with NV < 56 displaying spectra typical of spherical systems, whereas beyond N = 60 the

energy levels rapidly evolve toward a more collective and deformed pattern.

In addition, as in the other isotope chains, this evolution is supported not only by exci-
tation energies but also by electromagnetic observables, isotope shifts, and two-neutron
separation energies, which together provide consistent evidence for shape changes along

the Zr isotopic chain.

The experimental information is mainly taken from evaluated Nuclear Data Sheets for
A = 92 — 108 Over the years, several complementary techniques have been applied,

including lifetime measurements, neutron scattering, Coulomb excitation, and electron
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Figure 5.4: Experimental energy level systematics of positive-parity states in Zr isotopes
up to E, = 3 MeV. Levels labeled in blue correspond to spherical shapes, while those in
red correspond to deformed ones (figure from [8§].)

scattering experiments. For the most neutron-rich Zr isotopes, prompt y-ray spectroscopy

following fission has provided the available data

5.3.3 Mo Isotopes

The experimental energy systematics from “>Mo to !°Mo below excitation energies of ap-
proximately 3 MeV are shown in Fig. [5.5] As the neutron number increases, the density
of low lying states grows significantly. The structure evolves smoothly from a vibrational
character in the lighter isotopes to a more rotational pattern starting at °?Mo and contin-
uing towards heavier masses. A distinctive feature along the chain is the gradual lowering
of the first excited 0% state, which reaches its minimum energy in “Mo. In the heavier
isotopes, the near degeneracy of the 4 and 23 states, most pronounced in ®*Mo, points

to an increasing degree of v softness.

For making a comparison with theory, we use the evaluated Nuclear Data Sheets for
A =96 [114], A = 98 [115, [116], A = 100 [I17], A = 102 [LI8], A = 104 [127], A = 106
[128], A =108 [129], A = 110 [I1§], A = 112 [130], and A = 114 [I31], as well as updated
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Figure 5.5: Experimental energy systematics of low-lying positive-parity states in Mo
isotopes up to about 3 MeV. Levels with dashed blue lines correspond approximately to
spherical configurations, and those in red to deformed ones (see Section .

references when appropriate. A comprehensive overview of experimental data in this mass

region, including Mo and Ru isotopes, can be found in [32].

Low-lying states in %~%Mo were investigated via vy angular correlations in [132], enabling
the determination of angular momenta and mixing ratios. Detailed Coulomb-excitation
studies of Mo and Mo were reported in [I33] and [134], respectively. Beta-delayed
gamma-ray spectroscopy of 197198=H0\[g in [135] yielded, for the first time, information
on the 05 band in 1%1%Mo. Proton and neutron occupancies in %Mo and ®Mo were
analyzed in [I36], revealing a significant change in the filling of the proton gg/» orbital

between the two isotopes.

5.3.4 Ru Isotopes

Fig. shows the systematics of “~114Ru isotopes. A vibrational pattern characterizes
94-102Ry, gradually leading to a more rotational structure with some degree of  softness
in the heavier nuclei, as suggested by the close spacing between the 4, and 25 states. The
first excited 07 state follows a dropping trend along the chain, reaching its lowest value

at 192Ru.

For comparing again with theoretical results, we use the same set of Nuclear Data Sheets
references as for Mo, supplemented with the some other recent works. In [I37], the 05
and ~ bands in “Ru were observed using gamma-ray spectroscopy following the 3 decay
of ®Rh and via the ®Ru(p,t) reaction. The 03 state was proposed to have an intruder
character, although mean-field calculations in the same study did not fully support this
interpretation. Lifetimes of the 2], 27, and 4 states in ®*Ru were measured in [I38] to

clarify discrepancies regarding the 47 lifetime.

The 03 band in ®?Ru and its mixing with the 0] state were analyzed in [139] to investigate
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Figure 5.6: Same as Fig. but for Ru isotopes.

the evolution of deformation along the Ru chain. Coulomb excitation of 1%Ru yielded 28
E2 and 3 M1 matrix elements involving 17 low-lying states [140]. The g-factor of the 2}
state in 9°71%Ru was measured in [T41]. More recently, a Coulomb-excitation experiment
for 192Ru [142] obtained slightly larger E2 matrix elements than the evaluated values for
transitions from the 2] and 23 states to the 0] state, and measured for the first time the
matrix element of the 23 — 0] transition. The authors concluded that the 03 state, with
£ =~ 0.18, is slightly less deformed than the ground state, with § ~ 0.24.

5.4 Fitting Procedure: Energy Spectra and Absolute
B(E2) Reduced Transition Probabilities

In this Section, we summarize the procedure employed to determine the parameters of
the IBM-CM Hamiltonian, written equation (i3.104]), where the Hamiltonian employed is

the one given by Consistent-Q) formalism, as we have explained in previous sections.

The same fitting strategy has been applied to the three isotopic chains considered in
this work: Sr, Mo, and Ru, and the procedure has been detailed in Appendix [A]l For each
chain, the relevant neutron-rich even-even isotopes within the 50 < N < 82 shell have been
included, excluding nuclei too close to the neutron shell closure, where the applicability
of the IBM is questionable. The fitting is carried out by requiring a simultaneous and
coherent description of level energies and absolute B(E2) reduced transition probabilities,
using a standard x? minimization procedure as it is detailed in Refs. [143] 144 [145] [8§]
and also in Appendix [A]

In the most general case, the IBM-CM Hamiltonian and the E2 operator involve thirteen
parameters, coming from the Hamiltonian operator together with the transition one. In
practice, the number of free parameters is smaller for several nuclei, either because some

terms are not required or because a subset cannot be unambiguously described by the
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available data. Moreover, across the isotopic chains, we impose that the evolution of the
parameters develops smoothly as we increase the neutron number or even, when possible,

keep a subset of parameters fixed.

5.4.1 Sr Isotopes

For the Sr isotopes, the resulting parameters are listed in Table[5.1} There, it is noticeable
that the parameter AN*2 exhibits a clear evolution: it takes larger values for the lighter
isotopes (around 1900 keV) and decreases to 1360 keV for the heavier members of the
chain. For 190-192Gy all experimentally known low-lying states correspond to the intruder
configuration, in consequence, the parameters of the regular configuration cannot be fixed

and have been taken from 28Sr.

Similarly, the intruder effective charge for *2Sr and '°2Sr has been taken from the values
obtained for *Sr and '%°Sr, respectively. The global evolution of the parameters is rela-
tively smooth, although some exceptions appear, being the most notably one the sudden
drop in the intruder effective charge ey, for %°Sr, for which no clear physical explanation

is evident.

Table 5.1: Hamiltonian and T(EQ) parameters resulting from the present study for Sr

isotopes. All quantities have dimensions of energy (in keV), except xn and yn.2, which

are dimensionless, and ey and ey, 9, given in units of vV W.u..

Nucleus N ey  ky XN Ky ENt2  ENt2  XN+2 Khge w AVTE ey ey
928y 3 838 -32.01 0.00 -7.84 347.2 -15.00 -0.88 0.00 15 1900 1.53 1.53*

94Gr 4 365 -50.00 0.00 75.01 451.7 -41.81 0.00 0.00 15 1800 1.16 1.53
9%6Gr 5 620 -35.00 0.64 53.43 242.7 -20.00 -0.79 9.84 15 1500 1.33 0.86
98Gy 6 526 -28.19 1.88 18.59 279.1 -34.96 -0.72 0.23 15 1360 0.78 2.22
100y 7 526" -28.19" 1.88" 18.59" 387.3 -43.16 -0.77 -2.99 15 1360 0.78" 1.93

102Gy 8 526" -28.19" 1.88 18.59" 387.3 -46.41 -0.77 -2.99 15 1360 0.78" 1.93°

* T(E2) intruder parameter taken from Sr.
> Hamiltonian and 7T'(E2) parameters for the regular sector taken from Sr.
¢ T(E2) intruder parameter taken from '%Sr.

5.4.2 Zr Isotopes

Again for completeness we present the results of the fitting procedure for Zr isotopes
(see [88]). Here the IBM-CM parameters were determined again by fitting experimental
excitation energies and absolute B(E2) transition probabilities for the isotopes *Zr to
107y, Additionally, the nuclei *92Zr were excluded due to their proximity to the N = 50

shell closure, where the IBM description becomes less reliable.

In the same philosophy, the fitting procedure aims at a global reproduction of the data

while enforcing a smooth evolution of the parameters along the isotopic chain, moreover
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whenever possible, they were kept constant. However, for the lightest isotopes, the influ-
ence of the N = 50 and N = 56 closures requires variations in the mixing strength and in

the energy offset between configurations, which decrease toward heavier isotopes.

As it is interesting to present the Hamiltonian and T(EQ) parameters resulting from this
fitting procedure, so as to compare with the other cases, they can be regarded in Table
b2

Table 5.2: Hamiltonian and T'(E2) resulting from an IBM-CM calculation for Zr isotopes.
All quantities have the dimension of energy (keV), except yy and xni2, which are di-
mensionless, and ey and ey, which are given in v W.u.. Taken from [8§].

Nucleus ey KN XN Ky ENt2  KNf2 XN4+2 HKyig W A EN  ENio
947r 1201 0.00 1.30 -39.93 0.1 -26.32 -2.35 21.97 150 3200 2.01 -1.36
967y 1800 -34.41 1.82 25.12 333.2 -29.18 0.09 -4.50 15 2000 0.90 3.35
B7r 1044 -25.23 1.80 78.71 439.6 -14.32 0.67 2648 15 814 1.55 3.11
1007y 1063 -23.26 2.53 0.00 438.3 -28.76 -0.95 0.00 15 820 0.46 2.26
1027y 1050 -23.58 246 0.00 3379 -32.01 -0.68 0.00 15 820 0.46 2.32
1047y 1050* -23.58* 2.46* 0.00* 616.5 -32.00 -1.35 0.00 15 820 0.46* 2.04
1067y 1050* -23.58* 2.46* 0.00* 580.5 -31.03 -0.93 0.00 15 820 0.46* 1.79
1087y 1050* -23.58* 2.46* 0.00* 540.2 -30.00 -0.90 0.00 15 820 0.46* 1.79°
107y 1050* -23.58* 2.46* 0.00* 498.9 -32.00 -0.90 0.00 15 820 0.46* 1.79°

& Hamiltonian and T(EQ) parameters for the regular sector taken from 192Zr.
b Effective charge for the intruder sector taken from '6Zr.

5.4.3 Mo Isotopes

The parameters obtained for the Mo isotopes following the same procedure are presented
in Table [5.3] The fitting includes the nuclei *~1'°Mo, and a common value of AN*? =
1500 keV is employed for the entire chain, that lies within the typical range used in nearby
mass regions, such as Zr (ANT? = 820-3200 keV) and Sr (AN 2 = 1360-1900 keV).

In most Mo isotopes, the mixing strength takes the value w = 15 keV, while for the
lighter nuclei %71%Mo a larger value w = 45 keV is required. For the heaviest isotopes,
108=1100\[o, the experimental information does not allow a reliable determination of the
parameters associated with the regular configuration; therefore, those parameters have

been fixed to the values obtained for 1%6Mo.

Overall, a smooth parameter evolution is obtained across the chain, except in those cases

where limited experimental information forces the use of fixed values.

5.4.4 Ru Isotopes

Finally, the description of the Ru isotopes is summarized in Table 5.4 Here, the situation

is more constrained because we have a lack of experimental signatures of intruder states
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Table 5.3: Hamiltonian and T(EQ) parameters resulting from the study of Mo isotopes in
the present work. All quantities have dimensions of energy (keV), except xny and xn.2,
which are dimensionless, and ey and ey 2, which are given in units of v W.u.. The value
ANTZ = 1500 keV is fixed for all isotopes.

Nucleus EN KN XN Ky ENt2  KN42  XN+2 Ky W EN  €Ni2
%Mo 69584 0.00 1.50 15.00 191.56 -9.96 1.12 13.69 45.0 248 4.00
%BMo  813.16 0.00 -1.70 -5.00 873.21 -25.08 1.50 -5.00 45.0 2.73 -0.87
W00Mo  517.29  -2.00 -1.49 10.00 408.52 -21.98 0.05 4.34 45.0 224 2.88
102Mo  470.23  -4.93  -1.50 -5.00 446.78 -35.00 0.14 1.08 15.0 4.00 -2.15
104Mo  150.00 -10.00 -1.34 7.02 450.04 -35.00 0.49 -0.63 15.0 2.11 -2.05
106Mo  294.38 -15.00 -0.58 0.02 263.83 -29.90 0.37 7.68 150 1.90 1.93
108Mo  294.38* -15.00* -0.58* 0.02* 203.58 -28.85 0.12 8.98 15.0 1.90" 2.12
HONo  294.38* -15.00* -0.58* 0.02* 200.00 -31.79 0.01 7.58 15.0 1.90> 2.12¢

2 Hamiltonian parameters for the regular sector taken from '°Mo.

b Jf’(EQ) regular parameter taken from '°6Mo.
¢ T(E2) intruder parameter taken from %8Mo.

along the chain. Only in Ru can a few 07 states be clearly identified as belonging to the
intruder configuration. Consequently, the intruder-sector parameters extracted for 1°°Ru
have been adopted for all other Ru isotopes, and the description of intruder states in this

chain must therefore be considered only as an approximation.

In addition, several parameters have been kept fixed along the entire Ru chain: yy =
xn+2 =0, Kyo = 0 keV, and w = 15 keV. The value of AV*? is set to 2200 keV for all
isotopes; although this value is only constrained by the limited intruder-state information
in 1°Ru, it provides a consistent description of the chain as a whole. Finally, the fixed
X parameters imply that both regular and intruder configurations in Ru behave as ~-

unstable.

Table 5.4: Hamiltonian and T(EQ) parameters resulting from the study of Ru isotopes in
the present work. All quantities have dimensions of energy (keV), except ex and ey,
which are given in units of vV W.u.. The values xy = xn42 = 0, iy, = 0 keV, w = 15
keV and AN*2 = 2200 keV were fixed for all isotopes.
Nucleus EN KN Ky ENi2  Kni2 €N €ENio
%BRu 683.60 -15.79 -1.28 410.72* -24.08* 2.55 4.00*
10Ru  546.85 -19.89 8.60 410.72 -24.08 2.34 4.00
12Ru 53528 -20.46 4.75 410.72% -24.08* 2.27 4.002
4Ru 41275 -24.34  7.03  410.72* -24.08* 2.11 4.00?
10Ru  360.60 -26.37 5.67 410.72* -24.08* 1.96 4.00*
18Ru 29853 -29.19 7.60 410.72* -24.08* 1.67 4.00?
HORu  250.00 -30.00 9.55 410.72% -24.08* 1.55 4.00*
H2Ru  250.00 -30.00 6.43 410.72* -24.08* 1.76 4.00?
HWiRu  299.33 -34.25 5.55 410.72* -24.08* 1.80 4.00?

@ Hamiltonian and T(E2) parameters for the intruder sector taken from
100Ru.
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Taken together, the fitting procedures for Sr, Mo, and Ru provide a coherent set of
Hamiltonian and transition-operator parameters that evolve smoothly along each isotopic

chain.

5.5 Correlation Energy in the Configuration Mixing
Approach

As we have introduced before, the relative position of regular and intruder configurations
is governed by the competition between two effects, in first place the energy required to
promote particles across a shell or subshell gap, and secondly, the correlation energy gained
through boson interactions. In the isotopic chains that we will present here, intruder
configurations originate from 2p-2h excitations across a subshell closure, and although
such excitations are expected to lie at higher energies than the regular configurations,
their actual placement in the spectrum depends critically on pairing effects and on the
additional correlation energy, which is generally larger for intruder states due to their

higher boson number.

In the Sr isotopes, the Z = 40 shell gap leads to an excitation energy of AN*2 = 1900 keV
in 92Sr, which gradually decreases to about AN+2 = 1340 keV for %1%2Sr. These values
already include the gain in pairing energy associated with the formation of two additional
0% pairs. However, the energy of the intruder band head is not determined by AN*2
alone, since both regular and intruder configurations gain correlation energy that increases
toward mid-shell. This effect is more pronounced for intruder states, which contain a
larger number of bosons, as illustrated in Fig. in panel (a) for Sr. Moreover, a similar
dynamic can be distinguished for Zr isotopes in panel (b), as the shell gap decreases from
ANTZ = 3200 keV in *Zr, that decreases to AN*2 = 820 keV in 'Zr.

A similar situation is found in the Mo and Ru isotopic chains. In Mo isotopes, the 2p-
2h excitation energy is AN*2 = 1500 keV, while in Ru isotopes it reaches the value of
AN = 2200 keV. These values represent the energetic cost of generating the intruder

configurations before additional correlation effects are taken into account, and define the
reference energies shown in Figs. [5.9(a) and [5.9(b).

To better isolate the role of correlation energy, it is instructive to temporarily switch off
the mixing term in the IBM-CM Hamiltonian. This procedure yields a set of unperturbed
energies, allowing the regular and intruder configurations to be analyzed independently.
Fig. displays the unperturbed energies of the lowest 0] states in the regular (set to
zero) and intruder (set to AN*2) spaces for Sr isotopes, where the thick red dashed line

indicates the reference energy of the regular ground state.
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Furthermore, we have included the case of Zr isotopes in panel b) of Fig, following
the same color code for the energy levels, which have been obtained following a similar

procedure in [8§].
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I N = [N+2]
N —— -
h AN +2 W N
= 0 . l\\ . n
E ’ N .. o o Be . o
= e o, e g
w "y E(N) ‘j:\u\ | L -
‘ \.\\ ’ | B a’ ’
[
—4 E(N+2)cor\i"\\
92 94 96 98 100 102 96 100 104 108
A A

Figure 5.7: Absolute energy of the lowest unperturbed regular and intruder 0 states for
92-102G; and 91197y, The arrows in panel a) indicate the correlation energies in the N and
N + 2 subspaces.

In the Sr chain, the correlation energy of the regular ground state is mainly driven by
the strength of |k x|, as reflected by the gradual lowering of the regular curve in Fig. [5.7]
In contrast, the intruder configuration already displays a sizable correlation energy at
A = 92, which increases steadily and reaches a maximum near mid-shell at A = 102, as
shown by the downward evolution of the intruder curve in the same figure. From A = 98
onward, the intruder configuration lies below the regular one, and the energy separation
between the two configurations increases with neutron number (Fig. . The results
for 190-102Gy should, however, be interpreted with some caution, since the Hamiltonian
parameters for the regular configuration could not be fully constrained by the available

experimental data.

In contrast to the Sr isotopes discussed above, the Zr isotopic chain, shown in panel b)
of Fig. exhibits a more pronounced evolution of the relative position of regular and
intruder configurations but also driven by |ky|. As is noticeable, in Zr nuclei, the energy
required to generate the intruder configuration across the Z = 40 shell gap is as well as
in St isotopes, larger at the beginning of the chain, with AV*2 ~ 3200 keV in *Zr, but it
decreases rapidly with increasing neutron number, reaching values below 1 MeV around

1007y, As in the previous case, this reduction is accompanied by a strong increase of the
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correlation energy in the intruder sector, driven both by the stronger quadrupole interac-
tion and by the larger effective number of bosons in the [N + 2] space. Consequently, the
intruder configuration in Zr becomes larger near midshell and eventually drops below the
regular one, leading to a crossing of the two configurations. Finally, while the underlying
mechanism is common to both chains, the Zr nuclei present a larger decrease of AN*2
as reported in Ref. [88]. Moreover, it is interesting to notice, that the crossing between
regular and intruder configuration is encountered earlier in Zr isotopes. This delayed
crossing in the Sr isotopes reflects the slower reduction of A¥*2? and the more gradual
build-up of quadrupole correlation energy in the intruder sector, which together postpone

the crossing of the intruder configuration with respect to the Zr case.

- 0% 5+

—
8 a)sr I b) Zr
3+ —k— 7t
—A— 4% —-»— 8*

E (MeV)

92 94 96 98 100 102 94 98 102 106 110
A A

Figure 5.8: Energy spectra obtained from the IBM-CM Hamiltonian of Table with the
mixing term switched off. The lowest regular (solid lines, closed symbols) and intruder
(dashed lines, open symbols) states are shown for each angular momentum. Data in panel

(b) taken from [88].

