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Abstract

Newton diagram of a planar vector field allows to determine whether a singular
point of an analytic system is a monodromic singular point. We solve the
monodromy problem for the nilpotent systems and we apply our method to a
wide family of systems with a degenerate singular point, so-called generalized
nilpotent cubic systems
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1. Introduction.

Newton diagrams are important tool for studying singularities of maps and
vector fields, see e.g. classical book [9]. We consider the planar analytic differ-
ential system

x = F(x), (1)

with F(0) = 0, i.e. the origin is a singular point of the system, and are inter-
ested in characterizing, through the Newton diagram of the vector field, when
the origin is surrounded by orbits of the system, or, equivalently, we want to
determine when the system does not have characteristic orbits at the origin,
i.e. trajectories that enter or leave the origin with a fixed tangent. When this
occurs the singular point is called monodromic.

From the finiteness theorem for the number of limit cycles, a monodromic
point of an analytic planar vector field can be only either a focus (all trajectory
by lying on a vicinity of a monodromic singular point is a spiral) or a center
(the trajectories are closed orbits that surround at the origin), see Il’yashenko
[16]. So, the monodromy problem is a previous step to solve the center problem
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which is one of the classical open problems in the qualitative theory of planar
differential systems.

In relation to the monodromy problem, unless the differential matrix DF(0)
is not identically null, the problem was completely solved by Poincaré [19], and
Andreev [8] for nilpotent systems. Finally, if DF(0) is identically null, the origin
is a degenerate singular point, there are only a few partial results: Algaba et
al. [6], Garcia et al. [13], Gasull et al. [14], Mafiosa [17] and Medvedeva [18],
among others. Recently, Algaba et al. [7] give an algorithm based on the main
result of [6] and as application they solve the monodromy problem for the family

& = ay® + cxy® + gzly + ead, y = dy® + hay® + faty + ba”,

with ab(g? + h?) > 0, which extends to the family studied in Medvedeva [18].
We emphasize that all of them are families of polynomial systems.

Here, we deal with the analytic case. From [6, Theorem 3], if origin of (1) is
monodromic, then the system is of the form

i=ay® '+ f(zy),  §=0b*"""+g(2,y), (2)

with ab < 0 and f and g are analytic functions satisfying 9f/0y(0,0) =
& £/0y7(0,0) = 0, for j = 1,...,2n — 1, and 9g/dz(0,0) = 87¢g/d27(0,0) = 0,
for j =1,...,2m — 1. Moreover, we can suppose that n < m.

In this paper we solve the monodromy problem for analytic nilpotent systems
using the Newton diagram of the vector field, i.e. systems (2) with n = 1.
This result is stated in Theorem 3. For systems (2) with n = 2, so-called
generalized nilpotent cubic systems, Theorems 5, 6 and 7 characterize when the
lowest degree quasi-homogeneous term of vector field determine its monodromy.
Otherwise, Propositions 9 and 10 establish when the systems with invariant
axis x = 0 and whose Newton diagram has the inner vertex (1,2), do not have
any characteristic orbits different from x = 0, which allows us to determine
the monodromy of the generalized nilpotent cubic systems, after performing a
blow-up. Theorem 8 summarizes this result.

In short, we solve the monodromy problem for the analytic systems (2)
with n = 1(solved before by Andreev) and n = 2. For n > 3, by using our
techniques, it is possible to characterize the monodromy in the cases which the
lowest-degree quasi-homogeneous term determines it. The remaining cases only
we can to provide necessary conditions of monodromy. In general, it is necessary
the performing of a series of blows up to be able to determine the monodromy.
So, in general, the problem remains open for analytic systems.

2. Preliminaries

To show our results, we recall some concepts and results, which we use
throughout the paper.



Conservative-dissipative splitting.

Let t = (¢1,t2) non-null with ¢; and ¢5 non-negative integer numbers without
common factors. A function f of two variables is quasi-homogeneous of type t
and degree k if f(e*1x,e*2y) = € f(x,y). The vector space of quasi-homogeneous
polynomials of type t and degree k will be denoted by Pt. A vector field F =
(F1, F»)T is quasi-homogeneous of type t and degree k if F} € Pt 4y, and Fo €
P +1,- We will denote O the vector space of the quasi-homogeneous polynomial
vector fields of type t and degree k.