Additional insight into the structure of the unperturbed configurations is obtained from
the excitation spectra shown in Fig. [5.8] where in panel a) the unperturbed spectra of Sr
isotopes, reveal the progressive lowering of the intruder states relative to the regular ones

as neutron number increases, consistent with the behavior observed for the 0] energies in
Fig.

To complement the above analysis, the case of Zr isotopes is presented in panel b) of
Fig. 5.8, where again, regular and intruder states provide a clear illustration of the
parabolic behavior expected for the intruder configurations. In this case, the energy

systematics reveal a pronounced kink in the regular configurations around A = 96, fol-
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lowed by a flatter evolution toward heavier isotopes in both isotopic chains. Meanwhile,
the intruder states display an overall parabolic trend, with a minimum in A = 104 for Zr

chain, being this minimum in A ~ 102 for the case of Sr.

The same analysis has been applied to the Mo and Ru isotopes. In the Mo chain, the
unperturbed energy curves exhibit a clear crossing between the regular and intruder con-
figurations between A = 100 and A = 102 (N = 60), as shown in Fig.[5.9(a). For A > 102,
the intruder configuration becomes energetically favored. While the regular configuration
gains correlation energy gradually, the intruder configuration evolves more rapidly due to
both its larger boson number and the condition |ky 2| > |kn], leading to the pronounced

downward slope observed near mid-shell in Fig. [5.9(a).
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Figure 5.9: Absolute energy of the lowest unperturbed regular (red) and intruder (green)
07 states for %M1%Mo (panel (a)) and ***Ru (panel (b)). Thin dashed lines indicate the
reference energies for the regular and intruder configurations.

In contrast, the Ru isotopes display a markedly different behavior. As shown in Fig.[5.9(b),
the regular configuration remains energetically lower throughout the entire isotopic chain
and gains more correlation energy than the intruder configuration. The intruder curve
exhibits a shallow minimum around A = 98-102, followed by a rapid increase in energy
for heavier isotopes. Since the intruder Hamiltonian parameters are fixed and taken to
be identical to those of '®Ru, the trends shown in Fig.|5.9(b) should be interpreted with

some caution.

The

calculated IBM-CM excitation energies reproduce the experimental systematics, in par-

The impact of these trends on the observable spectra is illustrated in Fig. [5.11}

ticular the increasing role of the intruder configuration for A > 98, consistent with the

unperturbed energy analysis discussed above.
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Further information on the evolution of collectivity is provided by the unperturbed exci-
tation spectra shown in Fig. [5.10] In the Sr isotopes, the intruder spectrum displays a
characteristic kink for L > 2, with a maximum around A = 94 (Fig. [5.8), which may be
related to the filling of the ds/, orbital, as observed in Zr isotopes. This is also observed
in the case of Mo, where the regular configuration evolves rapidly from a vibrational to a
more rotational pattern, while the intruder configuration shows a smoother evolution and

becomes the ground-state configuration for A > 98, in agreement with Fig. [5.7]
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Figure 5.10: Unperturbed energy spectra for Mo (panel (a)) and Ru (panel (b)) isotopes
obtained by switching off the mixing term in the IBM-CM Hamiltonian. Solid lines
correspond to regular states and dashed lines to intruder states.

In the Mo isotopes, Fig. |5.10[(a) shows that the regular configuration is predominantly
vibrational in the lighter nuclei and gradually evolves toward a more rotational regime
as mass increases. The intruder configuration exhibits a stronger rotational character

throughout the chain, becoming particularly pronounced for A > 100.

In Ru isotopes, Fig.[5.10(b) shows that the intruder configuration lies substantially higher
in energy, with only a shallow minimum around A = 98-102, before increasing sharply for
heavier isotopes. The regular configuration displays a well-defined vibrational pattern in
the lighter nuclei, while a structural transition is observed at A = 104 (N = 60).

Finally, the combined analysis of correlation energies and unperturbed spectra shown in
Figs. 5.9, and highlights the role of configuration mixing in shaping the low-
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energy structure of these nuclei. While Sr, Zr and Mo isotopes exhibit a clear dominance
of intruder configurations near mid-shell, Ru isotopes remain governed by regular config-
urations. Despite these differences, all three isotopic chains display an enhancement of
correlation energy around mid-shell, underscoring its fundamental role in the development

of nuclear collectivity.

5.6 Detailed Comparison of Energy Spectra and B(E2)

Transition Rates

Before discussing the isotopic chains individually, it is useful to outline the global trends
observed in Sr, Zr, Mo, and Ru nuclei, as these chains display markedly different struc-
tural evolutions. The Sr isotopes undergo a rapid and abrupt transition around N = 60,
associated with a sudden onset of deformation and the dominance of intruder configura-
tions, being this behavior even more abrupt in the case of Zr isotopes. In contrast, the Mo
isotopes exhibit a smoother evolution characterized by configuration mixing together with
some signatures of shape coexistence over several isotopes near mid-shell. Finally, Ru iso-
topes show the most gradual behavior, evolving from vibrational to O(6)-like structures

while remaining dominated by regular configurations throughout.

5.6.1 Sr isotopes

In first place, we present a detailed comparison between experimental data and IBM-CM
calculations for the Sr isotopes, counting with excitation energies up to £ ~ 3 MeV. The
experimental spectra are shown in Fig. (a), while the corresponding theoretical results
are displayed in Fig. p.11|(b). As discussed in Ref. [143], the excitation energy of the 2;
state was assigned a large weight in the fitting procedure; consequently, its evolution along

the isotopic chain closely follows the experimental trend.

For A = 92 and A = 94, the spectra reflect the influence of the neutron shell closure
at N = 50 and the subshell closure at N = 56, producing noticeable discontinuities in
the excitation energies, as seen in Fig. . The spectrum of °2Sr displays an overall
vibrational character, although the members of the two-phonon triplet are widely spread
in energy. In %Sr, the lack of observed excited 0" states and the kink in the 4}} energies
complicate the interpretation, although the IBM-CM reproduces this kink and predicts a
low-lying excited 0" state, similar in energy to that observed experimentally in “6Sr, this

prediction must be treated with caution.

For %Sr, the agreement between theory and experiment is generally good, despite the 45
and 6, states being calculated slightly higher than observed. In %®Sr, the sudden structural

change is very well reproduced: the calculated spectrum exhibits a rotational yrast band
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Figure 5.11: Experimental excitation energies (panel (a)) and IBM-CM results (panel (b))
for Sr isotopes up to E &~ 3 MeV. Only two excited states (when available experimentally)
are shown for each angular momentum.

and a very low-lying first excited 07 state. For 'Sr and '°2Sr, where experimental
information is scarce, the IBM-CM predicts a rotational yrast structure and an intruder

configuration whose excitation energy increases away from N = 60.

The available experimental B(E2) values, summarized in Table[5.5] allow for a meaningful
comparison with the IBM-CM results. The systematics of yrast and non-yrast transitions
are shown in Figs. and , respectively. Along the yrast band (Fig. , the ex-
perimental data exhibit a clear increase in collectivity with increasing mass number, with
a particularly pronounced change between A = 96 and A = 98, which is associated with
the onset of nuclear deformation. This behavior is well reproduced by the calculations,
which display a characteristic peak in the 6; — 4] and 8] — 6] transitions, linked to

the filling of the neutron ds/, orbital.

In contrast, the interband transitions (Fig.|5.13) remain relatively smooth along the iso-
topic chain, except for the 0 — 2 and 25 — 4] transitions, which show a maximum
around A = 98, consistent with the well-known structural change in the Sr isotopes. Con-
versely, the 25 — 05 transition exhibits a sudden increase from A = 98 onwards, further
supporting the interpretation of a significant modification in the nuclear structure in this

mass region.

104



CHAPTER 5. STRUCTURE AND SHAPE EVOLUTION IN EVEN-EVEN NUCLEI

200 @ | [~ 2o0n (D)

—a— 4t > 21F
175 Y 1 —— 617 - 41"

- 81+ - 61+

150;

~ 1251

)

= 100;

o

= 751

50/

251

OA

92 94 96 98100102 92 94 96 98 100102
A A

Figure 5.12: Absolute B(E2) transition probabilities along the yrast band (in W.u.) for Sr
isotopes. Panel (a) shows the available experimental data and panel (b) the corresponding
IBM-CM calculations.

Moreover, Figs. [5.14] and [5.15] present the experimental and theoretical level schemes
for the Sr isotopes. In 2Sr, Fig. shows a clear vibrational pattern, although the
splitting of the two-phonon triplet and the small B(E2;24 — 07) value point to signif-

icant mixing. In 4Sr, the limited experimental information prevents a firm structural
assignment. In %Sr, deviations from the vibrational limit and the presence of multiple
low-lying 0F states indicate increasing intruder mixing. In *Sr, the intruder configuration
becomes the ground state, leading to a predominantly rotational spectrum. Finally, 1°°Sr
exhibits a well-developed rotational yrast band, while in '°2Sr only the 2] state has been

observed.

5.6.2 Zr isotopes

Again, for offering a complete picture we include in this section an abridge version of
the experimental energy spectra and B(E2) transition probabilities compared with the
IBM-CM results up to excitation energies below about 3 MeV for the case of Zr (taken
from [8§].

For the excitation energies, we observe in Fig. the excitation energies are well repro-

duced, in general. Moreover, the peak observed around A = 96, which is associated with
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Table 5.5: Experimental absolute B(E2) values (in W.u.) compared with the IBM-CM
calculations for Sr isotopes. Data from Nuclear Data Sheets [111, 112, 113, 114} 115] 116,
117, [118], supplemented with additional references discussed in Sec. [5.3|

Isotope Transition FExperiment IBM-CM

28r 2] —o0f 8(3) 8
25 —0f 0.35(18) 0.00
25 —2f > 1.2 0.04
05 —2f 0.25(17) 0.28
948y 27 —0f 8(4) 8
4f —2f 1.2(2)! 1.2
%Sr 2] —of 13(8) 13
05 —2f 15.3(16) 9.90
05 — 27  0.028(11) 0.027
25 —2f > 8.9 8.6
4f —2f 3(H9)! 1
%Sr  2f —o0f 96(3) 96
05 —2f 62(*7) 46
47 =27 124(F0) 147
67 — 4  174.8(18) 156.9
25 —4f <12 2.6
25 — 05 13(19) 13

25 — 0f 0.8(*3) 0.02

85 — 67 122(

107 — 87 126( 136

65 — 47 0.00010(73)  0.00022
1005y 27 — 0f 103(5) 103

the N = 56 subshell closure, and the rapid energy drop toward A = 100, related to the

onset of deformation, are both correctly described.

Also it is interesting to note that the origin of the peak observed at A = 104 can be
understood by analyzing the correlation energy presented before, where both the regular
and intruder band-head energies have a minimum at A = 106. Moreover, for the intruder
configuration, the energies corresponding to A = 104 and A = 106 are nearly degenerate,
however, the regular configuration shows a much steeper dependence on the mass number,
with the energy at A = 104 lying significantly higher than the minimum reached at
A = 106.

Furthermore, experimental data reveal the existence of a second 2% state in the nuclei
with A = 106 and A = 110 that are not reproduced by the theoretical energy spectra
obtained within the present IBM-CM calculations, and it is assumed that they correspond
themselves with 4p-4h excitations, which lie outside the IBM-CM Hilbert space that we
consider, being thus not explicitly taken into account in the model. Although, as a matter
of fact, it really corresponds to an IBM states once a y-unstable situation is considered

as shown in [35].

Next, we compare the experimental BE(2) values, with the ones obtained from our cal-
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Figure 5.13: Selected absolute B(E2) transition probabilities (in W.u.) for non-yrast
intraband transitions in Sr isotopes. Panel (a) shows the available experimental data,
while panel (b) presents the IBM-CM results. The arrow in A = 98 marks an experimental
upper limit.
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Figure 5.14: Experimental excitation energies and absolute B(E2) values (in W.u.) for
selected states in 927 102Gy,
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Figure 5.15: Theoretical excitation energies and absolute B(E2) transition rates (in W.u.)
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Figure 5.16: Experimental excitation energies up to Ex 3 MeV for Zr isotopes are repre-
sented in panel (a) and theoretical results obtained from an IBM-CM calculation in panel
(b) (figure from [8§].)

culation in Fig. and Fig[5.18

It is interesting to notice in Fig. the way that the collectivity increases as we approach
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Figure 5.17: Comparison of the absolute B(E2) transition rates probabilities in the yrast
band in Zr isotopes. In panel (a) experimental data are presented while in panel (b) we
depict the IBM-CM results (taken from [88]).

the midshell, being its maximum located at A = 104, which is well reproduced by the
IBM-CM calculations. Moreover, in Fig. two interband B(E2) transition strengths
involving the 0F, 2, and 2 states are presented, where due to the limited amount of
available experimental information, it is not possible to identify a well-defined systematic

trend, nevertheless, the overall agreement with the data is satisfactory.

Finally, the IBM-CM calculations predict the presence of two pronounced peaks: one
at A = 96, associated with the filling of the d5/, subshell, and another at A = 104,
corresponding to the midshell region, that indicates a change in the underlying structure

of the 03, 21, and 27 states.

5.6.3 Mo isotopes

Here we include the comparison between our theoretical calculations with the experimental
data for Mo isotopes. Firstly, in Fig. [5.19 a detailed comparison between theoretical
results and experimental data up to 3 MeV is presented, where an important feature that
must be noticed is that here, in an equivalent way to the other isotopic chains, the 2
excitation energy closely matches the experimental data and has been used to normalize

the theoretical spectra.

In this case, the lighter Mo isotopes show the characteristics that would be expected to

encounter near the 50 sub-shell closure, together with a sudden increase in the excita-
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Figure 5.18: Comparison of few nonyrast intraband absolute B(E2) transition rates prob-
abilities in Zr isotopes. In panel (a) experimental data are presented while in panel (b)
we depict the IBM-CM results (taken from [88]).

tion energies in certain states, which is associated with the 56 neutron sub-shell closure.
The result is a more compressed spectrum, something proper of the evolution to a more

collective behavior, that is accurately reproduced by the IBM-CM.
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Figure 5.19: Experimental and IBM-CM excitation energies up to £ ~ 3 MeV for Mo
(panel (a) for experimental data and (b) for theoretical results) Only two excited states
per angular momentum are shown when available experimentally.

Table 5.6:

Comparison of the experimental absolute

B(E2) values (given in W.u.) with the IBM-CM Hamil-
tonian results for Mo isotopes. Data are taken from the
Nuclear Data Sheets [114] [1T5] 116l 117, 118 127, 128,
129 18| 130, 131] complemented with references pre-

sented in section 5.3

Transition Experiment IBM-CM

Isotope

%Mo 27 — 0f 20.7(4) 20.7
05 — 27 51(7) 40
25 — 2f 16.4(24) 27.5
25— 0f 1.10(11) 0.14
25 — 2f < 28 D
24— 0f <0.18 0.32
25 — 2f 0.43(20) 0.07
27 — 0f 0.080(11) 0.022
47 — 27 41(7) 34
45 — 4f 0.18(*y) 14
45 — of 22.0(*%) 56.4
45 — 2f 1.9(*9) 0.0
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44 — 27 <72 7
45 —2f <0.72 0.08
25 — 3f 140(*50) 115
25 = 2f 4D 12
67 — 4] < 290 79
6y — 4d < 52 96
65 — 45 <1.1 1.8
65 — 4] < 47 0.5
64 — 67 < 65 17
37— 27 <18 25
37 —2f <13 0.06
57 — 4 < 1700 20
57 — 37 < 2000 69
57 — 47 < 100 3
35 — 4] 2.7(*57) 0.1
35 — 27 4.1(73D 0.1
35 — 2f 0.19(*19) 0.00
%Mo 27 = 0f 20.1(4) 19
27 — 0F 9.7(132) 6.5
47 — 2f 42.3(1%) 23.5
67 — 4 10.1(4) 23.3
25 — 07 1.02(135) 7.90
25 — 05 2.3(%) 2.3
25 — 2f 48(*%) 2
4F — 2f 15.2(133) 16.6
2f —4f 14(4) 5
25 — 25 < 22 3.5
2f —2f 3.0(7) 30.9
25 — 05 7.5(19) 0.0
25— 0F 0.032(*) 0.228
100M o 27 — 0f 37.6(9) 37.5
0y — 27 89(3) 76
47 —2f 69(6) 71
67 — 4 94(*19) 100
25 — 07 0.62(6) 0.03
25 — 0F 5.7(11) 2.2
25 —2f 52(7) 70
2 — 4 36(*35) 42
25 — 05 15(13) 70
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2f —2f 0.28("5°) 0.11
15 -2 30(*]) 21
S 61 122(+2) 121
102\ [, 2f —0f 74(9) 74
05 — 2f 70(30) 30
47 — 2f 89(18) 105
1040\ [0 27 — 0f 92(6) 92
47 — 2F 110(4) 133
67 — 4 109(4) 144
8 — 6] 81(4) 138
106\ [0 25 — 0f 102.3(25) 102.3
47 — 2f 140 (30) 146
67 — 4] 130(60) 159
8 — 6] 89(12) 160
10{ — 8/ 93(13) 66
108\ [0 27— 0F 140(90) 140

Regarding B(E2) transitions, they are presented in Table , were we provide a detailed
comparison between theory and experiment. Additionally, in Fig.[5.20/and we present

some intra- and interband transitions.

Overall, we can find a satisfactory agreement between our theoretical predictions and
experimental data, with only a few specific discrepancies, such as in Mo for which the
model predicts a smaller B(E2;24 — 27) value than observed experimentally. Addition-
ally, it is worth emphasizing the nearly equal B(E2) values found for transitions within
the yrast band, and how the natural increase of B(E2) with angular momentum, reaching

a maximum at midshell, is accurately reproduced by the model

This result also serves as test for the model. Therefore, the agreement obtained between
theory and experiment demonstrates the reliability of the presented calculations, partic-

ularly in cases where experimental information is more abundant.

Finally, we incorporate in Fig. and [5.23|the detailed excitation energies up to approx-
imately 3 MeV and the B(E2) transition rates for both experimental data and theoretical
results. These figures focus on a selected set of Mo isotopes, °°1%¥Mo, where the coex-
istence of two bands is most evident. The separation into bands was performed by first
considering the yrast band and then grouping the remaining levels around the 0% or 2%

bandheads, or according to an O(6) scheme.

Furthermore, in the case of Mo, the yrast band exhibits a predominantly vibrational

character, which is accurately reproduced by the IBM-CM calculation. However, the re-
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300
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Figure 5.20: Comparison of the absolute B(E2) transition probabilities along the yrast
band, given in W.u. for Mo isotopes. Panel (a) corresponds to known experimental data
for Mo and panels (b) to the theoretical IBM-CM results

maining states cannot be easily grouped in any obvious manner. The main features of
the B(E2) transition rates are generally well reproduced, except for the B(E2;2§ — 07)
transition, where the theoretical model predicts a larger value than observed experimen-
tally. Moving on to '92Mo, the yrast band begins to present a different behavior from
the harmonic behavior in terms of both energies and B(E2) values, although the ener-
gies and B(E2) values are correctly reproduced by the theoretical calculations. In the
cases of ®*Mo and Mo, the spectra appear quite similar, and the IBM-CM calculations
accurately reproduce them. Lastly, in the isotope '“®Mo, parts of the spectra exhibit
an O(6) character, although there are no known experimental B(E2) values available for

comparison.

5.6.4 Ru isotopes

In this section, we continue with the comparison between our theoretical calculations with
the experimental data, this time for Ru isotopes, presenting in first place in Fig. a
detailed comparison between theoretical results and experimental data up to 3 MeV is
presented, where once again, the 2] has been taken to normalize the theoretical spec-

tra.

In the case of Ru isotopes, the theoretical energies quantitatively reproduce the experi-
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Figure 5.21: Comparison of the few non-yrast intraband absolute B(E2) transition prob-
abilities in Mo given in W.u. Panels (a) corresponds to the known experimental data and
panel (b) to the theoretical IBM-CM results

3.0 aeh —3.0
- Exp. -
Cos " ]
25 = (104 10* agh e 1?5
s [ ]
[ & 9313 [Cha I 89 4
C [C i T T .
o 20 €L 20
§ 8 (6 @l ® ]
= N . [ (6 ]
N - — a2 “ w7
o0 QU .
& @ Y — ]
g I Ol S @l @ @ @ 1
@ 1.0 — - Wy O
C 109@4) (@D 13060) G i
r [CAS T, ]
C .. 4] " “* 2h B
0.5 ey L3
L 11004 140(30 i
C pia ey <2—_L)[* ]
r 06 102335) 140090) i
30 30 0 ]
0.0 104\ 106\ 108\ 0.0

Figure 5.22: Experimental excitation energies and absolute B(E2) transition rates (given
in W.u.) for selected states in 1%°~1%Mo.

mental ones, and it is clear to observe a transition from a purely vibrational-like spectrum
(where the one-, two-, and three-phonon states are easily identified) to an O(6) spectrum.
However, it should be noted that the experimental levels are more scattered compared
to the theoretical ones. Furthermore, there is a notable discrepancy observed for the 05
state in 1%Ru, which appears much higher in energy than predicted by the theoretical

model and for this reason was not included in the fitting procedure. Moreover, we find a
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Figure 5.23: The same as Fig. but for the theoretical IBM-CM results.

slight discrepancy for the 0 state in 1°~'°Ru, where its energy is slightly higher than

the corresponding experimental value.
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0.0
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5+
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Figure 5.24: Experimental and IBM-CM excitation energies up to £ ~ 3 MeV for Ru
isotopes (panel (a) for experimental data and (b) for theoretical results). Only two excited

states per angular momentum are shown when available experimentally.
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Table 5.7: Same as Table [5.6] but for Ru isotopes.

Transition Experiment IBM-CM
Isotope
%BRu 2F — 0f 29.8(10) 29.8
05 — 27 42 (113 33
47 — 2f 57(4) 43
67 — 4 12.8(*11) 40.9
25 — 07 1.04(130) 0.00
25 — 2 46(*10) 43
8" — 67 2.5(13) 26
107 — 8F 1.27(+33) 0.43
100Ry 27 = 0f 35.7(3) 35.8
05 — 27 35(5) 32
4f —2f 52(4) 52
2f —2f 31(6) 52
25 — 0f 2.0(4) 0.0
2f —4f 17(5) 11
25 — 0F 37(%5) 23
25 —2f 1.24(F5:33) 0.00
25 — 0f 0.43(10) 0.02
25 — 0F 270(*50) 196
25 — 4 1.9(*58 0.2
2f —0f 1.9(5) 0.0
4f —2f 41(137) 29
45 — 4f 27(119) 26
45 — 2f 1.9(*33) 0.0
4F - 2F T7(135) 7
43 — 4f 1.8(13) 0
45 —2f 0.9(4) 0.3
37— 2f 9.6(*39) 39.2
3f —4f 15(5) 16
37— 2f 3.9(*13) 0
102Ry 2f —0f 44.6(7) 44.6
05 — 27 35(6) 36
47 —2f 66(11) 66
67 — 4 68(25) 74
25 — 0f 1.14(15) 0.00
25 —2f 32(5) 66
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87 — 6/ 56(19) 70
10{ — 8} 57(21) 58
104Ry 2F — 0 57.9(11) 57.1
0f —2f 25(3) 21
aF - of 83(9) 81
25— 0 2.8(5) 0.0
25— 2f 55(6) 81
106Ry 25 — 0 66(10) 66
18Ry 25 — 0 62(6) 62
aF = 2t 102(8) 85
25— 0f 0.5(4) 0.0
25— 47 0.08(7) 0.00
25— 0f 0.005(3) 0.000
10Ry 25 — 0 66(5) 66
aF = 2t 86(10) 91
67 — 47 120(50) 101
25— 0 0.6(3) 0.0
2Ry 2t — 0F 70(7) 70
87 — 67 82(13) 106
107 — 8F 85(13) 100
7F - 5 83(12) 68

Detailed information about theoretical and experimental B(E2) transition rates is also
included in Table and in Figs. [5.25] and [5.26] we illustrate some intra- and inter-

band transitions, where again, the proper increase in the B(E2) values when approach-

ing the midshell and increasing the angular momentum is accurately reproduced by the

model.

Finally, in Fig. and we represent the experimental and theoretical spectra for
100-108R 11 isotopes, where no significant discrepancies are observed, remarking a vibrational-
like structure for the isotopes up to !**Ru, allowing the identification of different members
of one-, two-, three-, and even four-phonon multiplets. Starting from “°Ru, a transition
towards an O(6)-like appears, with ®Ru being the critical point of this transition. An-
other noteworthy feature is the absence of intruder states, except for the 0] and 0 states

in 'Ru (not shown in the figure).
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Figure 5.25: Comparison of the absolute B(E2) transition probabilities along the yrast
band, given in W.u. for Ru isotopes. Panel (a) corresponds to known experimental data
for Mo and panels (b) to the theoretical IBM-CM results

5.7 Wave Function Structure: Configuration Mixing

and Unperturbed structure

In order to understand the nature of the calculated states, we analyze now the structure of
their wave functions. In particular, we will focus on how much of each wave function be-
longs to the regular configuration, referred as [N] sector, with the objective of identifying

whether a given state is predominantly regular, intruder, or mixed.

As we have previously introduced, within the IBM-CM framework, the wave function of
a state can be expressed as a superposition of basis states belonging to the regular and

intruder subspaces,
Uk, JM) = ) ai(J;N)o((sd))s TM)

+ Y BN 42 w((sd)¥ 5 TM), (5.2)

where £ labels the different states for a given angular momentum .J, while the indices ¢

and j run over the basis states in the [N] and [N + 2] spaces, respectively.

The contribution of the regular configuration to a given state can be quantified by sum-
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Figure 5.26: Comparison of the few non-yrast intraband absolute B(E2) transition prob-
abilities in Ru given in W.u. Panels (a) corresponds to the known experimental data and
panel (b) to the theoretical IBM-CM results
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Figure 5.27: Experimental excitation energies and absolute B(E2) transition rates (given

in W.u.) for selected states in

10071081:{11

ming the squared amplitudes of the components in the [N] sector,

wh(J,N) = Z ‘af((]; N)‘Q.

This quantity gives a direct measure of the regular content of the wave function.

(5.3)
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Figure 5.28: The same as Fig. but for Ru theoretical results.
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Figure 5.29: Regular content of the two lowest-lying states for each J value for Sr isotopes
(full lines with closed symbols correspond with the first state while dashed lines with open
symbols correspond with the second state) resulting from the IBM-CM calculation.

Fig. shows the evolution of the regular content, w”*(J), for the two lowest states of

each angular momentum along the Sr isotopic chain. The ground state displays a very

sharp structural change: it is almost purely regular up to A = 96, but becomes fully

intruder-dominated from A = 98 onwards. A similar behavior is observed for the 27, 37,
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4F, and 67 states, although the transition occurs at different mass numbers: A = 98 for
27, A =96 for 3], and already at A = 94 for the 4] and 6 states.

In contrast, the 5;, 7/, and 8 states exhibit an intruder character throughout the entire
isotopic chain. For the second member of each angular momentum (dashed lines), the
behavior is more complex. The 05 state remains predominantly regular except at A = 102.
The 25 state is strongly mixed at A = 96, mainly regular for A = 92, 94, 98, and 100, and
intruder-like at A = 102. The 3] state is regular for A = 96, 98, and 100, but intruder
for A =92, 94, and 102. The 45 state is regular for A = 94-98, intruder for A = 92 and
102, and mixed at A = 100. Finally, the 65 state is regular at A = 92, mixed at A = 98,

and intruder-dominated for the remaining isotopes.

| @]=0 v
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=
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Figure 5.30: Energy systematics of the four lowest states below 4 MeV for Sr isotopes.
The size of the symbol is proportional to the value of w*(.J) (see text for details). Each
panel corresponds to a given angular momentum, (a) for J = 0, (b) for J = 2, (c) for
J =3, (d) for J =4, (e) for J =5, (f) for J =6, (g) for J =7, and (h) for J = 8.

The interpretation of Fig.[5.29 can be obscured by level crossings, which may hide smooth
structural trends. In order to overcome this limitation, Fig. [5.30| combines the excitation
energies with the regular content of the wave functions. The size of each symbol represents
the value of w*(J). Moreover, as a reference, the 0] state of %2Sr, which is fully regular,

is assigned the maximum symbol size.
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This representation clearly shows how the regular character changes between different
states as levels cross. For low angular momenta (0%, 2%, 37 and 47), the regular content
shifts between the lowest states depending on the isotope. For higher angular momenta
(57 to 8T), most low-lying states are intruder in nature, implying that regular configu-
rations are pushed to higher excitation energies and are therefore not visible within the

energies shown.

Additional insight can be gained by analyzing the overlap of the physical states with an
unperturbed basis. So we can do this, we first diagonalize the Hamiltonian separately in
the [N] and [N + 2] subspaces, obtaining the states |, JM)y and |m, JM)yi2. By setting
the mixing strength w to zero, an intermediate basis is defined [140, [147], corresponding
to the unperturbed bands shown in Fig. 5.8

The overlaps squared |y {l, JM | k, JM)|* and |yy2(m,JM | k, JM)|* are depicted in
Fig.[5.31]for k = 1,2, (I,m) = 1,2,3, and J™ = 07,2%,3% 47, 5% 67, 7F,8". This way of
presenting the wave function shows in a visual form how the structure of the states evolves
along the isotope chain. Regarding the first member of the different angular momenta,
for the 0" and 2" states, they correspond to the first regular state, from A = 92 up to
A = 96, but suddenly change to the first intruder one in the range A = 98 — 102; in the
case of 31, the first two isotopes correspond to the first regular state while the rest to the
first intruder one; for 47 and 67, only A = 92 fully overlaps with the first regular state
and the rest of isotopes overlap with the first intruder one; finally, for 5%, 7+ and 8", all
the states present a complete overlap with the first intruder state. Therefore, the first
member of the different angular momenta have a very pure structure without noticeable
mixing, presenting a sudden transition when passing from A = 96 to A = 98, but moving

to lower atomic mass values as J increases.

The second member of each angular momentum shows a much richer behavior, with
frequent changes between regular, intruder, and mixed character. In this way, the 0
state has a complete overlap with the second regular member for A = 92 — 96, with the
first regular state for A = 98 — 100, being a mixture of the first regular and the second
intruder state for A = 102; the state 2% for A = 92 — 94 has a full overlap with the
second regular state, for A = 96 it is a mixture of the second regular and the first intruder
state, for A = 98 — 100, it overlaps with the first regular state, and for A = 102, with
the second intruder one; 3% is a rather pure state corresponding to the first intruder,
first regular and second intruder member for A = 92 — 94, A = 96 — 100, and A = 102,
respectively; 47 is also rather pure except for A = 100 where a mixture between the first
regular and the second intruder state exits, having for A =92, A =94 —98, and A = 102
a complete overlap with the first intruder, the first regular and the second intruder state,

respectively; for 57, 67, 77, and 8%, in most of the cases, there is a full overlap with the
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Figure 5.31: Overlap of the wave functions with the wave functions describing the un-
perturbed basis for Sr isotopes. Panel (a): overlaps for first 07,21, 3% 4+ 5% 67 7+ 8*
state (k = 1), panel (b): overlaps for the corresponding second state (k = 2) (see also
text).

second intruder state but with some exceptions.

5.7.2 Zr Isotopes

Following the same scheme, we include here the analysis of the structure of the low-lying
states is analyzed in terms of the regular ([/V]) and intruder ([IV + 2]) components of the
IBM-CM wave functions, since the evolution of these components along the Zr isotopic

chain provides direct insight into the onset of deformation and shape coexistence.
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Figure 5.32: Regular content of the two lowest-lying states for each J value for Zr isotopes
(full lines with closed symbols correspond with the first state while dashed lines with open
symbols correspond with the second state) resulting from the IBM-CM calculation. (figure

from [8§].)

Fig. [5.32| shows the weight of the regular component for the lowest states with angular
momenta J™ = 0%, 27 37 4% in panel (a) and J™ = 57 — 8" in panel (b), where we can
easily observe that for the light isotopes (A = 94-98), the ground state and the 2 state are
predominantly regular, nonetheless, from A = 100 onward, these states become dominated
by intruder configurations, which is a sign of a clear structural change. Moreover, the

excited 07 and 27 states show a complementary behavior, with strong mixing appearing

around the transition region.

Again, the wave function content with the excitation energies, shown in Fig. [5.33] presents
the energy systematics together with the size of the regular component, representing how
regular configurations move from low-lying states in the lighter isotopes to higher energies
for A > 100, reflecting the crossing and mixing of states with different intrinsic character,

especially for 0, 2, and 4, while for most other angular momenta, the lowest states are

almost purely intruder, being regular states higher in energy.

A more detailed decomposition is obtained by projecting the calculated states onto un-

perturbed regular and intruder sectors. Fig. displays the squared overlaps for the
first two states of each angular momentum with the lowest regular and intruder bands.

This analysis confirms a sudden transition from regular to intruder dominated structures
around A ~ 100, where we notice that the 07 and 2% states exhibit the strongest mixing,

while most higher states show a dominant overlap with intruder configurations.
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Figure 5.33: Energy systematics of the four lowest states below 4 MeV. The size of the
symbol is proportional to the value of w*(J) (see text for details) for Zr isotopes. Each
panel corresponds to a given angular momentum, (a) for J = 0, (b) for J = 2, (c) for

J =3, (d) for J =4, (e) for J =5, (f) for J =6, (g) for J =7, and (h) for J = 8. (figure
from [8§].)

Overall, the wave-function analysis demonstrates the predominance of intruder config-
urations in the low-lying spectra of the heavier Zr isotopes, together with strong regu-
lar—intruder mixing in the transitional region. This is fully consistent with the observed

energy spectra and E2 transition rates discussed previously.

5.7.3 Mo isotopes

In analogous form to the results presented for the chain of Sr isotopes presented in
Fig. [5.29, we illustrate in Fig. the first two states of each angular momentum for
Mo isotopes, again representing with full line the first state and with dashed line the

second one.

In this case, the ground state undergoes a rapid transition from an almost entirely regular
structure till A = 100 isotope, to a fully intruder one from A = 102 onwards. This trend
is also observed for the 21, 41, 67, and 8] states, with the exception of A = 96, where the
67 and 8] states correspond to intruder configurations. No clear trend can be observed

for odd angular momenta, both for the first and second members.

Also, the second 07 state predominantly exhibits an intruder character in most cases,

except for A = 102 — 104, where it is fully regular. Moreover, the second 2% state shows
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Figure 5.34: Overlap of the wave functions with the wave functions describing the un-
perturbed basis for Zr isotopes. Panel (a): overlaps for first 07,21 3" 4% 5% 67 7% 8+
state (k = 1), panel (b): overlaps for the corresponding second state (k = 2) (figure from
[33].)

significant mixing for A = 96 — 100 and 104, while being almost purely intruder for the

remaining cases.

As in the previous cases, combining excitation energies with regular content provides a
clearer picture (Fig. |5.36]), where again, the size of each dot associated with a state is
proportional to the regular content of its wave function. In this case, the reference point
is the size of the dot for the 0 states in Mo (panel (i)) which corresponds to 100% of
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Figure 5.35: Regular content of the Mo isotopes for the two lowest-lying states for each
J value (full lines with closed symbols correspond with the first state while dashed lines
correspond with the second state) resulting from the IBM-CM calculation.

regular content.

In Fig. 5.36 it is evident how the regular content of the 0 state transitions from the
ground state in %°71%Mo to the first and second excited 0% states in 19271%Mo and
106=110M o, respectively. Similarly, for the 27 and 4T states, the regular content tran-
sitions from the first member in 71°2Mo to the second or third member in %4=11%\o.

For angular momenta 6% and 8", the regular content is mainly concentrated in the second
and third members throughout the isotopic chain.

5.7.4 Ru isotopes

Finally, we repeat the same analysis for the wave function structure for Ru isotopes.
Firstly, we illustrate in Fig. the first two states of each angular momentum, again
representing with full line the first state and with dashed line the second one.

Analyzing the trend for these isotopes, a simpler pattern is observed, as regular wave
functions dominates for the first member of all angular momentum. However, for the
second member some cases present a transition from an intruder character to a regular

one, being in most cases from A = 104 and onwards.

Finally, we also depict the excitation energies with the regular content in order to provide
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Figure 5.36: Energy systematics of the four lowest states below 4 MeV for Mo isotopes.
Each panel corresponds to a specific angular momentum: (a) for J = 0, (b) for J = 2,
(c) for J =3, (d) for J =4, (e) for J =5, (f) for J =6, (g) for J =7, and (h) for J = 8.
The size of each symbol is proportional to the fraction of the wave function lying in the
regular sector. The dot for the state 07 in “*Mo corresponds to 100%.

a clearer picture (Fig. [5.38)), where again, the size of each dot associated with a state is
proportional to the regular content of its wave function. In this case, the reference point
is the size of the dot for the 0] states in ®*Ru (panel (i)) which corresponds to 100% of

regular content.

For Ru isotopes, in contrast to the other isotopic chains studied, the situation is much
simpler, with the majority of states belonging to the regular sector, as indicated by their

significant regular content.

129



CHAPTER 5. STRUCTURE AND SHAPE EVOLUTION IN EVEN-EVEN NUCLEI

1.0< e : ‘.,
(b) Ru |
S P —+— 57
%08 I
- P 7r
3 ]
5 06
Q P
:
5 0.4] |
©
0.2 -
()} | |
o Fo
0.0‘ A,‘—:::'.‘E:::_é
98 102 106 110 11498 102 106 110 114
A

A
Figure 5.37: Regular content of the Ru isotopes for the two lowest-lying states for each
J value (full lines with closed symbols correspond with the first state while dashed lines
correspond with the second state) resulting from the IBM-CM calculation.

5.8 Study of other Observables: Radii, Isotopic Shifts,

and Two-Neutron Separation Energies

5.8.1 Radii and Isotopic Shifts
Experimental observables such as nuclear charge radii provide an additional and very
sensitive probe of structural changes along isotopic chains. In particular, abrupt variations
in the radius are expected to occur around neutron number N = 60, where a rapid
onset of deformation is known to take place. In this section, we compare the available
experimental data on charge radii and isotopic shifts with the results obtained from our

IBM-CM calculations.
Within the IBM-CM framework, the nuclear radius is closely connected to the expectation

value of the ng operator in the ground state. This contribution is imposed on a smooth,
approximately linear dependence on the number of bosons. Since the model explicitly
includes both regular and intruder configurations, both contributions must be taken into

account. The squared charge radius operator can therefore be written as
(5.4)

r? =rl+ P}, <7NN + ﬁNﬁd) Py + pva+2 <7N+2N + BN+2ﬁd> Py o,
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Figure 5.38: Energy systematics of the four lowest states below 4 MeV for Ru isotopes.
Each panel corresponds to a specific angular momentum: (a) for J = 0, (b) for J = 2,
(c) for J =3, (d) for J =4, (e) for J =5, (f) for J =6, (g) for J =7, and (h) for J = 8.
The size of each symbol is proportional to the fraction of the wave function lying in the
regular sector. The dot for the state 0 in “*Ru corresponds to 100%.

where Py and ]3N+2 denote projection operators onto the regular and intruder subspaces,

respectively.

Sr and Zr isotopes

For the Sr isotopic chain, the parameters entering equation are taken to be common
to all nuclei considered and are determined by a global fit to the experimental data,
which are given relative to ®Sr. The constant term r? is fixed so as to reproduce the
radius of ??Sr. The resulting parameter values are vy = 0.23 fm?, By = —0.028 fm?,
Yng2 = 0.294 fm?, and By o = —0.16 fm?. A similar strategy was adopted in Ref. [148],

although only a single configuration was considered in that work.