The quasi-homogeneous vector monomials can be determined by drawing
the lattice Zﬁ_, and assigning each point (m,n) to the quasi-homogeneous vec-
tor fields (z™y"~1,0)7 and (0,2™'y™)T. The points with integer coordinates
aligned in the straight lines perpendicular to t, (m — 1)t; + (n — 1)t2 = k,
determine the quasi-homogeneous vector monomials with the same degree k.

Any vector field can be expanded into quasi-homogeneous terms of type t of
successive degrees. Thus, system (1) can be written in the form

% =F(x) = FL(x) + Fi (x) +---= ) Fi(x),
§=0

for some 7 € Z, where F = (Pj14,,Qj44,)" € Q% and F¥ # 0. Such expansions
are expressed as F = Ft + g-h.h.o.t.

Such expansions are valuable tools for analysing the singularity, see Dumortier
[12]. This concept also is used for the study of the integrability, the center
problem and the existence of an inverse integrating factor of systems with a
degenerate singular point, i.e. systems whose matrix of the linear part evaluated
in the singular point is identically null, see [4, 5, 3].

Next, we show the splitting of a quasi-homogeneous vector field as a sum of
two quasi-homogeneous vector fields, a conservative one (having zero-divergence)
and a dissipative one that plays a main role in our analysis. Throughout this
paper, the Hamiltonian system associated to the C! function f is denoted by
Xy, ie. Xy = (=2L 9INT  Algaba et. al. [5] have proved that any quasi-

oy’ Ox
homogeneous vector field F§ = (Pj4,, Qjtt,)" € Q% can be expressed as
t t
Fj = Xn, . + #;Do, (3)
where D§(x,y) := (t1z,t2y)T (a dissipative quasi-homogeneous vector field of

type t and degree 0), (j + [t|)u; = div(F%) € P} (divergence of F%), (j +
[t)hjiie) = t12Qj4t, — t2yPjye, € PY, 1 (wedge product of Df and F}) and
|t| =1t + to.

It is a simple matter to show that any non-vanishing quasi-homogeneous
polynomial of type t = (1,t2) with ¢; and ¢, non-null, in particular h; |, can
be expressed as p(z,y) = ¥ y*2pg (22, y*t) with 0 < ky < ta, 0 < kg < t; being
po a homogeneous polynomial. So, by abusing the notation, it is possible to
write any quasi-homogeneous polynomial of type t in a compact form p(z,y) =
c[Tj%, f]” g IT5—o g;.”, where

f](x,y):$7 Yy or ytl_ijt2, j:O,...,m



and
gi(z,y) = (¥ — aq;a™)? + b2, j=0,..n

with ¢, Aj,a; and b; real numbers and A;, b; non-zero, for all j.

If hpypy € PE g and g € Pt are the polynomials associated to the lowest-
degree quasi-homogeneous term of type t of F, we say that a polynomial of the
form =, y or y'* — Azt2, X\ #0, is a strong factor of F associated to the type t,

or simply a strong factor of h,, ¢, if it satisfies one of the following conditions:

(i) it is a factor of h, ¢ of odd multiplicity order,

(ii) it is a factor of h, ¢ of even multiplicity order (2m) and, either it is not
a factor of u, with p, #Z 0 or is a factor of u, with even multiplicity order
(2n) with 0 < n < m.

Otherwise, it is a non-strong factor.

Newton diagram.

We write the components of the vector field F in the form P(z,y) = > a;jz'y? !
and Q(z,y) = Y bz’ 1yl
The support of (1) and also of F, denoted by supp(F), is the set of ordered pairs
(4,7) with (asj,bi;) # (0,0). The vector (a;j;,b;;) is called the vector coefficient
of (i,7) in the support. Consider the set U(i,j)€supp(F) ((i,j) —+ Ri) , where R?
is the positive quadrant and the union is taken over all points (7, j) in the sup-
port. The boundary of the convex hull of this set is made up of two open rays
and a polygon, which can be just one point. Polygon together with the rays
that do not lie on a coordinates axes, if they exist, is called Newton diagram
of the vector field F. The component parts of the Newton diagram are called
edges and their endpoints are the vertices of the Newton diagram.
Unless a vertex of Newton diagram lies on a coordinates axis, then it is said to
be inner; otherwise, it is an exterior vertex. Figure 1 shows two distinct Newton
diagrams with two edges.

Figure 1: Newton diagram with two vertices.

Lastly, for each inner vertex V of Newton diagram of system (1) such that

t = (t1,t2) and s = (s1, s2) are the types of its upper and lower adjacent edges,

respectively, i.e. ta/t1 < sa/s1, with hp i j¢/hr 4| Z 0, it defines the non-null
constant

Bv = Cig Cjo s (4)



where g = min{i > 0]¢; # 0}, jo = min{j > 0]¢; # 0} and ¢; and ¢; are the
coefficients of the polynomials h,. ¢ and h, 45|, ordered from the highest to
the lowest exponent in x and y, respectively. When Sy < 0, it says that V is a
characteristic vertex.

Otherwise, it is a non-characteristic vertex.

Newton diagram and monodromy.
We cite the following result which provides necessary and sufficient condi-
tions of monodromy for a singular point, see Theorems 3 and 4 of [6].

Theorem 1. If the origin of system (1) is monodromic then Newton diagram

of (1) verifies:

1) all its vertices have even coordinates,

2) it has two exterior vertices. Moreover, the vector coefficients of these vertices,
(a,0) and (0,b), verify ab < 0,

3) all its inner vertices are non-characteristic,

4) for each bounded edge, its associated Hamiltonian is non-null and does not
have any strong factor.

Reciprocally, if the Newton diagram of (1) verifies 1), 2), 3) and

4%) for each bounded edge, its associated Hamiltonian h,i ¢ is non-null and
does not have any factor of the form y** — az®? with a non-zero real,

then the origin of system (1) is monodromic.

Summarizing, from Theorem 1, it follows that the Newton diagram of (1) de-
termines the monodromy of the origin except the case of existing a non-strong
factor of F different from x and y. For these cases, we deal with blow-up tech-
niques (developed by Dumortier [12]) which consists of performing a series of
changes to desingularize the point) and act of the following way:

For each non-strong factor of h, 4 of the form y* — ax’ with a # 0,

e if t; is odd, we perform the directional blow-up z = u, y = u'2(g + a'/t)
and the reparameterization dt = (¢1/u")dr. System is transformed into

o0
u’ = UZPT-l-j-i-t] (1,g—|—dl/t1)uj,
=0
2 . (5)
g = (r + [t] + §) o) (L5 + @)l
§=0

e if ; is even, we apply the directional blow-up z = u*(z + a~/*2), y = u®?
and the reparameterization dt = (t2/u")dr. We obtain the system

uo= —u) Q@+ a1,

o 7 _ (6)
o= Y ([l Dy @+ a2 D

=0



The axis u = 0 is invariant for both systems (5) and (6). On the other hand, if
there exist characteristic orbits of (5) or (6) different from axis u = 0 lying on
first or fourth quadrant, then system (1) has a characteristic orbit associated to

the factor y* — axt2.

3. Monodromic nilpotent analytic system

Consider the systems

:ic=y+f(m,y), yzg(x,y), (7)

where f and g are real analytic functions starting with at least quadratic terms,
so-called nilpotent systems. This section is devoted to determine under which
conditions the origin is monodromic. As mentioned before, the monodromy
problem for singular points of this type was solved by Andreev [8]. We recall
here the Andreev’s theorem.

Theorem 2 (Andreev). Let y = ¢(x) be the solution of the equation y +
f(z,y) = 0 passing through the origin. Assume that g(z,¢(x)) = apz® +
O(z*1) and A(x) = (0f )0z + 0g/0y)(z, d(x)) = Bpa™ + O(x™ 1) with ay, #
0,k > 2 and n > 1. Then, the origin is monodromic if and only if k is odd,
ai < 0 and one of the following statements hold:

o k=2n+1 and % + 4ar(n+1) <0,
e k<2n+1,
e A(z)=0.

It is a result very easy and only is necessary the first terms of the expansion of
the solution y = ¢(x) into implementing it.
We now give our result which consists of computing a pre-normal form.

Theorem 3. The origin of system (7) is monodromic if and only if can be
transformed by means of a sequence of quasi-homogeneous degree-zero changes
of variables into

(&,7) = (y + apz®, byz® 1y + boz®*~ 1) + ¢-h.h.o.t.
with o > 1, by = aag and by < 0.