The IBM-CM results for both the absolute radii and the isotopic shifts show good overall
agreement with the experimental data, as illustrated in panels (a) and (b) of Fig.|5.39, In
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particular, the calculations successfully reproduce the sudden increase in the charge radius
at %8Sr, which signals the onset of deformation. This behavior can be directly linked to the
crossing of two configurations with markedly different deformation, leading to an abrupt

change in the ground-state structure and, consequently, in the nuclear radius.

For the Zr isotopic chain, the parameters entering equation have been determined
through a fit to the available experimental charge radii of the even-even nuclei in the
mass range A = 94-106, which are given relative to %°Zr [149]. The fit has been performed
using the Hamiltonian parameters previously extracted, and restricting the analysis to
the first half of the neutron shell (N = 50 — 82), in order to avoid possible changes of
the radius parameters when crossing midshell. The resulting values are vy = 0.245 fm?,
By = 0.195 fm? vy = 0.275 fm?, and By = —0.09 fm?, with the constant term r?

fixed so as to reproduce the experimental radius of *°Zr.

The IBM-CM results for the Zr isotopes are displayed in Fig. p.39(c) and (d), where
both the absolute charge mean-square radii and the corresponding isotopic shifts are
compared with the experimental data. A very good overall agreement is obtained, in
particular regarding the abrupt increase of the radius when moving from **Zr to °°Zr.
This pronounced change, which is significantly larger than those observed in other regions

of shape coexistence, is a clear fingerprint of a sudden onset of strong deformation at
N = 60.

A comparison between the Sr and Zr isotopic chains reveals some common features in the
evolution of nuclear radii in the A ~ 100 region. In both cases, the IBM-CM calculations
reproduce the pronounced increase of the charge radius at N = 60, reflecting the sudden
onset of deformation driven by the mixing of regular and intruder configurations. However,
the effect is significantly more pronounced in the Zr isotopes, where both the absolute radii
and the isotopic shifts exhibit a sharper and larger variation than in Sr. This indicates a
more abrupt structural reorganization in Zr nuclei, consistent with a stronger dominance

of the intruder configuration in the ground state beyond N = 60.

Mo and Ru isotopes

The same fitting procedure is applied to the Mo and Ru isotopic chains. In both cases, the
parameters are assumed to be constant along each chain and are adjusted to best repro-
duce the experimental data, which are referenced to 1%Mo and '%Ru, respectively. For Mo
isotopes, the fitted values are vy = 0.221 fm?, By = —0.627 fm?, yy42 = 0.215 fm?, and
Bn42 = —0.024 fm?. For Ru isotopes, the values are vy = 0.248 fm? and Sy = 0.018 fm?.
In this case, no explicit contribution from the intruder configuration is required. This
treatment closely follows the approach of Ref. [I48], where only the regular configuration

was considered.
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Figure 5.39: Charge mean-square radii for the Sr nuclei (a) and for Zr (c). Together with
the isotopic shift for the Sr nuclei (b) and Zr (d). The data are taken from [149]. Lines
are used for theoretical results and dots with error bars for experimental values. Data for
Zr isotopes taken from [88].

For Mo isotopes, the IBM-CM calculations reproduce the overall trend of the radii and
capture the sudden increase observed at Mo, associated with the onset of deforma-
tion. However, the theoretical values do not fully overlap with the experimental error
bars, in agreement with previous studies [150], 144], 145] 88, 36]. In particular, the cal-
culations tend to predict a slightly stronger and more abrupt deformation than observed
experimentally. This discrepancy may be related to the theoretical prediction of a sim-
ilar degree of deformation for *4~1%Mo, whereas the experimental data suggest a more

gradual evolution.

In contrast, the situation for Ru isotopes is simpler. Since only the regular configuration
contributes, the calculated radii follow a smooth linear trend that agrees well with the

experimental data, and no abrupt structural changes are observed. Note that different
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Figure 5.40: Charge mean-square radii for the Mo (a) and Ru nuclei (c¢) and isotopic shift
for the Mo (b) and Ru nuclei (d). The data are taken from [149]. For Mo, (r?),.; is fixed
to reproduce the value of (r?) in Mo, while for Ru to reproduce *°Ru.

vertical scales are used in panels (a) and (c) and also in (b) and (d) of Fig. [5.40

5.8.2 Two-Neutron Separation Energies
The two-neutron separation energy, So,, is defined as the difference between the binding
energies of two nuclei differing by two mass units,

Son(A) = BE(A) — BE(A —2), (5.5)

where BE(A) denotes the binding energy of the nucleus with mass number A. This
observable is particularly sensitive to changes in nuclear structure and is therefore perfect

for identifying regions of rapid structural evolution.

Within the IBM framework, to the binding energy obtained from the Hamiltonian we must

add an additional contribution depending on N and N2, which does not affect excitation
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energies. This leads to an extra linear term in the expression for Sy, [I51]. As a result,

the two-neutron separation energy can be written as
Son(A) = A+ BA+ BE"°(A) — BE*(A - 2), (5.6)

where BE'™ is the local binding energy obtained from the IBM Hamiltonian, and the

coefficients A and B are taken to be constant along a given isotopic chain [I51].

In the IBM-CM approach, the effective number of bosons contributing to the ground state
may be modified by the presence of intruder configurations. To account for this effect, we

introduce the following ansatz:
Son(A) = A+ B(A+2(1 —w))+ BE"(A) — BE"(A - 2), (5.7)

where w = w!(0) is the regular component of the ground-state wave function, w*(J) =
>~ laf(J)[2. Once the local binding energies are known, the parameters A and B are deter-

mined through a least-squares fit to the experimental S5, values, following the procedure
described in Refs. [151], [144] 8§].

Sr and Zr isotopes

For the Sr isotopic chain, the fitted values of the two-neutron separation energy are
A =529 MeV and B = —0.441 MeV. The comparison between experimental data and
IBM-CM results is shown in Fig. panel (a), where a very good overall agreement
is observed. In particular, a clear change in the slope of the S,, curve can be noticed
when approaching neutron number N = 60 (A & 98), which is approximately reproduced
by the theoretical calculations. This behavior manifests itself as a flattening of the Sy,
systematics and is commonly interpreted as a signature of a rapid structural change in
the ground state or a quantum phase transition (QPT) [152], as previously suggested for
Zr isotopes [96].

A comparison between the Sr and Zr isotopic chains shows that both exhibit a pronounced
change in the slope of the two-neutron separation energy around N = 60, reflecting a
sudden modification of the underlying nuclear structure. In Zr isotopes, this feature has
been previously associated with a crossing between configurations of different deformation
and interpreted as a clear signature of a QPT. In the case of Sr, a similar flattening of
the Sy, curve is observed, although the effect is slightly less abrupt, suggesting a more
gradual evolution of the ground-state structure. This difference is consistent with the
trends observed in other observables, such as charge radii, and points to a smoother

interplay between regular and intruder configurations in Sr as compared to Zr.

135



CHAPTER 5. STRUCTURE AND SHAPE EVOLUTION IN EVEN-EVEN NUCLEI

94 96 98 100 102 96 98 100102 104 106
A A

Figure 5.41: Comparison of experimental and theoretical two-neutron separation energies
for Sr isotopes in panel (a) and for Zr ones in panel (b).

Mo and Ru isotopes

Applying the same fitting procedure to the Mo and Ru isotopic chains, we obtain A =
55.2 MeV and B = —0.407 MeV for Mo, and A = 65.7 MeV and B = —0.499 MeV for
Ru. As in the Sr case, only the first part of the neutron shell is used to determine these

parameters.

The comparison between theory and experiment is displayed in Fig.[5.42] In both isotopic
chains, a good overall agreement is observed around neutron number N = 60 (A = 102
for Mo and A = 104 for Ru). For Ru isotopes, the Sy, values follow a nearly linear trend,
which is well reproduced by the model. In Mo isotopes, a slight flattening appears at
A =102, corresponding to the crossing of regular and intruder configurations. Although
the IBM-CM results remain largely linear, this point signals the same structural change

identified in other observables.

It should be noted that A = 108 in Mo already lies beyond the midpoint of the neutron
shell, even though the same linear coefficients determined from the first half of the shell are
employed. The deviation observed for 1Mo is therefore related to the known differences

between the linear trends in the first and second halves of the shell, as discussed in
Ref. [I51].
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Figure 5.42: Comparison of experimental and theoretical two-neutron separation energies
in Mo (panel (a)) and Ru (panel (b)) isotopes.

5.9 Nuclear Deformation and Mean-Field Energy Sur-

faces

One of our goals is to obtain information about the deformation along the different isotope
chains considered, taking into consideration that the deformation () cannot be directly
measured. Moreover, the use of different methods to determine the deformation will allow

us to analyze the consistency of the obtained values.

The first way to get information about deformation is through the use of the intrinsic state
formalism of the IBM. This formalism was presented in the set of seminal works [63], [72]
64, [153] and it provides a geometric interpretation of the model, defining, in particular,
a deformation parameter. This intrinsic state formalism cannot be used directly for the
IBM-CM, but the formalism should be enlarged. Frank et al. introduced almost twenty
years ago the matrix coherent-state method [68] (69, 41, [154] which allows to calculate
the total energy surface for a system where regular and intruder configurations exist. In
Refs. [155] 144 [T45] 88], a detailed description of the method and its application to Pt,

Hg, Po, and Zr isotopes, respectively, has been given.
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5.9.1 Sr Isotopes

The evolution of the nuclear deformation can also be approached by the study of the
mean-field energy curves in a chain of isotopes, which can be calculated also using the
IBM-CM formalism [6§]. This is depicted in Fig. for Sr isotopes, where we present
these axial energy curves for the regular and the intruder configurations, as well as the
one for the complete system. Concerning the regular configuration (red dotted line), it
presents a smooth evolution being spherical for A = 92 — 96, becoming very flat and
finally axially oblate deformed for A = 98 — 102. Regarding the intruder configuration
(green dashed line), it starts being also spherical for A = 92 and 94, but rapidly becomes
axially prolate deformed from A = 96 and onwards. Finally, the IBM-CM full calculation
(black full line), which essentially follows the lowest of the intruder and regular curves,
starts also with a spherical minimum in A = 92 — 96 and then becomes an axially prolate
deformed for A = 98 — 102. A very relevant feature is that both configurations evolve
separately from a spherical to a deformed shape, more rapidly in the case of the intruder
configuration. Therefore, most probably in both configurations separately, regular and

intruder, a QPT is present.

Moreover, the fact that both configurations cross at A = 98 makes much more abrupt
the change of deformation, also inducing a QPT in the whole system. The QPT present
in the separated regular and the intruder configurations is called type-I QPT [35] and
involves the existence of a single configuration energy surface where several minima are
present. On the other hand, for the whole energy surface a type-II QPT [35] appears
because two energy surfaces that cross are present. A type-II QPT is expected to induce
much more abrupt changes than the type-I and it will own the typical phenomenology
of a first order QPT. It is worthy to mention that this is not the only mechanism to
induce a discontinuity in the Ss,, as happens, for instance, in the rare-earth region at
N =~ 90.

To complete the analysis, the IBM-CM mean-field energy surfaces calculated for the
92-102Gr jsotopes are displayed in Fig. where again a clear evolution of the nuclear
shape is observed along the isotopic chain. Regarding the cited figure, the lightest nuclei,
92Gr, 98r, and 0Sr, exhibit nearly spherical energy surfaces. In particular, *Sr shows a
weakly deformed minimum, while “*Sr presents a very flat potential, indicating in that

way a transitional character.

In contrast, the heavier isotopes are clearly deformed. Showing the *®Sr isotope clear
signs of shape coexistence, with prolate and oblate minima lying very close in energy.
For 198 and '°2Sr, a pronounced prolate minimum becomes dominant, while an oblate
minimum persists at higher excitation energy. These results are fully consistent with

self-consistent mean-field calculations based on the Gogny interaction within the HFB
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Figure 5.43: Axial IBM-CM mean-field energy surfaces for ?27192Sr isotopes. Red dot-
ted line stands for the unperturbed regular configuration, [N], green dashed one for the

unperturbed intruder configuration, [N+2|, while the black continuous line for the full
IBM-CM calculation.

framework [92, O1]. In those studies, ®?Sr remains spherical, a shallow oblate minimum
appears in ?Sr, and both oblate and prolate shapes coexist in “°Sr, with the oblate
minimum being energetically favored. For 87192Sr, the prolate minimum becomes the

lowest one, in agreement with the present IBM-CM results.

It is worth noting that, although a similar evolution is observed in the Zr isotopic chain,
the nature of the coexisting shapes differs: in Zr isotopes the competition occurs mainly
between spherical and prolate configurations, whereas in Sr isotopes the coexistence in-

volves oblate and prolate shapes.

To quantify the evolution of deformation, Fig. presents the value of the deformation
parameter 5 associated with the absolute minimum of the energy surface. It is important
to keep in mind that although the IBM deformation parameter ( is not identical to the
collective-model variable, an approximate correspondence can be established [63]. The

figure displays separately the results obtained for the regular ([/V]) and intruder ([N + 2])
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Figure 5.44: Matrix coherent-state calculation for *27192Sr, corresponding with the present
IBM-CM Hamiltonian (table [5.1)). The red dot marks the position of the absolute mini-

muin.

configurations by setting the mixing strength to zero (w = 0), as well as the outcome of
the full IBM-CM calculation.

We can observe that both configurations evolve from near-spherical shapes at low mass
numbers toward deformed ones at higher masses. The regular configuration develops
an oblate deformation, while the intruder configuration becomes prolate. The onset of
deformation is more abrupt in the regular configuration, whereas the intruder configura-
tion evolves more smoothly. When configuration mixing is included, the ground state of
the first three isotopes is dominated by the regular configuration, while for *~192Sr the

intruder configuration becomes dominant, leading to a prolate ground state.

Although nuclear shape is not a direct observable, Coulomb excitation experiments pro-

vide nearly model-independent access to deformation properties, as demonstrated by Ku-
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Figure 5.45: Value of  extracted from the IBM-CM energy surface. [N], [V + 2], and
IBM-CM correspond to a pure regular configuration, a pure intruder configuration, and
to the complete calculation for Sr isotopes.

mar, Cline, and collaborators [156), [157]. This method relies on the concept of an “equiva-
lent ellipsoid”, defined as a uniformly charged ellipsoid reproducing the charge radius and
E2 moments of a given nuclear state. From measured electromagnetic matrix elements,
it is possible to extract effective deformation parameters S and v for states with definite
angular momentum. More recently, deformation properties have also been explored in the
laboratory frame using auxiliary-field Monte Carlo techniques, extending the analysis to
excited states [158] 159, 160].

From a theoretical perspective, nuclear deformation can be characterized using quadrupole

shape invariants. For 07 states, these invariants are defined as

i = V5(07[[Q % Q] or). (5.8)

B = —J?Qﬁuéxéx@@|w) (5.9)

The deformation parameters are directly connected with the ones of the triaxial rigid

rotor, ¢ and J, accordingly to,

q= 1/, (5.10)
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Table 5.8: Values of deformation, ¢? and ~, extracted from the quadrupole shape invari-
ants, together with the value of w* ([N] content) for Sr isotopes.

A State ¢* (e?V?) ~ w” A State ¢* (e?b?) ~ w”

92  0f 0.10 29 0999 | 98 07 1.33 10 0.109
05 0.06 17 0.995 05 0.31 15 0.888
04 1.18 19  0.003 05 0.14 27 0.947

94 0 0.10 30 0.996 | 100 0, 1.46 10 0.109
05 0.05 30 0.989 05 0.25 48  0.981
04 0.32 30 0.013 05 0.98 18 0.039

9% 0 0.17 39  0.996 | 102 07 1.84 9 0.001
05 0.14 49 0.981 05 0.81 19  0.507
04 0.16 15 0.020 05 0.83 18 0.493

d= % arccos %, (5.11)
2

where § coincides with the parameter v of the Bohr-Mottelson model up to first order
approximation. It is worth mentioning the work [I61] where a method to calculate the

fluctuations of 5 and ~y is presented.

The theoretical values of v and ¢? are presented in Table simultaneously with the
fraction of wave function belonging to the regular sector w*, for every 07, 03 and 07 of the
whole chain of Sr isotopes. According to this table, one readily observe the coexistence of
different deformations, typically less deformed for the regular than for the intruder states.
Another interesting feature is the fact that the nature of the deformation of the ground
state suddenly increase when passing from %279Sr to %1928y, Regarding triaxiality, the
three first isotopes present clear triaxial shapes, while in the three last ones the ground

state is close to a prolate shape and the rest of states remain rather triaxial.

The deformation parameter 5 can also be obtained from the quadrupole shape invariant
(5.8) (see, e.g., references [140, 162, 134]),

Am\/q>
= 5.12
b 3Zert A3’ (5.12)

where e is the proton charge and ry = 1.2 fm.

The values of 3 extracted from equation (5.12)) for the corresponding ground state, 07,
and the 03 and 0 states, are shown in Fig. [5.46(a), where 3 for the ground state presents
a rapid increase, passing from a value around 0.15 for 27%Sr to another around 0.45 for

98-102Gr - The value of 3 for the 0] state steadily increase while for the 03 state there

100710281‘

also exists a sudden increase for It is illustrative to present the value of the

deformation for the first 0 state belonging to the regular sector, Ojeg, and the one of the
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Figure 5.46: Value of the deformation, [, extracted from the value of the quadrupole
shape invariants for Sr isotopes. In (a) we plot the value for the first three 0T states. In
(b) we plot the same but for the first regular and the first intruder 0" state.

first 0% state which belongs to the intruder sector, 07, as shown in Fig. [5.46{b) which
is done simply taking into account the regular content of the states presented in the last
column of Table . The 0, state shows a smooth increase of deformation over the whole
chain of isotopes and it corresponds to the 07 state for “>79Sr and to the 0 for %1925y,
while the state 0, shows the sudden increase of the deformation previously explained

and it corresponds to the states 05 and 0 for 27%6Sr and %*~102Sr, respectively.

To conclude the analysis of the nuclear deformation of Sr Isotopes, we can say that both
approaches presented provide a consistent view of the deformation of the two families
of states, intruder and regular, with both configurations close to a spherical shape in
92-96Sr and an increase in deformation when entering in the region of %7192Sr. The
mean-field energy surfaces point to the coexistence of a prolate and an oblate shape in
9%8-102Gy  corresponding the deepest minimum to the prolate shape. The abrupt onset
of deformation, specially for the ground state, which is the result of the crossing of the
regular and the intruder configurations, points to the existence of a QPT around *®Sr.
The behavior of the Sy, and the nuclear radii, presented in previous section, point to the
existence of a QPT, as well. This is a case that resembles the situation in even-even Zr
isotopes where also two configurations coexist and they cross at 1°°Zr. Therefore, the
study of both chain of isotopes suggests the presence of a first order QPT at neutron

number 60 associated to the crossing of two configurations.
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5.9.2 Zr Isotopes

The evolution of the nuclear shape along the Zr isotopic chain can be analyzed in detail
studying the energy curves and energy surfaces shown in Figs. and respectively.
Both representations provide complementary information on the onset of deformation and

the coexistence of different shapes.

Firstly, the energy curves displayed in Fig.|5.47| clearly illustrate the gradual change in the
equilibrium configuration as the neutron number increases. For the lighter isotopes, the
minimum of the energy curve is located at § = 0, indicating a spherical shape. However,
as neutrons are added, the spherical minimum evolves into a more deformed configuration.

Moreover, in all deformed cases, the minimum corresponds to a prolate shape.