PRrROOF. The point (0,2) is an exterior vertex of the Newton diagram of system
(7). Figure 2 shows the different Newton diagrams of these systems.

First and second diagrams correspond to systems with invariant axis y = 0,
and the third one has an inner vertex (y,1) with odd ordinate. So, if we are
looking for monodromic nilpotent systems, from Theorem 1, these have the
fourth Newton diagram, that is, it consists of two exterior vertices (0,2) and
(2¢,0), and an unique bounded edge of the type t = (1,«a) with « natural
number greater than one.



Figure 2:

Consequently, we limit our study to systems whose expansion into quasi-
homogeneous vector fields respect to the type (1,a), type associated to the
unique edge of their Newton diagram, is of the form

x =FY(x) + ¢-h.hoo.t. (8)

with F((llf’{) (,9) = (y + apr®, byx® Ly + boa?*~1)T and by # 0.
We claim that the change of variables (z,y) — (z,y — 5 (b1 — aag)z®) €
le’a) brings system (8) to X = FS’? (x) + g-h.h.o.t. with

]?"Sfi)(a:, y) = (y + apx®, bz Ly + box?* 1T,

l;l = 5[&0 = %(bl + Oéao) and i)o = i[ﬁlabo + (bl — Oéao)Q].

If the origin is a monodromic singular point, the Newton diagram of the new
system consists of two exterior vertices (0, 2) and (2@, 0), and an unique bounded
edge of the type t = (1, &), being a = @& if bo # 0, and o < @&, otherwise.

Summarizing, we assume that a monodromic nilpotent system can be trans-
formed by means of a sequence of quasi-homogeneous changes of variables of

quasi-homogeneous degree zero into system (8) with by = aag and by # 0.
From (3), it has that F) = Xhoo + ,uale(()l’o‘) with

a—1
20hon (2,y) = —ay? + box®Y, po_1(2,y) = agz® L.
By applying Theorem 1, it follows that if by < 0 then the origin of system (8)
is monodromic. If by > 0, then there is a strong factor and therefore the origin
is not monodromic. [



We illustrate our analysis with the seven-parameter family of nilpotent systems

& =1y + apx? + a1y, )
= box? + biay + cox® + doz? + egx®.

Theorem 4. The origin of system (9) is monodromic if and only if it satisfies
one of the following series of conditions:

1) bo =0, cg < —%(bl — 2CL())27

2) bp =0, by = —2ag, co = —2a3, do = 2a2a;,eq < f%aga%

PRrROOF. If by # 0, the Newton diagram of system (9) consists of a bounded
edge with two exterior vertices, (0,2) and (3,0). From [Theorem 1, item 1)],
the origin of system (9) is not a monodromic singular point.

We assume that by = 0 and distinguish two cases:

e Case ¢y # 0. Newton diagram consists of a bounded edge of type (1,2) with
two exterior vertices, (0,2) and (4,0). So, system (9) can be expanded as
(&, 9)T = F(11,2) +Fél’2) —I—Fém) with Fgm) = (y+aoz?, biry+cox®)T, Fgl’z) =
(arzy, dox)T and F§? = (0, epa®)T.

If by = 2ap, from Theorem 3, origin of system (9) is monodromic if and only if
cp < 0 (case 1) for by = 2ap). Otherwise, by performing the change of variables
r=mz,v=y—1/4(b; — 2ap)x?, system (9) is transformed into

i =v+ i(bl + 2a0)z? + ajav + %al(bl — 2ap)2?,
b= 1(by + 2a0)zv — $a1 (b1 — 2a0)2%v + (co + £ (b1 — 2a9)?)a? (10)
+(do — §a1 (b1 — 2a0)*z* + ega”.

If co # —4(b1 — 2a9)?, by Theorem 3, it follows that the origin of system
(10) is monodromic if and only if ¢g < —& (b1 — 2ag)?, (case 1)). Otherwise,
co = —%(bl — 2ag)?, it has that if by + 2a¢ # 0, Newton diagram of system
(10) consists of two edges and a inner vertex (2,1) associated to the vector
field (5 (b1 + 2a0)x?, 5 (b1 + 2ao)zv)”. So, by [Theorem 1, item 1)], origin is not
monodromic. Otherwise, by = —2ay, system (10) is

T =v+a1xv — aragr>, )
11
¥ = 2ayapz%v + (do — 2a3ay)x* + egx®.

If dy # 2a3a1, Newton diagram of system (11) has the exterior vertex (5, 0), and
by [Theorem 1, item 1)], it follows that the origin is not a monodromic singular
point. Otherwise, ey # 0 (since if ¢g = 0 system has an invariant axis). In such
a case, Newton diagram of system (11) consists of a bounded edge of type (1, 3)
with two exterior vertices, (0,2) and (6,0). From Theorem 3, if ag or a; is zero,
then the origin of system (11) is monodromic if and only if ey < 0. Otherwise,
by performing the change of variables x = x,w = v — 5/6aga;2?, system (11) is
transformed into
T=w— %alaox‘?’ +arzw + %a%aoz‘L,

(12)
w = —%alagxzw —

5
2

apaizdw + (eo + Baiad)z® — Badata’.



Applying Theorem 3, it deduces that the origin of system (12) is a monodromic
singular point if and only if eg < —22a%af, (case 2)).

e Case ¢y = 0. The coeflicient dy is zero since, otherwise, Newton diagram has a
vertex with odd abscissa, and in such a case both ay and b; also are zero since
they are associated to an inner vertex with odd ordinate. So, it arrives to case
2) for ap =0. O

4. Analytic generalized nilpotent cubic monodromic systems.

Consider the systems

:b=y3+f(337y), yzg(m,y), (13)

where f and g are real analytic functions with f(0,y) starting with at least
cuartic terms, i.e. 9f/9y(0,0) = 9*f/0y>(0,0) = 93 f/0y>(0,0) = 0. That is, f
and ¢ also can to have linear, quadratic and cubic terms.

These systems are called generalized nilpotent cubic systems. The center
and integrability problems of such systems is studied in [15].

Our proposal is to characterize the systems whose origin is monodromic.

In our analysis, we assume that dg/92(0,0) = 0, since, otherwise, the system
is clearly a nilpotent system, which has been study before.

Newton diagrams of such systems verifying the conditions 1) and 2) of The-
orem 1 have two exterior vertex (0,4) and (2a,0) and either can have the inner
vertex (2,2), 27 < «, or does not have any inner vertex. Moreover, in the last
case, if a is odd at most there is one support point on the bounded edge and if
« is even, there are three support point on the edge at most, see figure 3.

Case III.

|
I
Y 2y a+y 2a 200 — 1 da — 2 « 2a 3a 4o

Figure 3: Newton diagrams of the monodromic systems with (0,4) exterior vertex.

We devote our study to finding conditions of monodromy. We analyze each
case separately.
Case I. The expansions into quasi-homogeneous vector fields of these systems,
respect to the types associated to the edges of their Newton diagram, (1, ) and
(1, — ), are, respectively,

x =F(x) =F{7(x)+ghhodt. "
14
= FSJ_O,‘Y__? (x) + g-h.h.o.t.



with 2v < «, (be,a1) # (0,0) and

Fy(z,y) = (4% + asay? + @12y, by R 4 bpa® " 1y2)T
FIU0 T (@y) = (aa®y + g, bya® = 1y? 4 bzt -1y — g2 1T,

If the origin is monodromic, by a change of variables, it is possible to assume

that by = (o — v)ag. Indeed, the associated Hamiltonian function of Ffjjﬁy__z) is
given by
2ahaa(z,y) = (ba — (@ —7)a)2®y® + (b1 — (@ = 7)ag)x™+y — 2.

If by—(a—7y)ay # 0, the change of variables (z,y) — (z, y—i—%xa—v) €

le’a_w transforms system (14) into a new system ,whose Newton diagram
is also a diagram of type case I and b; = (a — ¥)ap. On the other hand, if
by — (. — y)a; = 0, then the origin is monodromic if by — (o — v)ag = 0 since,
otherwise, ™7 — (by — (o — 7¥)ap)y is a simple factor of hs,, that is, from
Theorem 1 it follows that the origin of (14) is not monodromic.

The following result states the monodromy of (14).
Theorem 5. If the origin of system (14) with 2y < « and by = (o — ¥)ag is
monodromic, then one of the following series of conditions is satisfied:

1) by — (@ —7v)ay <0, (bg — vaz)? + 4y(by —va1) < 0,

2) b2 =7ai, b3 = "az, a1 > 0.