@)= 27> (b) . (c) -] — IBM-CM
942‘\ . 962r :. 2< ) [N]
D =-= [N+2]

E (MeV)
=N

o

Figure 5.47: Matrix coherent-state potential energy surface along the axial axis for even-
even Zr isotopes. Data extracted from [8§]

The same physics is reflected in the energy surfaces shown in Fig. [5.48] where it can
be observed that these nuclei exhibit a rapid transition from spherical configurations to

well-deformed shapes as neutrons are added.
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In Fig. [5.48] lighter isotopes corresponding to **~%%Zr, the energy surface displays a well-
defined spherical minimum, while for 1°Zr, two competing minima are observed: a spher-
ical minimum and a prolate-deformed one, which are nearly degenerate in energy, that is
a feature of shape coexistence. Moreover, in 0271107y the energy surface is dominated by
a deep prolate-deformed minimum, although a shallow spherical minimum still persists.
In addition, it is worth noting that, within the mean-field framework, the spherical con-
figuration remains the lowest minimum in '°°Zr, although it lies very close in energy to

the prolate one.

Furthermore, in the same way as we have previously performed, more information about
the deformation can be extracted from the study of the quadratic quadrupole invariant,
from which the 8 values are determined for the lowest 01 states along the zirconium

isotopic chain.

The resulting deformation parameters for the first three 0" states are displayed in Fig. (a).
The ground-state deformation exhibits a pronounced maximum around A = 104, whereas
the deformation associated with the 0] state shows a more irregular behavior. In contrast,
the deformation of the 0F state remains approximately constant throughout the isotopic

chain.

An also meaningful representation is obtained by distinguishing between regular and
intruder configurations. Selecting the lowest 07 state dominated by the regular configura-
tion and the lowest 0T state dominated by the intruder configuration, the corresponding /3
values are shown in Fig. (b), where we notice that the intruder state is systematically
more deformed than the regular one, as expected. Both configurations reach a maximum
deformation around A = 104, although the regular configuration exhibits a much flatter
behavior along the isotopic chain and whereas the deformation associated with the regular
configuration remains nearly constant, except near mid-shell, the intruder configuration
shows a more abrupt increase as mid-shell is approached. Additionally, a sudden increase

in deformation is observed when moving from A = 94 to A = 96 and beyond.

5.9.3 Mo Isotopes

Firstly, we show in Fig. the axial energy surfaces while in Fig. appears the full
B — v plane energy surfaces for Mo isotopes. In the axial case, the unperturbed calcu-
lations for regular (red dotted line) and intruder (green dashed line) configurations are
presented, along with the full calculations (black solid line). It is evident that the intruder
configuration evolves from a spherical shape to a flat surface in 1Mo, transitioning into
an oblate deformed shape and eventually becoming nearly ~-unstable. This configuration
gains correlation energy more rapidly than the regular configuration. On the other hand,

the regular configuration evolves slowly from a spherical shape to a shallow prolate de-
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Figure 5.48: Matrix coherent-state calculation for *~119Zr corresponding with the present
IBM-CM Hamiltonian. The /3 variable has been rescaled and it corresponds to the one of
the collective model. The energy spacing between adjacent contour lines equals 100 keV
and the deepest energy minimum is set to zero, corresponding to the red color[8§]
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Figure 5.49: Value of the deformation parameter ( extracted from the value of the
quadrupole shape invariants for Zr isotopes. In panel (a) the first value for the 07 states
is presented, while in panel (b) we plot the same but for the first regular and the first
intruder 0" state [8§]

formed energy surface. The full calculation clearly depicts the transition from a regular

to an intruder ground state.

When analyzing the energy surfaces in the § — ~ plane (Fig. , the transition from a
spherical to a prolate shape can be observed in 1°2Mo, although also a secondary prolate
minimum appears in **Mo, and the nuclei become almost y-unstable in *~110Mo. Pre-
vious HFB calculations using a Gogny interaction [92] [9T] exhibit similar energy surfaces
to the present results, although there ®°Mo is already prolate deformed. From '“2Mo
onwards, the shape is predominantly oblate, with triaxial minima and shallow valleys
in the v direction. The coexistence of two minima, one oblate and the other prolate, is
present in **Mo. Note that the situation is similar to the case of Sr where the coexistence
of a prolate and an oblate minimum exists [36], but differs from the Zr nuclei where an

spherical and a prolate minimum coexist [96].

To gain a clearer understanding on the evolution of nuclear shape, it is useful to represent
the value of 8 corresponding to the minimum in the energy functional (indicated by red
dots in Fig. . It is important to note that the g variable defined in the IBM does not
directly correspond to the one used in the collective model. However, there exists a linear
relationship [63] connecting both variables. Therefore, the variables presented should be
understood as being proportional to the Bohr-Mottelson ones. Note that positive values

corresponds to prolate shapes while negative to oblate.

Moreover, Fig. [5.52] illustrates the IBM S values for Mo isotopes, here the values corre-
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Figure 5.50: Axial symmetry energy for %~*9Mo, corresponding to the IBM-CM Hamil-
tonian provided in Table The full configuration mixing calculation (full black line) is
shown together with the unperturbed calculations for the regular sector (red dotted line)
and for the intruder configuration (green dashed line).
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Figure 5.51: Matrix coherent-state calculation in the 8 — v plane for ~'%Mo, corre-
sponding to the IBM-CM Hamiltonian provided in Table [5.3. The red dot marks the
position of the absolute minimum.
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spond to the full calculation (IBM-CM) as well as the regular ([N]) and intruder ([V +2])

configurations, assuming that no interaction exists between the two configurations.

In the present chain of isotopes, the regular configuration is spherical in the range A =
96 — 102, transitioning to a prolate shape for A = 104 — 110. On the other hand,
the intruder configuration is spherical until A = 100, but then it rapidly increases its
value, becoming oblate. The full calculation exhibits a similar behavior to the intruder
configuration, transitioning rapidly from spherical to prolate deformation around A = 102.
It is worth noting that although the obtained deformation for A = 110 is oblate, the
potential is almost ~y-unstable. Therefore, the sign of 3 for *'Mo is unimportant. In both

configurations, the deformation develops quite rapidly.
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Figure 5.52: Value of 3 extracted from the IBM-CM energy surface for Mo isotopes.
[N], [V + 2], and IBM-CM correspond to a pure regular configuration, a pure intruder
configuration, and to the complete calculation.

Lastly, we will also calculate the value of the deformation using the quadrupole shape
invariants (see equations ) For doing so, by analyzing measured data from various
transitions obtained through Coulomb excitation techniques, it is possible to extract the
values of collective model variables, namely 3 and ~, for a given state. This approach

provides valuable experimental insights into the deformation of nuclei.

The theoretical values of 3, 7, ¢?, and the fraction of wave function belonging to the
regular sector, w®, are presented in Table for each 07, 05, and 0F state across the
entire chains of Mo isotopes. This table reveals the coexistence of different deformations
within the same nucleus, with the regular states typically exhibiting less deformation

compared to the intruder states.
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Table 5.9: Values of deformation parameters, ¢?, 3 and v, extracted from the quadrupole
shape invariants, together with the value of w* ([N] content), for Mo isotopes.
State  Iso  ¢® (2b?) B v (deg) wF
07 Mo 0.28 0.17 48 0.971

05 1.63 042 50 0.158
05 0.62  0.26 46 0.579
07 %Mo 0.37  0.20 14 0.881
05 0.12 0.11 14 0.122
05 0.49 0.23 0 0.730
07 ™Mo 053 023 25 0.825
05 1.22 0.35 31 0.241
07 0.64  0.26 13 0.763
07 1Mo 1.16  0.34 26 0.018
05 148  0.39 18 0.968
05 0.90  0.30 23 0.020
07 ™Mo 1.45 0.38 43 0.013
05 1.35  0.36 55 0.946
04 1.01 0.32 44 0.430
07 Mo 1.61 0.39 43 0.010
05 .16  0.33 30 0.297
01 0.99 0.31 24 0.694
07 %Mo 2.23 0.46 36 0.008
05 1.95 0.43 28 0.016
05 1.29  0.35 27 0.603
07 Mo 1.91 0.42 30 0.013
05 1.68  0.39 30 0.012
04 0.96 0.30 21 0.910

In this case, the intruder states generally display a significant oblate deformation that
increases with the mass number. However, an exception is observed in Mo, where a
low deformation is observed. This is consistent with the “collapse” of the B(E2) values
observed in its yrast band, possibly related to the closure of the neutron number 56
subshell. The deformation of the first regular state steadily increases until ***Mo, but for
102\o, there is a sudden increase, and the deformation remains relatively constant for the
remaining isotopes. Regarding the value of 7, clear conclusions can only be drawn in a
few cases, such as Mo and Mo, where the states are oblate and prolate, respectively.

In other cases, the deformation is compatible with triaxiality.

As a complement to Table [5.9 the trend of the value of 3 for the first two 0T states in
Mo and Ru isotopes is depicted in Fig. [5.53] where we can observe that the situation is
more complex for the 05 state. The 0 state exhibits a rapid increase in 8 at A = 102,
rising from 0.23 to 0.34, and then showing a more gradual increase up to the mid-shell

region where it reaches its maximum value of 0.42.
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Figure 5.53: Value of the deformation, 3, extracted from the value of the quadrupole
shape invariants for Mo (panel(a)). Panel (b) is also for Mo but here the  values for the
first regular and the first intruder 0 states are shown.

In addition, it is also of interest to plot the value of 3 for the first 0" state belonging to
the regular sector (0*reg) and the first 0% state belonging to the intruder sector (07int)
in Mo isotopes, as shown in panel (b) It can be observed that the regular state exhibits
a rapid increase in deformation at A = 102 and subsequently shows a steady decrease.
On the other hand, the intruder state maintains a relatively high and constant value of

B, except for the aforementioned exception observed at A = 98.

5.9.4 Ru Isotopes

In Fig. 5.54) the axial energy surfaces for Ru isotopes are shown and the full § — v
plane energy surfaces are displayed in Fig. . In the axial case (Fig. , both
the unperturbed and full calculations are presented. It is noteworthy that the intruder
configuration remains well separated from the regular configuration throughout, and this
is consistent with the full calculation. The nuclei start out as spherical but gradually
evolve into flatter shapes, reaching full flatness at '“Ru. Subsequently, they transform

into y-unstable shapes, with the deepest minimum occurring at "°Ru.

When examining the energy surfaces in the §—-~ plane (Fig. , similar conclusions can
be drawn. The flattest energy surface is observed at '“Ru, which serves as a boundary
between the spherical and y-unstable shapes. In a previous study [91], it was found that
the lightest Ru isotopes exhibit a slightly prolate shape, while a very shallow triaxial
minimum is observed in *471%Ru. In %-1Ry, oblate minima are obtained, albeit with

a very flat + direction, and in certain cases, they become almost triaxial.
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Figure 5.55: Same as Fig. but for %*~1*Ru and Table [5.4]

Here again we represent the [ corresponding to the minimum in the energy functional
(indicated again with red dots in Figs. [5.55)). It is also convenient to remember that posi-

tive values corresponds to prolate shapes while negative to oblate. Fig.[5.56|illustrates the
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IBM 3 values the isotopes considered in this section, with values corresponding to the full
calculation (IBM-CM) as well as the regular ([N]) and intruder ([N + 2]) configurations,

assuming no interaction exists between the two configurations.

Here, in the case of Ru isotopes, the regular configuration, as well as the full calculation,
corresponds to spherical shapes for ®~12Ru. However, they undergo a sudden transition
to y-unstable deformation for '%~!4Ru, with the maximum deformation occurring at
the mid-shell. The intruder configuration exhibits a similar behavior, but it is important

to remember that the intruder Hamiltonian remains fixed throughout the entire isotope

chain.
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Figure 5.56: Value of [ extracted from the IBM-CM energy surface for Ru isotopes.
[N], [V + 2], and IBM-CM correspond to a pure regular configuration, a pure intruder
configuration, and to the complete calculation.

Lastly, we will also calculate the value of the deformation using the quadrupole shape
invariants from equations . Where again, analyzing measured data from various
transitions obtained through Coulomb excitation techniques, the values of collective model
variables, namely § and ~, for a given state are extracted. In this way, the theoretical
values of 3, 7, ¢2, and the fraction of wave function belonging to the regular sector, w*,
are presented in Table for each 0f, 05, and 05 state across the entire chains of Ru
isotopes, where a situation relatively straightforward is observed, with a steady increase
in deformation for the regular states, with a fixed v value of 30 degrees throughout. Only

in two cases are intruder states observed, exhibiting a large deformation.

Finally, as a complement to Table the trend of the value of § for the first two
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Table 5.10: Values of deformation parameters, ¢, 5 and ~, extracted from the quadrupole
shape invariants, together with the value of w* ([N] content), for Ru isotopes.
State  Iso ¢ (e?b?) B v (deg) wF
0f  %Ru 040 020 30  0.997

05 0.35  0.18 30 0.988
0 2.05  0.45 30 0.012
07  MRu 050 @ 0.22 30 0.996
05 0.40  0.19 30 0.995
07 2.76  0.51 30 0.006
07  ™Ru 064 024 30 0.994
05 0.54  0.22 30 0.992
04 3.60 0.57 30 0.010
07 ™Ru 084 027 30 0.994
05 0.56  0.22 30 0.996
07 0.73  0.26 30 0.996
07  1%Ru .00  0.29 30 0.994
05 0.62 0.23 30 0.995
0 0.86  0.27 30 0.996
07  Ru 096  0.29 30 0.995
05 0.83  0.27 30 0.997
05 0.61 0.23 30 0.995
07  MPRu  1.05  0.30 30 0.996
05 092  0.28 30 0.997
05 0.71  0.24 30 0.995
07  ™Ru 114  0.30 30 0.996
05 0.97 0.28 30 0.998
0 0.73  0.24 30 0.996
07 ™Ru 098 028 30 0.997
05 0.82 0.25 30 0.998
07 0.60  0.22 30 0.997
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0F states in Ru isotopes is depicted in Fig. [.57 Here again, a relatively straightforward
behavior can be observed, with a constant increase in § up to around the mid-shell region,
reaching a value of approximately 0.30, similar to the one shown in Fig. concluding
that both states belong to the regular sector.
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Figure 5.57: Value of the deformation, 3, extracted from the value of the quadrupole
shape invariants for Ru (panel (b)). Panel (c) is also for Mo but here the § values for the
first regular and the first intruder 0 states are shown.

5.9.5 Direct Comparison of the § Parameter

To finish the analysis of the deformation in this mass area, we will present information

about the quadrupole deformation, f, extracting it from a known B(E2) value as,

B 47r\/B(E2 L — Iy)

_ 5.13
b 3(1,020[1,0)ZeR2 (5.13)

where Ry = 1.2AY3 fm and (....|..) is the Clebsch-Gordan coefficient and for the case of
the yrast band we use I; = 2 and Iy = 0.

In Fig.[5.58] we depict the extracted values of the deformation parameter, 3, for the ground
state bands in the four isotopic chains. It is evident that these chains exhibit distinct and
contrasting systematics. In the cases of Sr and Zr, there is a clear and rapid onset of
deformation at neutron number N=60. For Mo, the increase in deformation is more
gradual. In the case of Ru, the value of § remains nearly constant. In the instances of Sr

and Zr, the sudden increase in deformation arises from the crossing of regular and intruder
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Figure 5.58: Value of the deformation parameter, 3, for the ground state band in Sr,
Zr, Mo, and Ru isotopes extracted from B(E2 : 27 — 0{) as a function of the neutron
number.

configurations, as previously shown in Fig.[5.2l Notably, the intruder configuration has a
significantly larger deformation, contributing to the rapid change in S. However, in the
case of Mo, although the crossing of regular and intruder configurations exists, the strong
interaction between these configurations effectively smooths out the variation in 8 [37].
This smoothing effect has also been observed in Pt [143]. These observations are further
corroborated by the systematics of the two-neutron separation energy [88, [36, 37]. In the
language of QPTs, Sr and Zr exhibit a first order Type II QPT, as seen in the behavior
of 4 [35, M10]. Similarly, Mo showcases a second order Type II QPT. In contrast, Ru
provides ample evidence of a second-order QPT of Type I [37].

5.10 Shape Coexistence and Quantum Phase Transi-

tions: Faces of a Single Phenomenon?

Shape coexistence in nuclear physics was first proposed by Morinaga in the 1950’s [23] and
considered as limited to very limited areas, but nowadays becomes a concept that appears
throughout the entire nuclear landscape, especially in those nuclei at or near shell or sub-
shell closures [30]. Shape coexistence presents certain key experimental features: an U
shape pattern in the energy systematics of a set of states, the lowering of certain excited

0" states (intruder states), a rapid change in the value of the spectroscopic quadrupole
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moments, and the existence of strong EO transitions. All of them show an almost sym-
metric trend with respect to the corresponding mid-shell and they are enhanced at this

place.

Shape coexistence can be understood in terms of two well-known theoretical approaches:
the spherical shell model and the mean field. According to the shell model approach, the
intruder configurations correspond to the promotion of pairs of nucleons across the shell or
subshell gap closures. The other major approach is the mean-field theory where, roughly
speaking, one obtains an energy surface depending on certain deformation parameters. In
this landscape, the ground band will correspond to the deepest minimum (regular states),
but the other local minima can be interpreted as intruder configurations, each of them

owning to different deformations.

The concept of QPT [38] implies the sudden change of the ground state structure of the
system as a function of a control parameter. Such a control parameter can be in the case of
the atomic nucleus, e.g., the neutron number. Therefore, a QP'T can appear in an isotopic
chain where the ground state deformation varies in an abrupt way when passing from
isotope to isotope. Of course, the latter should be considered as an approximation because
a control parameter should be, strictly speaking, continuous. A QPT is characterized by
the discontinuity of some derivative of the system energy. Assuming that the two-neutron
separation energy (Sy,) is somehow proportional to the derivative of the energy with
respect to the neutron number, a first-order QPT involves a discontinuity in Ss,, while a
second-order one a discontinuity in the derivative of S,,,. The even-even Sr isotope chain,

as will be shown along the text, corresponds to the case of a first-order QPT.

An ideal framework to deal with QPTs is the IBM [I1] which is a paradigmatic example
of a nuclear algebraic model. In that framework, a QPT can be understood considering a
Hamiltonian that is a combination of two given symmetries, combined through a control
parameter, H = x Hsyrnl + (1 —x) Hsym2 that allows to go from one to the other
limit. The presence of a QPT is revealed by the existence of a critical value of the
control parameter, x., for which the underlying structure of the system (phase) passes

from symmetry 1 to symmetry 2.

We know that the IBM can be also used to deal with shape coexistence, allowing to define
a framework where different particle-hole excitations are present in the spectrum. The

formalism is known as IBM with configuration mixing, IBM-CM in short [31], [65].

When questioning the connection between QPTs and shape coexistence, first, one should
note several similarities, namely, both phenomena involve a rapid change in the structure
of certain set of states, either ground or excited states and, in both cases, at the mean-
field level, several minima coexist. In the case of shape coexistence, the regular and the

intruder configurations can be thought as having independent energy surfaces that interact
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among them, especially when their minima are close in energy, while under a QPT a single
energy surface exists where two or more minima are present. The evolution of the relative
position of the minima as a function of the neutron number is at the origin of the change
of the nuclear deformation and it can be understood in terms of either shape coexistence
or a QPT. On the other hand, from a quantum point of view clear differences should exist
between both approaches. The most obvious one is the existence of a larger Hilbert space
when two configurations are present, because of the extra nucleons that occupy the single
particle levels. This extra set of levels presents a different energy systematics than the
regular one because for them the effective nuclear interaction is different. Moreover, the
intruder configuration is expected to be found at low energy when the number of valence
nucleons is large, i.e. around mid shell, therefore a parabolic-like energy systematics for
the intruder states appears frequently. However, the situation can be blurred due to the
interaction between intruder and regular configurations or because their crossing [150].
When a QPT exist without the presence of multiple particle-hole excitations, a larger
density of states can be also observed at low energy as for configuration mixing, but it

never happens around mid-shell [96].

5.10.1 Sr and Zr Isotopes Versus Pt and Hg Nuclei

The regions around the sub-shell closure Z = 40 are, together with the area around 7Z
= 82, two of the best examples of shape coexistence in nuclei. In Hg and Pt nuclei, two
types of configurations show up with a clear presence of low lying 0" states, combined
with a parabolic-like shape in the spectra of Hg, whereas this behavior is not so obvious in
Pt. On the other hand, Zr and Sr are known to exhibit the faster change in deformation
in an isotope chain at N = 60, with two particle-hole configuration coexisting and crossing

at this point.