3) 4v%ay = (yaz —b3)(bs +yaz), 29bs = bs(yas —bz), (bs—~az)((a—3v)bs+
y(a = y)az) < 0.

Moreover, if 1) or 2) is satisfied, then the origin of system (14) is monodromic.
PROOF. According to the types chosen, the lowest-degree quasi-homogeneous
term of F are F&lﬁf_? and ngz)l By (3), these have the form Fg}_ﬁf_q) =
X + poty DS with
2ahza(w,y) = 2% [(bs = (@ = )ar)y? — a2
2000 4y—1(2,y) = 27771 [2(b2 + yar)y + 2002 7]

and F§7) = Xy, + pz,—1 DY) with

Ayhay(z,y) = (by —va1)z®y? + (bs — vaz)z y® — yy*
2
= - {(y - —b?’gj‘”:c”) - ﬁgﬁ”] ,
dypgy—1(z,y) = a7y [(3bs + yaz)y + 2(by + va1)x7],

where A, = (b3 — yaz)? + 4vy(bay — yay).

Note that by — (v — ¥)a; and A, are the discriminants of hg, and ha,
respectively, and therefore, we can analyze their factors by according the sign
of them:

10



a) If bo — (@ —y)a; > 0 or A, > 0, from Theorem 1, the origin of system (14)
is not monodromic since ho, or hyy has simple factors.

b) We assume that A, < 0. in such a case by < va;. If bs — (@ — y)ay < 0,
then the inner vertex V' = (2, 2) is not characteristic since Sy > 0; thus, by
applying Theorem 1, the origin is monodromic (case 1)). If bo—(a—~v)a; =0,
it has that hoo = —22°, ie. By = ya; — by > 0. Again, the origin is a
monodromic point (case 1)).

¢) We assume that A, = 0. If b — va; = 0, we claim that b3 — yas = 0 and
by — (e —y)a; = (2y — a)ay. If a3 < 0, then the origin is not monodromic.
If a1 > 0, it has that hy(z,y) = —vy?, gy = (a2y + a127)27 "'y # 0 and
By = —v(2y — @)a; > 0. Thus, the conditions of Theorem 1 are satisfied
(case 2)).

d) A, =0,b2— (@ —7)a; <0 and by —ya; < 0, then y — b‘”’;%xv with
bs—vag # 0, is a factor of hy, whose multiplicity order is two. The origin will
be monodromic if either the divergence of the vector field Fglvz)l is identically
zero or the above factor is a factor of the divergence of the vector field. So,

(bs — vaz)(3bs + vaz) + 4y(ba + va1) = 0.

It is easy to check that this one and above conditions arrive to 3). O

Remark 1. Under the assumption of case 3) of Theorem 5, the polynomial
y— b?’g%:ﬂ with b3 — yas # 0, is a non-strong factor of hsy. The first term of
quasi-homogeneous expansion of type (1,v) does not determine the monodromy

of the origin. So, for determining if the origin is monodromic, we perform the

blow-up z = u, y = u” (g + l”;%), dt = 7%. System (14) is transformed

into a new system with invariant axis © = 0 and the ordered pair (1,2) in the
support of the vector field whose vector coefficient is (a1, be — (@ —y)a1) # (0,0).

Newton diagrams having to (1,2) as an inner vertex and whose associated
system has one invariant axis, u = 0, are drawn in figure 4.

Figure 4:

The two firsts diagrams correspond to systems with invariant axis y = 0,
and the third one has an inner vertex with odd ordinate. We emphasize that
Algaba et al. [6] give a result for the system with invariant axis u = 0 and with-
out characteristic orbits different from v = 0 similar to Theorem 1. Speaking
robustly, the difference lies in clearing property 2) of Theorem 1 and changing
property 1) of Theorem 1 by ”all its inner vertices have even ordinate”.

11



So, if we are looking for systems whose Newton diagram has the inner vertex
V = (1,2) and without characteristic orbits different from w = 0, these have
the fourth Newton diagram, that is, it consists of the inner vertex V associated
to the vector field (A uy, Boy?)T, one exterior vertex V = (a + 1,0) associated
to (0,bou®)T and an unique bounded edge of type (2,a). The expansion into
quasi-homogeneous terms of these systems is u = F((f’a) (u) +---

Propositions 9 and 10 characterize these systems without characteristic or-
bits different from u = 0, see Appendix 1. Therefore, the monodromy problem
for the system (14) is solved.