From the point of view of a QPT, there are two key observables that can be used as
indicators of its presence, namely, the two-neutron separation energy, So,,, that will expe-
rience a discontinuity at a first-order transition point and the ratio £(4])/E(2]) which
provides a hint for the appearance of deformation or, in a qualitative way, it is connected
with the order parameter of the QPT. In Fig. [5.59, we present the systematics of Sy,
and E(47)/E(2]), for Sr and Zr, on the one hand and, for Pt and Hg, on the other.
Regarding the value of Sy, one notices a clear change of slope in Sr and Zr, but a fully
linear behavior in Hg and Pt. On the other hand, E(4])/E(2]) shows for Sr and Zr the
typical rapid change that is expected in a QPT, passing from a value close to 2 (even
1.5 for 97987r) to another close to 3.3. However, in Pt and Hg the interpretation of the
systematics is not so evident and the physics involved in these cases seems to be quite

different from the one of Sr and Zr.
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Figure 5.59: Experimental vales of Sy, and E(4])/F(2]) as a function of the neutron
number, N, for Sr, Zr, Pt and Hg isotopes.

To have a more clear view of the analogies and differences between both situations, we
present in Fig. [5.60| some relevant IBM calculations based on [36] for Sr, [96] for Zr, [143]
for Pt, and [144] for Hg. In particular, the results correspond to the value of the IBM
deformation parameter  for the regular ([N]), the intruder configuration ([N+2]) and
the complete system (IBM-CM) (panels a), ¢), e), and g)). Moreover, the unperturbed
energy for the lowest regular, intruder, and ground state (IBM-CM) are depicted in panels
b), d), f), and h). Concerning Sr and Zr, the distinctive feature is the crossing of the
regular and the intruder configurations at A = 98 and 100, respectively, corresponding
to N = 60, inducing a change in the slope of the ground state energy and also a rapid
onset of deformation, which has a dramatic effect on the trend of the radii [88, 36]. In
the case of Pt and Hg, both configurations remain quite close, without crossing in the
case of Hg, and crossing before and after the mid-shell (N = 104) in the case of Pt. The
ground state energy is hardly modified, but the deformation parameter S passed from
the less deformed configuration (the regular one) to the most deformed one (the intruder
one) around mid-shell. The crossing or the close approaching of regular and intruder
configurations in Pt and Hg, respectively, have also a noticeable influence in the radii of
these nuclei, as shown in [I50, 144]. In summary, in Sr, Zr and Pt nuclei, a intruder state

becomes the ground state when approaching the mid-shell, while it never happens in Hg.
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Figure 5.60: a), ¢), e), and g) panels: IBM value of § for the unperturbed regular, [N},
and intruder configurations, [N + 2|, and full calculation, IBM-CM. b), d), f), and h)
panels: ground state energy for the unperturbed regular and the intruder configurations
and for the full calculation. The green thin dashed line stands for the energy needed to
create a particle-hole excitation and the red thin dotted one stands for the reference level.

Note that in Pt, due to the strong mixing between both configurations [143], no dramatic

effect are observed in the spectra, although the energy crossing exists.

The above features have direct consequences in the systematics of Sy, and E(4])/E(27).
In the case of Sr and Zr, what it is observed in Fig. |5.59| can be easily understood in
terms of the crossing of configurations. Indeed, the change in the nature of the ground
state produces a sudden change in the slope of the energy systematics and therefore a
discontinuity in the value of Sy,. On the other hand, because the crossing is so fast,
not only the ground state presents an intruder character, but also the rest of low-lying
members of the yrast band involved in the energy ratio E(4])/E(2]), which makes that
for N < 60 all the states present a vibrational character, while for N > 60 a rotational
one appears. On the other hand, in the case of Hg, because the ground state presents all
the way a regular character and, moreover, there is no interaction between intruder and

regular sector, it can be understood the linear tendency of the Sy, even at the mid-shell.
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Besides, the crossing between 2 and 4 regular and intruder states can explain the drop
of the ratio E(47)/E(2]) around the mid-shell. Finally, to explain the systematics of Pt
in Figl5.59] is a challenge. First, the crossing of regular and intruder 0% energies would
suggest a discontinuity in Ss, as the observed one in Sr and Zr. However, experimental
values show a fully linear systematics. The reason for such a behavior is the strong mixing
between the regular and the intruder sectors (see [I143]). Note that according to [I55] and
Fig. the deformation changes as it should be in a QPT, however the strong mixing
somehow hides its effect in both the Sy, and E(47)/E(2]) observables.

161



Chapter 6

Structure and shape evolution in
odd—even nuclel: an intrinsic-frame

approach

The region around N=60 and Z=40 is highly known for the sudden appearance of defor-
mation. As discussed previously in this thesis for even-even nuclei, this fact was nicely
explained in terms of the simultaneous occupation of neutrons and protons of spin-orbit
partners, namely 1gg/; for protons and 1g7/, for neutrons, leading to proton 2p-2h ex-
citations highly favored thanks to the spin-orbit partner interaction, this has been also

explained more recently in [163] in terms of the nuclear tensor interaction.

While these mechanisms were introduced in the context of even-even isotopes, they also
provide the underlying framework to understand the behavior of odd-even nuclei in this
region [164]. As in the even-even case, nuclear deformation in odd-even nuclei is not a
direct observable. However, its presence can be inferred from experimental quantities that

are sensitive to changes in the nuclear shape.

In particular, the systematics of the mean-square charge radii can provide a hint of defor-
mation effects. Moreover, odd-even nuclei are expected to display a distinct behavior when
compared to the even-even isotopes. For this reason, in order to study the specific effects
associated with the unpaired nucleon, the experimental radii are presented separately for

isotopes with an even and an odd number of neutrons, as shown in Fig. [6.1]

More information can be obtained from the two-neutron separation energies Sy, in Fig.[6.2]
which are also indicator of structural changes along an isotopic chain. In this way, it is
expected that odd-even and even-even nuclei will behave distinctly, being the changes in

this parameter even larger for odd-even isotopes.
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Figure 6.1: Experimental mean-square radii for Sr, Y, Zr, Nb, and Mo isotopes as a
function of the neutron number. a) Even number of neutrons. b) Odd number of neutrons.

In order to expose these expected differences between odd-even and even nuclei, we present
a comparison in Fig. [6.1] of the experimental mean-square radii for Sr, Y, Zr, Nb, and
Mo are presented. In the case of even number of neutrons, corresponding with panel
a), it is clearly remarkable the change in N=60, where there is a sudden increase in the
radius. This is, that is noticeable in Sr and Zr isotopes (which also have an even proton
number) is specially abrupt in Y and Nb (with an odd proton number). Finally, in Mo a
smooth trend is observed, which is not due to the presence of an odd or even number of
nucleons, but marks the end of the area of the onset of deformation [37]. When moving
into the odd neutron number case, panel b), one observes a remarkable resemblance with
the even case, with a rapid increase of the radius at N=60. Note that in the case of Y
and Nb the nuclei are odd-odd and that for Mo there is no data for the central area. In
summary, there are not huge differences between the even and the odd neutron number

cases regarding the radius.

In Fig.[6.2] the S, is depicted, separating, once more, the cases of even and odd neutron
numbers. In both panels, one can easily note a sudden change in the slope of Sg,, at N=60,
being much more abrupt in the case of odd neutron number (panel b)). In addition, it

is interesting to notice that, even in the case of Mo, it is observed the flattening of the
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Figure 6.2: Experimental Sy, for Sr, Y, Zr, Nb, and Mo isotopes as a function of the
neutron number. a) Even number of neutrons. b) Odd number of neutrons.

slope at N=60 for odd neutron number. In general, no differences are observed between

the even and odd proton cases.

Hence, the onset of deformation in this area is a little more strong in the odd neutron case.
Note that this is similar in Y and Nb isotopes that are also odd in the proton number. In
other words, nuclei with either even or odd neutron number behave similarly regardless
their proton character. This suggests that in this mass region the fastest changes appear

for odd number of neutrons.

It is worth mentioning that this behavior observed in S, is also connected with the

existence of a QPT [72], either of type I or Type II [35].

6.1 Application to a Crossing of Configurations

As we introduced previously in Section[4.11] the new intrinsic state formalism presented in
this thesis introduces many advantages, as it allows incorporating all the three different
components of the boson-fermion interaction, multiple 7 values, the triaxial degree of

freedom and also considering configuration mixing.

To test the formalism, we choose in the first place as an illustrative application of the

164



CHAPTER 6. STRUCTURE AND SHAPE EVOLUTION IN ODD-EVEN NUCLEI:
AN INTRINSIC-FRAME APPROACH

formalism, a scenario inspired by Ref. [165], in which spherical and deformed configura-
tions coexist in even-even Pt isotopes [81]. We focus on a hypothetical chain of even-even
nuclei extending from A = 172 to A = 192, with the mid-shell located at A = 182.

For the regular part of the Hamiltonian, we fix e = 1 MeV, while all remaining regular
parameters are set to zero. In the intruder configuration, the parameters are chosen as
kNt2 = —0.044 MeV and V2 = —/7/2, with the rest of the intruder parameters also
taken to be zero. The mixing interaction between both configurations is characterized by
w = 0.15 MeV, and the energy offset of the intruder configuration is set to AN*2 = 14.2
MeV.

With this parametrization, the regular configuration corresponds to the vibrational U(5)
limit, whereas the intruder configuration presents a rotational SU(3) character. For our
analysis the number of bosons is assumed to evolve along the isotopic chain, increasing
from N = 8 to N = 13 at mid-shell and then decreasing back to N = 8 toward the end of
the chain. In addition, we assign N = 8 to A = 172, N = 13 to the mid-shell nucleus at
A =182, and again N = 8 to A = 192. We illustrate the evolution of this bosonic part in
Fig. 6.3 where we present the evolution of the energy, and the deformation parameters (3

and ~ before adding the contribution of the fermion.

Thus, the value of AY*2 is deliberately chosen to induce a crossing between the U(5)
regular configuration and the SU(3) intruder configuration in the region between A =
176 and A = 178, corresponding to N = 10 and N = 11 as is clearly illustrated in

Fig. [6.3]
As a consequence of this configuration crossing, a Type II QPT emerges in this region
(see Section [6.2)), consistently with the behavior observed in Fig. [6.5h.

Moreover, it is useful to show the axial energy curves for this very schematic case. As will
be seen, although the inclusion of a fermion clearly modifies these curves, the evolution
of the nuclear shapes is still largely governed by the bosonic core. In this way, we present
in Fig. the evolution of the axial energy curves of the schematic Pt isotopes consid-
ered, separating the regular an the intruder part for an easier understanding of the total
contribution of the bosonic core.

To illustrate the effect of adding one fermion, Fig. [6.5] shows the case where the fermion

5 3
can occupy the j = 373 or 5 orbitals, where panel (a) displays the single-particle
energies, and panels (b) and (c) show the corresponding equilibrium values of 5 and

v, respectively.

Here, we introduce a specific case involving two configurations, and although, many dif-
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Figure 6.3: Schematic representation of the crossing of a regular U(5) vibrational limit
with an intruder SU(3) rotational limit. Deformation parameters (3, v and the corre-
sponding energies are included

ferent sets of parameters have been tested, we begin with the following set,

eV = N2 = MeV,

J J
A = AV =1.0MeV,
Yy =T = -5.0MeV, (6.1)

AY =AY =1.0MeV,
XN =" =72,

Note that we closely follow the microscopic interpretation of the IBFM proposed in [79]
that has been presented earlier, in which for our schematic calculation, we impose v; = v
(v +u? = 1), with N, = 37 .(2j + 1)o7 and N, = 7.

Moreover, considering that we are working with even-even Pt isotopes as basis, the odd
fermion added to the system will be a proton hole, hence, the hypothetical isotope chain

correspond to Ir and therefore a unit should be subtracted to A.

It is important to notice that in Fig. [6.5h, 12 levels appear, although they are doubly
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Figure 6.4: Axial energy curves corresponding to the crossing of U(5) and SU(3) config-
urations

degenerated, and as we have not imposed the condition of axial symmetry, different col-
ors represent just the order of the levels. Each energy level corresponds to a distinct
equilibrium value of  and +; therefore, different states can exhibit different shapes or
degrees of deformation. The key observation in the trend is that only the lowest energy
level undergoes a transition from a regular (approximately spherical) to an intruder (more
deformed) configuration. In contrast, the other low-lying states maintain a predominantly
spherical character throughout. Additionally, the six higher-lying states (represented by
dashed lines) are primarily associated with the intruder configuration and exhibit a prolate

deformation.

The equilibrium deformation values and the corresponding energies in Fig. alone do
not fully capture the complexity of the energy surface topology. Therefore, in Fig. [6.6]
we present the axial fermion energy curves across the entire isotope chain, alongside the
unperturbed boson energy curves used as a reference (note that the second half of the

shell is symmetric with respect to the first).
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Figure 6.5: Equilibrium value of energies and § and 7 deformation parameters for the
schematic isotope chain. a) Unperturbed boson energies (black lines) and fermion energies
of the different orbits. b) Equilibrium value of 5 for the fermion orbits. c¢) Equilibrium
value of 7 for the fermion orbits. Full lines with full circles for the six lower levels, dashed
lines with full squares for the six upper ones. Colors stand to distinguish the order of the

levels.

One of the main difference with the single particle energies represented before is that here,
the levels are labeled with the K quantum number, which is actually preserved for the
case of v = 0. By construction, regarding the schematic case that we have chosen, the
regular states exhibit a spherical shape, while the intruder states are associated with more
deformed shapes. The deformation observed in the lower states arises from the lowering
of the intruder levels toward mid-shell, as well as from the interaction between the regular
and intruder configurations. It is also quite interesting to notice that, secondary minima
appear in several of the energy curves, which can become nearly degenerate and may even

exchange order as we move along the isotope chain.

In order to obtain a more complete picture of the evolution of the single-particle levels,
it is convenient to analyze the behavior of the energy surface in the -+ plane. In this

context, we detail the evolution of the energy surface corresponding with the lowest energy
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Figure 6.6: Axial energy curves for the fermion orbits over the isotope chain. The fermion
lines are marked with its K value. The thick black lines correspond to the unperturbed
boson energy curves, full for the regular and dashed lines for the intruder configuration.

value obtained after performing the complete calculation, in Fig. [6.7] The results indicate
a smooth structural evolution, starting from a spherical configuration in nuclei with A =
171-173 and gradually evolving to present a more clearly deformed shapes for A = 179-
181.

In the intermediate region, corresponding to nuclei with A = 175-177, it is possible to
distinguish two coexisting minima (see also Fig. . The appearance of these coexisting
minima is a characteristic feature of the present formalism. Nevertheless, the specific
boson-fermion Hamiltonian adopted in this work tends to hinder the formation of the
second minimum and postpone the onset of deformation. However, this behavior is not a
general property, but rather a consequence of the particular choice of the boson-fermion

interaction employed in the calculation.

Another interesting case that we can exploit is the one in which the parameters considered

are instead,
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Figure 6.7: Triaxial energy surface for the first orbit along the isotope chain.

e = VT2 = 0 MeV,

J J
A = AT = 1.0MeV,
Y =T = -5.0MeV, (6.2)

A = AT = —1.0MeV,
XV =V = VT)2,

AJ™? = —1.0MeV. Here, the
key observation is that while in Fig. the trend showed that only the lowest energy

eigenvalue could undergo a transition from regular and approximately spherical to intruder

where the difference can be found in the parameter A) =

and more deformed configuration, here in Fig. are both the lowest and the second
lowest the ones that can undergo such a transition, being of course more pronounced for
the first one. Moreover, it is interesting to notice that although in Fig. there was no
sign of v values different from 0° or 60°, in Fig. there are some hints pointing towards

a possible triaxiality.

Again, it is illustrative to present the axial energy curves for this schematic case in Fig.[6.9]

where again the deformation observed in the lower states comes from the lowering of the
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Figure 6.8: Equilibrium value of energies and 8 and v deformation parameters for the
second schematic isotope chain proposes. Labels and colors follow the same logic as

Fig. [6.5]

intruder levels as we approach midshell together with the interaction between regular and
intruder configurations. Moreover, also in this case secondary minima appear and can
also become degenerate, however, what it is interesting to notice it is that in this case the
value of the absolute minimum for the heaviest isotopes, namely A = 178 and A = 181

is by far lower than the minima that would correspond to the bosonic core and the one
presented in Fig. [6.6]

Finally, in Fig. [6.10] we present the behavior in the 5 — « plane for the lowest eigenvalue,
where it is interesting to notice how the change in parameters leads to a set of surface
that for this time do not evolve from an almost spherical case, asin A = 171 — 173, nearly
two prolate minima can be found almost coexisting. The presence of this minimum is
less prominent in the cases A = 175 — 177, resulting in a completely prolate deformed

A =179 — 181 isotopes with no hints of triaxiality.
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Figure 6.9: Axial energy curves for the fermion orbits over the isotope chain in the second
schematic case. Lines and colors follow the same logic as in Fig.

6.2 About the Presence of Quantum Phase Transi-

tions

Now, we specifically aim to interpret the behavior observed in Fig. [6.6] where the low-
lying states exhibit increasing deformation as the system approaches mid-shell, despite the
Hamiltonian remaining constant. This trend can be attributed to the increasing number
of bosons along the isotopic chain, which enhances the binding energy of the deformed
configuration. As a result, the spherical and deformed configurations eventually cross

and become nearly degenerate. This crossing mechanism is schematically illustrated in

Fig[l.2]

The presence of the odd fermion modifies the crossing behavior in several ways. First,
the boson energy levels are split according to the K-projection of the fermion (within the
axial approximation), which can either raise or lower the energy depending on the specific
boson-fermion interaction. Second, the deformation associated with each configuration is

slightly modified by the coupling to the fermion. Furthermore, the mixing between the
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Figure 6.10: Triaxial energy surface for the first orbit along the isotope chain in the second
schematic case.

regular and intruder configurations induces level repulsion, which can affect the relative

ordering of states.

Taken together, this schematic picture suggests that a Type II QPT can be induced in
the IBFM-CM framework, as previously proposed in Refs. [67, [66] [166]. Importantly, the
precise mass number at which the QPT occurs is shifted relative to the purely bosonic
case, due to the influence of the odd fermion. Given the coexistence of multiple minima

in the energy surface, the resulting QPT is expected to be of first order.

In the second schematic case, the modification of the exchange term AY = AJ*? = —1.0
MeV leads to a different manifestation of the QPT. Where, as shown in Fig. [6.8 both
the lowest and the second-lowest eigenvalues undergo a structural change from a regular
configuration to an intruder and more deformed one as mid-shell is approached. This,
that is supported by the axial energy curves in Fig. and by the triaxial energy surfaces
shown in Fig. [6.10] shows that lowering of the intruder configurations is enhanced by
the coupling to the odd fermion, producing more deformed minima that become clearly
dominant for the heaviest isotopes. The coexistence of competing minima together with

the appearance of the deformed shape, is consistent with a type-II QPT of first-order
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character. The appearance of non-axial equilibrium points further suggests that triaxial
degrees of freedom may also play a role, even though the final deformed phase remains

predominantly prolate.

6.3 Nuclear Shapes of Nb Isotopes

The isotope chain *'%Nb has been previously described in Refs. [67, [66], where the
value of the Hamiltonian parameters of the IBFM-CM were determined by carrying out a
laboratory-frame calculation. In particular, the parameters were obtained by fitting the
theoretical results to the available experimental data. Here, we take those parameters as
fixed inputs and use them to analyze the same isotope chain within the intrinsic-state
formalism of the IBEM-CM [167, [164].

Within this approach, the odd-mass niobium isotopes are described as a boson core cou-
pled to a single unpaired proton. For negative-parity states, the proton occupy the 1fs /s,
2p3/2, and 2p; /, orbitals, while positive-parity states are generated by placing the proton
in the 1gg/o shell.