Case II. The expansion into quasi-homogeneous polynomials of these systems
respect to the type (2,2a—1), type associated to the unique edge of their Newton
diagram, is

x =F2*r"V(x) + ¢-h.ho.t. (15)

with

F(2,2a—1)

oy (oY) = (P +ax*

“Ly, byg20—2y2 — gha=3)T

Theorem 6. If the origin of system (15) is monodromic, then one of the fol-
lowing series of conditions is satisfied:

1) (2by — (2a — 1)a1)? < 8(2a — 1),
2) bp=—3, a1 = 2(201—1)'
Moreover, if 1) is satisfied, then the origin of system (15) is monodromic.

(2,2a—1)

ProOOF. The lowest-degree quasi-homogeneous term is Fg =, = = Xp,, , +
(2,2a—1) .

Hea—s5Dy , with

8a — 4)hga—_sa(x = —(2a—1)y* + (2by — (2a — 1)aq)z?*ty? — 2242
( Y y y 7

2
- 9 |:<x2a1 _ 2by (224 1lay y2) _ ?ﬁly4:| ,

(80— Dpta_s(@,y) = (202 + (20 — Day)s® 2y

being Ay := (2by — (2a — 1)a1)? — 8(2a. — 1) the discriminant of hg,—4. We

distinguish the following cases:

a) If A; > 0, origin is not monodromic since hg,—4 has simple factors.

b) If A; < 0, hga—s does not have characteristic factor. It follows that the
origin is monodromic (case 1)).

c) If Ay = 0, then hg,_4 has the double factor z2*~1 — Mﬁfl)algf with
2by — (2ac — 1)a; # 0. The origin of (15) is a monodromic singular point

if the factor is not a strong factor. So, we claim that pgen—5 = 0, i.e.
2by + (2a — 1)a; = 0. This fact arrives to by = —% and a; = m,
case 2). O
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Remark 2. In case of 2) of Theorem 6, by performing the blow-up and the
reparameterization of the time

o (2a — 1)ay “%aT  oal1 _dr
r=u <$_(2) s y=u 5 dt—W7

system (15) is transformed into a new system with invariant axis v = 0 and the
pair (1,2) in the support of the vector field, whose vector coefficient is (1, —2).
So, Propositions 9 and 10 allow us to characterize the monodromy of the origin
in such case.
Case III. The expansion into quasi-homogeneous polynomials of these systems
respect to (1, @), type associated to the unique edge of their Newton diagram,
is

x =FL (%) + ghhot. (16)

From the splitting (3) of a quasi-homogeneous vector field, ngf)l is given by

Fglozg)l (CE, y) = X94a + USale(()La)

where gio = —1/4[(y—az®)?*+b%2%][(y—cax®)?*+d?>2?*] and 0341 = 21 (Ay>+
Byx® + Cx2*) with a,b,¢,d, A, B, C real numbers.

Theorem 7. If origin of system (16) is monodromic, then one of the following
series of conditions is satisfied:

1) bd # 0,

2) d=0, b#0, A#0, (4Ac+2B)? = B2 — 4AC > 0,

3) d=0, b#£0, A=0, ¢c=—BC,

4) b=0,d=0, A#0, a#c¢, a+c=—-B/A, ac=C/A,

5 b=0,d=0, A#0, a=c, (4Ac+2B)? = B?> —4AC > 0.

Moreover, if 1) is satisfied, then origin of system (16) is monodromic.

PRrROOF. The polynomial g4, does not have a strong factor if it satisfies one of
the following conditions:

a) If both b and d are different from zero, the factors of g4, are actually complex
factors. Thus, the origin is a monodromic singular point, case 1).

b) If d # 0 and b = 0, then g4, has the factor y — cx® with multiplicity order
two. Thus, the origin is monodromic if y — cz® is a factor of o34_1.
So, if A # 0, then c¢ is a root of o3,_1, that is, ¢ = ﬁ(—QB + VB2 —4AC)
or ¢ = 75 (—2B — VB? —4AC), case 2).
If A=0, it arrives to c = —BC, case 3).