The consideration of this isotope chain within the intrinsic-state formalism provides a
way of testing the performance of the formalism in both single-j and multiple-j scenarios,
using a complete and realistic set of Hamiltonian and transition-operator parameters. All
the coefficients entering the Hamiltonian and the electromagnetic transition operators are
taken from Refs. [67) 66], where they were obtained through a least-squares fit to the

available experimental information.

6.3.1 Positive Parity States

We begin our analysis by considering the case in which the odd proton occupies the 1gg/2
orbit, which gives rise to positive-parity states. Under these conditions, the Hamilto-
nian matrix to be diagonalized has dimension 10, that originates from the simultaneous

inclusion of both regular and intruder configurations within the model space.

The first step of the study consists in determining the equilibrium values of the defor-
mation parameters, as we did previously with the schematic case, in order to better
understand the role played by the mixing between regular and intruder configurations, it
is convenient to analyze two different scenarios. Firstly, we consider the case in which
configuration mixing is switched off (Vi,x = 0) and then, we study the more general

situation in which the mixing interaction is included (Vi # 0).

The results obtained, not considering configuration mixing, are shown in the left column of
Fig.|6.11] In this case, the regular (solid lines) and intruder (dashed lines) configurations
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Figure 6.11: Equilibrium deformation values, excitation energies, and regular content of
the wavefunction for the positive parity states. (a) equilibrium values of 5 for the unmixed
case (Vpiz = 0), full lines for the regular states and dashed for the intruder ones, thick
dashed yellow line for the IBM-CM result; (b) equilibrium value of 5 for V,,;, # 0, full
lines for the first five states and dashed for the last five ones; (c) equilibrium value of
for Vi, = 0; (d) equilibrium value of v for V,,,;, # 0; (e) excitation energies for V,,;, = 0;
(f) excitation energies for V,,; # 0; (g) regular content of the wave function for V,,;, # 0.

remain clearly separated, both in terms of their excitation energies [panel (e)] and their
equilibrium deformation properties [panels (a) and (c¢)]. Panel (e) shows the eigenvalues
obtained for each configuration, where the lowest five eigenvalues correspond to the regular
sector, while the next five belong to the intruder sector. The thick dashed yellow line
represents the reference energy associated with the boson core, that is, the IBM-CM
result. For each state, the equilibrium values of the deformation parameters § and -+,

obtained by minimizing the energy, are shown in panels (a) and (c), respectively.

A key feature emerging from these results is the presence of a crossing between the regular
and intruder configurations, which are characterized by markedly different equilibrium

deformations. As the neutron number increases along the isotopic chain, the intruder
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Figure 6.12: Axial energy curves as a function of K™ for positive-parity states with V,,;, #
0. For reference, the unmixed regular and intruder energy surfaces are also included.

configuration progressively decreases in energy relative to the regular one, being this a
behavior that provides a natural explanation for the sudden onset of deformation observed

experimentally in this region.

The equilibrium deformation parameters also support this interpretation. As shown in
panel (a), intruder states are associated with larger values of the § deformation parameter,
indicating a more pronounced deformation, that also becomes particularly significant
from A = 99 onwards, where the intruder configuration begins to dominate the low-
energy part of the spectrum. Moreover, for the heaviest isotopes, A = 101 and 103, the
calculated values of the v parameter differ significantly from 0° and 60°, which signals the

development of triaxial shapes in this mass region.

Since configuration mixing is not included in this calculation, both regular and intruder
sets of states remain well separated throughout the isotopic chain, that allows us to
unambiguously identify the point at which the crossing between configurations occurs

and the intruder configuration becomes the ground state of the system, which is found to
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take place between A =99 and A = 101.

The situation changes when configuration mixing is taken into account (Vi # 0), as
shown in the right column of Fig. In this case, the spectrum exhibits a more complex
structure, since regular and intruder configurations can no longer be distinguished as
clearly as in the unmixed calculation. The five lowest eigenvalues are now plotted with

solid lines, while the next five are shown with dashed lines.

Despite this increased complexity, the overall behavior of the excitation energies and of
the equilibrium deformation parameters § and v remains qualitatively similar to that
observed in the unmixed case. However, the inclusion of configuration mixing leads to a
fragmentation of the wave functions between the regular and intruder sectors. This effect

is illustrated in panel (g), which shows the fraction of the wave function in the regular

sector, w*(N; By, 7o), as defined in Eq. (4.106]).

From this panel, it is easily observed that for -97Nb the lowest-lying states retain a pre-
dominantly regular character, while the higher-lying ones are mainly intruder in nature.
This situation starts to change when the configurations approach each other and begin to
cross. In particular, significant mixing is observed for the first and second states (black
and blue lines) in *Nb, for the third state (red line) in ' Nb, and finally for the fourth
state (green line) in 1%Nb. As additional neutrons are added, the distinction between reg-
ular and intruder states becomes progressively less clear, and the wave functions become

increasingly fragmented, indicating strong configuration mixing.

An additional consequence of the configuration crossing is the reduction of the regular
content of the states. In fact, the sum of w*(V; By, 7o) over all states turns out to be smaller
than half the total number of states, as would be expected if orthogonality were strictly
preserved. In other words, the regular content of the states is lower than anticipated due to
the non-orthogonality induced by the large differences in deformation between the lowest
and highest states. This observation suggests that, for the heaviest isotopes, intruder

configurations play an increasingly dominant role in shaping the low-lying spectrum.

This evolution of the nuclear deformation can be visualized more clearly in Fig. [6.12]
which displays the axial energy curves as a function of K™, where we add the reference
of unmixed regular and intruder boson lines. Here it is interesting to observe that for the
lighter isotopes, the spectrum is organized into two well-defined sets of states: On the
one hand, the lowest-lying levels, that are mainly associated with regular configurations
and correspond to nearly spherical shapes, while on the other hand the higher states
are dominated by intruder configurations, in which small deformations begin to develop.
Moreover, as neutrons are added along the isotopic chain, these two sets of configurations

progressively approach each other, interact, and eventually cross.
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Figure 6.13: Ground-state energy surfaces in the S plane for positive-parity states along
the isotopic chain. White dots indicate the minimum of the energy surfaces. The energy
scale varies across panels, with blue representing the minimum and red the maximum,
divided into 40 contour levels.

When studying the isotopes *Nb, we observe that the ground state remains spherical
and the energy curves corresponding to different K™ values are almost degenerate, reflect-
ing the absence of any axial deformation. In contrast, for the heaviest isotopes, °-193Nb,
the lowest states associated with each K™ value develop pronounced energy minima that
are linked to intruder configurations. Among these, the lowest minimum corresponds to
K™ = 5/2%, followed by the associated with K™ = 3/2% and K™ = 1/2%. It should be
noted that the presence of these minima does not necessarily imply the existence of stable
axial shapes, since their nature may change once the v degree of freedom is explicitly
taken into account. Finally, it is also worth emphasizing that no energy curve exhibits

the coexistence of two distinct minima.

Additional insight into the evolution of nuclear shapes can be obtained by examining the

178



CHAPTER 6. STRUCTURE AND SHAPE EVOLUTION IN ODD-EVEN NUCLEI:
AN INTRINSIC-FRAME APPROACH

energy surfaces in the [-v plane, in the same sense that we studied those surfaces in
the schematic cases. In this way, Fig. illustrates the evolution of the ground-state
energy surface along the isotopic chain, while a more complete set of results, including
excited states, is presented in Fig. [6.14] supporting in addition this interpretation, since
for the isotopes with A = 93-97, all states exhibit essentially spherical shapes, although
the highest-lying states are characterized by broader and flatter minima. In contrast, for
A = 99-103, the lowest-lying states display clearly deformed shapes, while the highest-
lying ones remain closer to spherical configurations. The calculations reveal a smooth but
well-defined structural evolution, where the lighter isotopes (A = 93-97) are characterized
by nearly spherical shapes, the nucleus with A = 99 develops a modest axial deformation,
and the heaviest isotopes (A = 101-103) exhibit pronounced triaxial minima located

around v ~ 20°.

Altogether, these results indicate that the interplay between regular and intruder con-
figurations is responsible for driving the onset of deformation along the isotopic chain.
However, the emergence of triaxial shapes toward the end of the chain is largely driven
by the presence of the unpaired proton, as is clearly illustrated in Fig. (c), which

corresponds to a calculation performed without configuration mixing (Vi = 0).

6.3.2 Negative Parity States

We now turn to the analysis of the negative-parity states, which correspond to configu-
rations in which the odd proton occupies one of the 1f5/2, 2p3/2, or 2p; /5 orbits. In this
case, the Hamiltonian matrix to be diagonalized has dimension 12, reflecting the larger

model space associated with the inclusion of these different orbitals altogether.

As in the positive parity case, the first step of the analysis consists on determining the
equilibrium values of the deformation parameters and the corresponding energies, both
in the absence of configuration mixing (Vi,x = 0) and when configuration mixing is
included (Vipix # 0). The main results of this analysis are summarized in Fig. [6.15] where
in an equivalent way, the left column of the figure shows the results obtained without
configuration mixing, while the right column presents those obtained when mixing is
taken into account. In both cases, solid lines represent regular configurations, whereas
dashed lines denote intruder configurations. The thick dashed yellow lines correspond to
the IBM-CM results, which are included as a reference for the underlying boson core just

as it was made for the positive parity case.

One of the most relevant results that can be extracted from Fig. is the behavior of
the 8 deformation parameter shown in panel (a). Here, for the heavier isotopes (**1%*Nb),
different low-lying states are associated with distinct equilibrium deformations, indicating

a richer and more complex structural behavior. In contrast, for the lightest isotopes, most

179



CHAPTER 6. STRUCTURE AND SHAPE EVOLUTION IN ODD-EVEN NUCLEI:

AN INTRINSIC-FRAME APPROACH

60 60

v (deg)
40
20
0
15 .

.0 05 1.0

60
v (deg)

60

y (deg)
40
20
15

0
00 05 10

60
y (deg)

v (deg)
40
20
0

15 0. 0.

60 60
Y (deg) v (deg) v (deg)
40 40 40
20 20 20
0 0 0
0 05 10 15 0 05 10 15
60 60

v (deg)

40 40
2 2
0
15 15

.0 0.5 0.0 . X . . . N . X . A . . . X ! 0.0 05

1.0 1.0
60 60
y (deg) Y (deg)

0

40 40
2 2
15 15

.0 05 0.0 . X . . . 8 . X B A . . . X ! 0.0 05

(deg)
40
2
5

(deg)
40

2
5

0

1.0 1.0
60 60
Y 14
1 1

.0 0.5 0.0 . X . . . 8 8 X B A . . . X ! 0.0 05

1.0 1.0
60 60
y (deg) v (deg)

40 40
2 2
15 15

0

.0 05 1. 0.0 0.0 05 1

0 0
0 0
v (deg) v (deg)
40 40
2 2
15 15

S

0

o

6 6
0 05 1.0 .0 .0 05 1.0
B B

Figure 6.14: Energy surfaces in the f—y plane for positive-parity states across the isotopic

chain. Rows correspond to the isotope while column to the ordering. White dots indicate
the minimum of the energy surfaces. The energy scale varies among the panels, blue color

for the minimum and red for the maximum with 40 divisions among them.

states remain essentially spherical or exhibit only a small deformation. This evolution is

closely related to the systematics of the excitation energies displayed in panel (e): in the

unmixed calculation, the crossing between regular and intruder configurations marks the

onset of a structural change along the isotopic chain.
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Figure 6.15: Same as Fig. but for negative-parity states.

Regarding the v deformation parameter, the oscillatory behavior observed in panel (c)
should be regarded as purely artificial, since all cases in which 7 # 0 correspond to

situations with 8 =~ 0, where the v degree of freedom is not physically meaningful.

When configuration mixing is included (Vinix # 0), the overall behavior remains qualita-
tively similar. However, the values of the § deformation parameter in the lightest isotopes
are systematically slightly larger than those obtained in the unmixed calculation. In this
mixed case, the six lowest eigenvalues are plotted with solid lines, while the next six are
shown with dashed lines. The analysis of the regular content of the wave functions reveals
that, for the lighter isotopes, regular and intruder states remain well separated and can
still be individually identified. In contrast, for the heavier isotopes, the wave functions
acquire a strongly mixed character, indicating an enhancement of configuration mixing

as the neutron number increases.

Additional insight into the evolution of nuclear shapes is provided by the axial energy

curves shown in Fig. [6.16] in which for the lightest isotopes, the ground-state energy

surfaces exhibit a nearly spherical minimum associated with K™ = %_, together with
a secondary minimum corresponding to K™ = g_. As neutrons are added along the
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Figure 6.16: Same as Fig. but for negative-parity states.

isotopic chain, the minimum associated with K™ = g_ gradually increases its deformation
and becomes the ground state, a behavior that is particularly evident for 19-19Nb, that
indicates a progressive stabilization of a prolate shape in the heavier isotopes. Indeed,
for these nuclei, the energy curves corresponding to K™ = g_ and K™ = %_ also develop
deformed minima. It is worth noting that this situation closely mirrors the behavior

observed in the positive-parity case.

This evolution provides additional evidence for the configuration crossing inferred from the
excitation energies. However, it should be emphasized that the observed minima do not
coexist simultaneously within a single energy curve. Instead, one minimum progressively

replaces the other as the dominant configuration as the neutron number increases.

A more comprehensive picture of the structural evolution is obtained from the full energy
surfaces in the -y plane, shown in Fig. [6.17 In contrast to the positive-parity case,
no triaxial minima are found for negative parity states. Instead, the heavier isotopes
develop well-defined prolate minima, in agreement with the behavior inferred from the

axial energy curves, which demonstrates that, although the interplay between regular and
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Figure 6.17: Same as Fig. but for negative-parity states.

intruder configurations plays a central role in both parity sectors, the resulting equilibrium
shapes differ significantly. Finally, while the positive parity states evolve toward triaxiality
at the end of the isotopic chain, the negative-parity states stabilize into axially symmetric

prolate configurations.

For completeness, the (-7 energy surfaces corresponding to all states and isotopes are
shown in Fig. from which is evident that no triaxial minima are present in the
negative parity sector. Most of the energy surfaces exhibit spherical minima, except for
the higher-energy surfaces in the lightest isotopes and the lowest-energy surfaces in the

heaviest ones, which display clearly deformed prolate shapes.

Finally, this analysis reveals that the structural evolution of **'®Nb depends of the parity
of the unpaired nucleon. Moreover, in both positive and negative-parity sectors, the
interplay between regular and intruder configurations plays a key role in driving the
onset of deformation, as evidenced by the systematic crossing of configurations and the

associated changes in the excitation spectra.

However, the resulting equilibrium shapes differ markedly between the two parity consid-

ered, since positive-parity states, associated with 1gg /5 orbital, evolve from nearly spherical
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configurations in the lighter isotopes toward pronounced triaxial shapes in the heaviest
nuclei, but in contrast, negative-parity states, built on the 1f5/2, 2p3/2, and 2p; o orbitals,
display a more robust axial character, with the heavier isotopes stabilizing into prolate
shapes and no evidence for triaxial minima. This comparison highlights the crucial role
of the single-particle structure of the unpaired proton in shaping the collective behavior
of the nucleus and demonstrates how the odd particle can qualitatively modify the de-
formation behavior, even when the same underlying boson core and configuration mixing

mechanisms are at play.

6.4 Discussion: Quantum Phase Transitions and Excited-

State Energy Curves

As previously discussed in Ref. [60], the structural evolution of the Nb isotopes can be
interpreted in terms of an intertwined QPT. However, in that work, the analysis was
restricted to the laboratory-frame formulation of the model and did not include mean
field or intrinsic state results. Here we focus on extending that picture by providing a
detailed intrinsic state formalism analysis, which allows for a direct comparison with the

case of the Zr isotopes that constitute the boson core of the Nb system.

As shown in Figs. [6.11](e) and [6.11](f) for positive-parity states, and in Figs. [6.15(e) and
6.15f) for negative-parity states, a clear crossing between the regular and intruder con-
figurations takes place between A = 99 and A = 101. This crossing is accompanied by a
sudden increase in the equilibrium deformation parameter, as shown in panels (a) and (b)
of the same figures (and also in Fig. for the negative-parity sector). For the ground
state, this behavior is characteristic of a Type II QPT, which is driven by the interplay
between two distinct configurations. Interestingly, this transition occurs at a lower mass
number than in the Zr isotopes, as indicated by the reference IBM-CM boson line (yellow

line).

At the same time, the intruder configuration itself undergoes a structural evolution, chang-
ing from an almost spherical shape to a clearly deformed one, as can be noticed in panel
(a) of Figs. and . This evolution is moreover noticeably more rapid for positive-
parity states than for negative-parity ones. Therefore, in addition to the Type II QPT
affecting the ground state, the intruder configuration experiences a Type I QPT, asso-
ciated with a shape change within a single configuration. As a result, both types of
QPTs coexist and are intertwined in the Nb isotopes, in close analogy with the behavior

previously identified in the Zr isotopic chain.

It is also relevant to mark that the intrinsic-state results obtained in the present work for

the odd-even Nb system go somewhat beyond the conventional mean-field approach, as
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they indeed provide information not only on the ground state but also on excited states
associated with different single-particle orbits, as well as on both regular and intruder
configurations. Moreover, for each orbit, a distinct equilibrium set of deformation pa-
rameters $ and 7 is obtained. Also a direct consequence of this procedure is that the
resulting intrinsic states are no longer orthogonal, and in addition, the presence of two
configurations leads to the appearance of two families of states characterized by markedly

different equilibrium deformations.

In purely bosonic systems, the highest eigenvalue obtained from the diagonalization of the
intrinsic Hamiltonian has received little attention, mainly because its physical interpreta-
tion is often ambiguous. In principle, one would expect a clear correspondence between
the unperturbed results and those obtained from the full diagonalization. However, this
correspondence may break down when the unperturbed intruder configuration manifests
itself as a secondary local minimum of the lowest eigenenergy surface. In such cases, the
absolute minimum associated with the highest eigenvalue becomes only weakly connected
to the unperturbed intruder configuration and is instead largely influenced by an artificial

minimum that emerges from the crossing of the two configurations.

In the obtained results for Nb, both families of eigenvalues appear to exhibit a clear cor-
respondence with the unperturbed results. Consequently, the interpretation of the energy
curves is relatively straightforward, including both the lowest and highest eigenvalues.
For bosonic systems, this type of analysis has been carried out only for the even-even
Pt isotopes in [154]; in general, however, only the lowest eigenvalue is usually considered
[41], 39, 0.
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Chapter 7
Conclusions

Throughout this thesis the following aspects have been studied in depth:

e A comprehensive study of shape coexistence, the onset of nuclear deformation and
their connection with QPTs in in medium-mass nuclei around the Z = 40 region
within the framework of the IBM-CM.

e For the even—even Sr isotopes, detailed IBM-CM calculations have been performed
for 92102Gr where the Hamiltonian parameters were determined throughout a fitting
procedure to resemble to the available experimental excitation energies below and

the corresponding B(E2) transition rates.

e The performed calculations for the Sr isotope chain also reproduce the rapid struc-
tural changes observed around A = 98, and the analysis of unperturbed regular and
intruder configurations reveals a clear crossing around neutron number N = 60, with
the intruder configuration gaining correlation energy and becoming dominant in the
low-lying states. This is additionally supported by the evolution of the wave func-
tions, which show an abrupt change from predominantly regular to predominantly
intruder character. The mean-field energy surfaces and equilibrium deformation pa-
rameters extracted from the IBM-CM calculations are also in agreement with the

laboratory frame results.

e With respect to the analysis of QPT's these features can be interpreted as fingerprints
of the onset of deformation driven by configuration crossing, corresponding to a
Type IT QPT.

e The results obtained for Sr isotopes naturally complement earlier studies of Zr iso-
topes in this region, for which also a more extensive experimental data set is avail-
able. Taken together, Sr and Zr isotopes define a picture in which regular and

intruder configurations cross at N = 60, marking the onset of deformation.
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The extension of the study to the Mo and Ru isotopic chains has allowed to mark
the limits of the shape coexistence region around Z = 40. In Mo isotopes, a crossing
between regular and intruder configurations is found to occur in the ground state

around N = 60, indicating that shape coexistence still plays a significant role.

In contrast, for Ru isotopes the intruder configurations remain at higher excitation
energies and do not significantly influence the low-lying structure. As a result, the
behavior of Mo and Ru isotopes points to Mo as the borderline nucleus for the

relevance of shape coexistence in this region.

From the perspective of QPTs, the analysis indicates that Mo isotopes undergo
a Type II QPT of second order, induced by configuration crossing, whereas Ru

isotopes exhibit a Type I second-order QPT associated with a single configuration.

Additional insight has been obtained from the analysis of nuclear radii and two-
neutron separation energies in all even-even isotope chains, which not only are useful
to study the the structural evolution around Z = 40 but also serve as a test for the

theoretical results obtained using the IBM-CM fitting procedure.

Experimental nuclear radii and two-neutron separation energies have been compared
for both even-even and odd-even isotope chains, showing that while nuclear radii
mark only minor differences between even and odd neutron numbers, the systematics
of S, display more pronounced effects in odd-neutron nuclei, including a clear dip at
N = 60, emphasizing the sensitivity of two neutron separation energies to structural

changes.

A central contribution of this thesis is the development and application of the
intrinsic-frame formalism for the IBFM-CM, valid for both single and multiple j

shells and applicable to axial and triaxial shapes.

This intrinsic frame formalism has been applied to an schematic multiple-j shell
case, using an IBFM Hamiltonian that includes U(5) and SU(3) boson terms for
the regular and the intruder configurations, respectively. Moreover, the considered
boson-fermion interaction contains the monopole, the quadrupole and the exchange

components.

For this schematic case axial and  — v fermion energy surfaces are calculated along
with the corresponding equilibrium values, where a type II QPT and clear signatures

of shape coexistence are observed.

The formalism has also been employed to study odd—even Nb isotopes using realistic

Hamiltonian parameters obtained from a laboratory frame calculation.

For positive-parity states associated with the 1gg/, orbit, a clear crossing between
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regular and intruder configurations is observed, leading to a structural evolution
from nearly spherical shapes in the lighter isotopes to triaxial minima in the heavier
ones. In this case, the emergence of triaxiality is primarily driven by the presence

of the odd proton rather than by shape coexistence alone.

For negative-parity states, involving the 1f5/5, 2p3/2, and 2p;/, orbits, the config-
uration crossing results in an evolution toward prolate axial shapes in the heavier
isotopes without appearance of triaxiality. Consequently, the energy minima evolve
from nearly spherical configurations in the lighter nuclei to prolate shapes in the

heaviest ones, namely 9~ 1%3Nb.

For this more realistic case, in both parity sectors, the interplay between regular
and intruder configurations gives rise to a Type II QPT in the ground state, with

the odd proton enhancing how abrupt the transition appears.

The results obtained for both positive and negative parities demonstrate that the
interplay between the regular and intruder configurations plays a crucial role in driv-
ing the structural evolution along the ?371%Nb isotopic chain, providing a consistent

explanation for the onset of deformation.

In both positive- and negative-parity states, a Type II QPT is observed for the
ground state, while the intruder configuration also undergoes an evolution from
spherical to deformed shapes, proceeding more rapidly in positive parity and more

slowly in negative parity.

The capability of the IBFM-CM intrinsic-frame formalism has been shown, as it
has allowed us to describe the shape evolution of an isotopic chain using realistic

Hamiltonian parameters.
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Conclusiones

A lo largo de esta tesis se han estudiado los siguientes aspectos:

e En primer lugar se ha realizado un estudio de la coexistencia de forma, el inicio de
la deformacién nuclear y su relacién con las transiciones de fase cudnticas (QPTs)
en nucleos en torno a Z ~ 40, dentro del marco del IBM y el IBM-CM.

e Para los isétopos par-par de Sr se han realizado calculos detallados dentro del marco
del IBM-CM para ?*192Sr, halldndose los parametros del Hamiltoniano mediante un

procedimiento de ajuste a las energias de excitacién y B(E2) experimentales.

e Los calculos realizados para los isétopos del Sr muestran resultados coherentes con
los cambios en la estructura nuclear observados en torno a A = 98. El anélisis de las
configuraciones regulares e intrusas no perturbadas muestra ademéas un cruce para
N = 60, donde la configuracion intrusa gana energia de correlacién y pasa a dominar
los estados de baja energia. Este comportamiento se comprueba ademas observando
la evolucién de las funciones de onda, que muestran un cambio abrupto desde un
caracter predominantemente regular a uno mayoritariamente intruso. Ademas las
superficies de energia y los pardmetros de deformacién extraidos del IBM-CM con-

cuerdan asimismo con los resultados obtenidos en el sistema laboratorio.

e Desde el punto de vista de las QPTs, estos resultados se interpretan como pruebas
del inicio de deformacion, que ademas esta inducida por el cruce de configuraciones,

y que puede identificarse con una QPT de Tipo II.

e Los resultados obtenidos para los isétopos de Sr complementan ademés los estudios
previos sobre los isétopos de Zr en esta regién. Considerados conjuntamente, los
isotopos de Sr y Zr muestran un escenario en el que las configuraciones regulares e

intrusas se cruzan para N = 60.

e El estudio de los isétopos de Mo y Ru permite ademas delimitar los limites de la
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region donde puede encontrarse coexistencia de forma en torno a Z = 40.De esta
forma, en los is6topos de Mo se observa un cruce entre configuraciones regulares e
intrusas en el estado fundamental alrededor de N = 60, indicando que la coexistencia

de formas sigue desempenando un papel relevante.

Por otro lado, en los isétopos de Ru las configuraciones intrusas permanecen a
energias de excitacion mas elevadas y no influyen de manera significativa en la
estructura de los estados que se encuentran mas bajos en energia. Como resultado,
el comportamiento de los is6topos de Mo y Ru muestra que los isétopos de Mo

marcan la frontera en cuanto a la aparicién de coexistencia de forma.

Analizando las posibles QPTs, los is6topos de Mo experimentan una QPT de Tipo
IT de segundo orden, inducida por el cruce de configuraciones, mientras que los
isotopos de Ru presentan una QPT de Tipo I de segundo orden, asociada en esta

ocasion a una tnica configuracion.

Se han analizado ademés los radios nucleares y de las energias de separacién de
dos neutrones para todos los isétopos par-par considerados, ya que no solo resultan
utiles para estudiar la evolucion de la estructura nuclear en torno a Z = 40, sino
que también sirven como prueba de la calidad de los resultados tedricos obtenidos
mediante el IBM-CM.

Ademas han comparado los radios nucleares experimentales y las energias de sepa-
racién de dos neutrones tanto para los isétopos par-par como impar-par, mostrando
que, aunque los radios nucleares presentan solo diferencias menores para ntcleos
con un nimero de neutrone par o impar, por otro lado las Ss,, muestran efectos mas
pronunciados en los ntucleos con nimero impar de neutrones, con un minimo claro
en N = 60, manifestando asimismo la sensibilidad de las energias de separacién de

dos neutrones a los cambios en la estructura.

Ademas se ha desarrollado y la aplicado un nuevo formalismo en el sistema intrinseco
para el IBFM-CM, valido tanto para capas con una sola j como con multiples j, y

aplicable a formas axiales y triaxiales.

Este formalismo intrinseco se ha aplicado a un caso esquemaético con multiples capas
7, utilizando un Hamiltoniano IBFM con términos bosénicos U(5) y SU(3) para las
configuraciones regular e intrusa, respectivamente. Ademds, la interacciéon bosén-
fermién considerada contiene todos los componentes monopolar, cuadrupolar y de

intercambio.

Para este caso esquematico se han calculado curvas y superficies de energia en el
plano S—y, junto con los valores de equilibrio correspondientes, observandose una

QPT de Tipo II y senales de coexistencia de forma.
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El formalismo se ha empleado también para un caso mas realista centrado en el
estudio de los isétopos impar-par de Nb utilizando parametros de Hamiltoniano

obtenidos a partir de calculos en el sistema laboratorio.

Para los estados de paridad positiva asociados a 1gg/2, se observa un cruce claro
entre configuraciones regulares e intrusas, lo que conduce a una evoluciéon desde
formas casi esféricas en los isétopos mas ligeros hasta minimos triaxiales en los mas
pesados. En este caso, la aparicion de la triaxialidad tiene su origen principalmente

en la presencia del protén impar, mas que en la coexistencia de forma por si sola.

Para los estados de paridad negativa, que incluyen las érbitas 1f5/2, 2p3/2 v 2p1/2,
el cruce de configuraciones da lugar a una evoluciéon hacia formas axiales prolatas
en los is6topos mas pesados, sin aparicién de triaxialidad. En consecuencia, los
minimos de energia evolucionan desde configuraciones casi esféricas en los ntcleos

més ligeros hasta formas prolatas en los mds pesados, concretamente en 01 =193Nb,

En este ultimo caso mas realista, para ambas paridades, la interaccién entre configu-
raciones regulares e intrusas da lugar a una QP'T de Tipo II en el estado fundamental,

siendo la presencia del protén impar la responsable de acentuar dicha transicion.

Los resultados obtenidos para ambas paridades demuestran que la interaccién entre
configuraciones regulares e intrusas desempena un papel clave en la evolucion de la
estructura a lo largo de la cadena de isétopos ?3719Nb, explicando el inicio de la

deformacion.

Tanto en los estados de paridad positiva como negativa se observa una QPT de
Tipo II en el estado fundamental, mientras que la configuracién intrusa experimenta
también una evolucién desde formas esféricas a deformadas, mas pronunciada en

paridad positiva y mas gradual en paridad negativa.

Finalmente, se pone de manifiesto la capacidad descriptiva del formalismo intrinseco
del IBFM-CM, que ha permitido describir la evolucién de las formas nucleares de

una cadena de isdyopos utilizando parametros de Hamiltoniano realistas.

192



Appendix A

Procedure to fit the IBM-CM

parameters

Here we provide a detailed explanation of the fitting strategy followed to determine the
parameters of an IBM-CM Hamiltonian using the package MINUIT [I68] which allows
to minimize any multi-variable function. The procedure is focused on obtaining a global
agreement between calculated results and experimental data, including both excitation

energies and B(E2) transition rates.

In this way, the fitting strategy, does not aim at reproducing only the physical data with
maximal precision, but rather at achieving an overall description of the energy struc-
ture, and even though the fit is performed independently for each nucleus, we impose the
constraint that the resulting parameters should vary smoothly from case to case. Ad-
ditionally, as many parameters as possible are kept fixed or at least constrained within

physically meaningful ranges.

As we already introduced, two types of experimental data are included,
e Excitation energies (typically under 3 MeV).
e Reduced B(E2) transition rates.

In the case of excitation energies, an example of the input considered, for the case of

%Gr is,

0 1 0.00000 1.00000
2 1 0.14470 0.00010
0 2 0.21564 0.00100
4 1 0.43407 0.01000
6 1 0.86737 0.01000
2 2 0.87134 0.01000
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8 1 1.43365 0.01000
10 1 2.12315 0.01000
6 2 2.53430 0.01000

Where the third column correspond to a determinate theoretical error (o), which do not
correspond with any experimental value or error bars, but are instead related with the
expected accuracy of the IBM-CM to reproduce a certain experimental value. That is also
the reason why the 2] level present such a little value of o, as it is our reference value for
the rest of the chain. Moreover, the magnitude this parameter is adjusted recursively for
each level according with the fitting result to ensure a correct reproduction of all the data.
However, we try to maintain it constant at least for the different bands. It is important
to note, that imposing the minimum value of ¢ for all the levels does not ensure a correct

reproduction of the data.

While for the case of B(E2) transition rates our input is:

2 1 0 1 2 096.00000 0.01000
0 2 2 1 2 062.00000 1.00000
4 1 2 1 2 124.00000 12.0000
6 1 4 1 2 174.80000 18.0000
2 2 4 1 2 012.00000 06.0000
2 2 0 2 2 013.00000 00.1000
2 2 0 1 2 000.80000 00.0500
8 1 6 1 2 122.80000 25.0000
101 8 1 2 126.00000 25.0000
6 2 4 1 2 0.00010 0.00004

Here the uncertainties are usually of the order of 10%, unless the experimental uncertainty
is larger. Moreover, the transition 2 — 0] is assigned a very small uncertainty and is
used to fix the absolute scale of the effective charge. Again, this value can be adjusted in
every fitting for ensuring a better fitting. However it is important try keeping it as close

as possible to the experimental uncertainties or the 10% order of magnitude.
The optimal parameter set is obtained by minimizing a y? function, defined as

Niata (data) (calc) 2
1 X; - X,
2 % )
X = B A]_

Naata — Npar Z“ ( i > (A1)

where Ngat, is the number of experimental data points, N, is the number of free param-
eters, Xi(data) represents an experimental excitation energy or B(E2) value, Xfcalc) is the
corresponding calculated quantity, and o; is the assigned theoretical uncertainty. More-

over, the normalization factor ensures that the y? value can be meaningfully compared
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between fits involving different numbers of data points or parameters.

Finally, this minimization of the y? function is performed using the MINUIT package,
which iteratively explores the parameter, taking into account parameter correlations and

imposed constraints, until a minimum is reached. For doing this we also included the
IBM-CM Hamiltonian,

1 ’Ed > 526.15000000 0.001
2 ’K > 0.00000000000 0.001
3 ’PP > 0.00000000000 0.001
4 ’LL > 18.58500000 0.001
5 ’QQ > 0.00000000000 0.001
6 >T3T3 > 0.0000000000 0.001
7 ’T4T4 > 0.0000000000 0.001
8 ’kappa > -28.18800000 0.001
9 ’chi > 1.87720000 0.001
10 ’Unused > -0.0000E+3 0.001
11 ’Ed-int > 279.09000000 0.001
12 ’K-int > 0.00000000000 0.001
13 ’PP-int > 0.00000000000 0.001
14 ’LL-int > 0.23361000 0.001
15 ’QQ-int > 0.00000000000 0.001
16 ’T3T3-int > 0.0000000000 0.001
17 ’T4T4-int ’> 0.0000000000 0.001
18 ’kappa-int ’ -34.96300000 0.001
19 ’chi-int > -0.72311000 0.001
20 ’Unused > -0.0000E+3 0.001
21 ’alpha > 15.00000000 0.001
22 ’beta > 15.00000000 0.001
23 ’delta > 680.00000000 0.001
24 ’BE2:e > 0.782530000 0.001
25 ’BE2:e-int > 2.217500000 0.001

where in order to improve numerical stability, several parameters are fixed during the fit.
For the remaining parameters, lower and upper bounds are imposed based on physical

considerations. In our example

fix 2 356 7 10 12 13 15 16 17 20 21 22 23
set limit 1 0 2000
set limits 9 -2 2
set limits 8 -30 O
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set limits 11 0 1000

minimize

call 3

The fitting procedure is inherently iterative. This means that an initial minimization is
first performed to obtain a rough description of some data, and then the agreement with in-
dividual energies and transition rates is inspected. If certain observables are poorly repro-
duced, their assigned uncertainties can be temporarily reduced to guide the minimization
towards the desired region of parameter space. Once a satisfactory agreement is reached,

the original uncertainties are restored and a final minimization is performed.
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Differentiation method to calculate
expectation values in the intrinsic

state formalism

In this thesis, expressions for the expectation values of the IBM-CM and IBFM-CM
Hamiltonians in the coherent state have been extensively used. In this appendix, we
summarize the differentiation method proposed in [I69], that we have applied to our

particular cases to obtain such expectation values.

In first place, let b! (b;) be some generic creation (annihilation) operators, together with
a polynomial function of such operators that we call f(b). For them, it can be proven
that:

b F ) = -1 0, (B.1)
Together with:
g0
[F(0).B]] = 55 0). (B.2)

Now, we introduce the operator B as a linear combination of different possible kinds of

bosons,

B=> aib. (B.3)

Moreover, we introduce the identity, 1, as well as the one-body and two-body opera-
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tors,

Av=) &blb
ij

(B.4)
Ay = Z nijklb;rb;bkbl-
ijkl
That according to the property that we have defined in (B.1)) and (B.2) let us write:
0
N, = (B"|1|B™) = (B"! a;— |B™) = na? (B"1 | B, B.5
(BUIL|BT) = (B D i |B) = na® (BT | B, (BS)
which means that N,, = nlo®” and o® = )", aF.
Finally, for the one-body and two body operator we find:
(A1) = N, ' (B"| A, |B™) = N,! Zg-- iB” iBT”
j J (B.6)
_ n
=N, ' Z n204i04j§z'an—1 -2 Z ;i 0;&ij,
ij ij
and
n(n —1
< AQ >= % Z OGO O Ok - (B?)

ijke

Resulting in a method that can be easily applied to our case, as our Hamiltonians are

made of linear combinations of boson creation and annihilation operators.
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Angular-Momentum Algebra Tools
Used in this Thesis

For the development of this thesis, it has been very necessary the use of algebraical tools
such as the Clesbsch-Gordan coefficients, together with Wigner-3j, -6j and -9j symbols
[T70]. In this appendix we summarize the most recurrent properties used in this the-

sis.
Clebsch-Gordan Coefficients:

They are defined as:

Y (J1jad M) = Z (jimajama | j1g2J M) (Gime) ¢ (Jams) . (C.1)

mima2

Where their value is 0 unless j; +7j2 > J > |71 — j2| and M = m;+mg, being also specially

important its symmetry property:

(jrmagama | jija M) = (=1)"7277 (jamojimy | jaji JM) (C.2)

Wigner-3j symbols

They are defined in terms of the Clebsch Gordan coefficients as:

Ji J2 U3 —Lpmms S
( m; ms m > - % (Jimagama | J1j2Js — ms) , (C.3)
1 Mg M3

presenting also the following symmetry properties:
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(_1)j1+]'2+]'3 JvoJs o g2
myp M3 Mo

iopods \_ (2 g o \_ (i 0 i
my Mo M3 meo M3 My ms3 MMy Me

VR
|
s
|
S o
NN
|
S o
w W
~_—
I
|
—_
\_S_
+
E.
+
a.
VR
s =
NSE
§§
~_

(C.4)
Wigner-9j symbols
They are defined in terms of the Wigner-3j symbols in the following manner:
Jit Jiz 13 . ) ) . ) ) . . .
. . . Jir Ji2 J13 Jo1 J22 23 J31 J32 ]33
J21 J22 J23 :Emij < ) ( > ( )
. . . mip M2 M3 Mo1 Mog 123 mg1 Mgz 133
J31 J32 )33
Juin o J21 0 Jat Ji2 J22 J32 Jiz J23  J33
mip Mo1 M31 mi2 Moo MM32 mis Moz 7M33 7
(C.5)
With 0 value in the following case:
li 1o I3
ll l2 13 =0 if 2(l1+l2+l3)+j1 +]2+]3 is odd (06)
J1 J2 J3
Racah coefficients
That are defined as:
g g2 J
{?i P }E<—1>f‘2+J+J‘i+W<2J+1><2k+1> i J o, (0T
Jo

E k O

following these symmetry properties:

J1 J2 J3 _ Je J3 N
ll lQ lg l2 l3 ll

Change of coupling

J3 J1 J3 Jo 1 J3 L Iy g3
ls 1 L lo I I3 J1 J2 I3

(C.8)
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It has also been useful to known that the transformation for a change of coupling is:

W (Gus (J13) jaja (Joa) J) = Y (Tisdoas J | Jradsa; J) & (india (Jia) Gsgia (Jsa) J) - (C.9)

J12,J34
where:
jl j2 J12
<J13J24; J | J12J34; J) = \/<2J13 + 1) (2J24 + 1) (2J12 + 1) (2J34 + 1) jg j4 J34
<]13 J24 J
(C.10)

Finally, we stress that these expressions are the most employed, however, more relevant

relations can be found in [170].
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