¢) If b=d =0 and a # ¢, then g4, has two real double factors. The origin
is monodromic if both factors are factors of o3n_1. So, it has that A #
0, a+c¢=—B/A, ac=C/A, case 4).

13



d) Last on, for b = d = 0 and a = ¢, for non-monodromy, y — cz® must be a
factor of o34—1.
So, A # 0 and ¢ is a root of o3,_1. This one arrives to ¢ = ﬁ(—QB +

VB2 —4AC) or ¢ = 5(—2B — VB? —4AC), case 5). O

Remark 3. We note that for cases 2-5), by means of the change u = z, v =
y — cx®, the system (16) is transfomed into a new system of type case I.
Summarizing,

Theorem 8. The origin of the system (13) is monodromic if can be transformed
by means of a sequence of quasi-homogeneous degree-zero changes of variables
into one of the systems given by Theorems 5, 6 or 7.

Furthermore, for the cases where the first quasi-homogeneous term does not
determine the monodromy, Propositions 9 and 10 solve the problem.

Appendix 1
We consider the systems whose expansion into quasi-homogeneous terms is

% = F*»%(x) + ¢-h.h.o.t., (17)

(03

According to evenness of «, we distinguish two cases.

Proposition 9. Consider system (17) with F((f’a)(x, y) = (A1zy, Bay?+boz®)T,
a 1s odd number, by # 0 and (A1, Bs) # (0,0). System (17) does not have any
characteristic orbits different from axis x = 0 if and only if 2B = A1 # 0 and
boBg > 0.

Proor. Hamiltonian associated to the bounded edge is
(2a —+ 2)h2a+2 = X [(232 — OéAl)yz —+ 2b01’a] .

If 2By — a4y # 0, then ho,4o has a simple factor and, therefore, the system
has a characteristic orbit different from x = 0. Otherwise, 2By — aA; = 0, then
(a0 + 1)hogio = boz®T! (there are not any strong factors) and the divergence
of FSE"") iS fe = %Aly Z 0. As By = byBa, if bgBy < 0, then vertex V is
characteristic. From Theorem 1, it deduces that there are characteristic orbits
different from z = 0 and if both by and Bs have same sign, there are not any
characteristic orbits. O

Lastly, we analyze the systems (17) with « even, a = 2/3.

Proposition 10. Consider system

% = F{"P (x) + g-h.hoo.t., (18)
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with F(ﬁl"ﬂ)(x,y) = (Ajxy + aor®tL, Boy? + bizPy + boz?)T, by # 0 and
(Ay,By) # (0,0). System (18) does not have any characteristic orbits differ-
ent from azis x = 0 if and only if one of the following series of conditions is
satisfied:

1) by = 5@07 By = BAl 7£ 0 and boBQ > 0,
2) BQ#O,A<OandA1:O,
3) B2 #0, A <0, Ay #0 and B2/Ao ¢ [0, 5],

with A = (b1 — Bao)2 — 4b0(BQ — 6140)
PROOF. By (3), it has that F$"" = X, + usD§"” with

28+ Dhopyr(z,y) = a[(Bz— BAg)y® + (b1 — Bao)z’y + ba®’]
28+ Dps(z,y) = (A1 +2B2)y + [(B+ 1)ag + bi]2”

If A >0, then hggy; has two strong factor.

If A =0 and by = Bag, then hggy; does not have strong factor since ug =
Ayy + agx® # 0. Also, By = A; # 0 and hence By = byBs. From Theorem
1, if both by and Bs have the same sign, then there is not characteristic orbits
different from x = 0, case 1).

If A =0 and by # Pag, then By # SA; # 0 and (28 + 1)hopy1 =
Pt [(bl — Bag)y + bomﬁ} with ag # 0, that is, there is a strong factor and
consequently there are characteristic orbits different from x = 0.

If A < 0, hagy1 does not have any factors of the form y — Az®, X # 0,
and By = (B2 — BA1)Bs. So, if 0 < By/Ap < B, it has that Sy, < 0, it is a
characteristic vertex, and thus there are characteristic orbits. And if A1 =0 or
By /Aq ¢ [0, B] there are not any characteristic orbits different from = = 0, cases
2) and 3). O
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