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 A B S T R A C T

In this work we find a new kind of T-point (or Bykov point) in the Lorenz system. At this codimension-two 
degeneracy, a heteroclinic cycle connects the origin (when it is a real saddle) and non-trivial equilibria (when 
they are saddle-focus). We observe that it presents a noteworthy geometric difference from the ‘‘classical’’ T-
point, known since the 1980s in the Lorenz system. Because the dominant eigenvalue of the two-dimensional 
manifold at the origin changes, a variation in the direction of the corresponding heteroclinic orbit occurs near 
this equilibrium. Simultaneously, there is an important change in the bifurcation set, not previously found in 
the literature. While at the classical T-point the homoclinic and heteroclinic curves of non-trivial equilibria 
arise as half-lines in the same direction (as predicted by the well-known model of Glendinning and Sparrow), 
now these global bifurcation curves emerge in opposite directions. To justify this change we build a theoretical 
model with suitable Poincaré sections in a tubular environment of the heteroclinic cycle. Finally, by introducing 
a fourth parameter into the Lorenz system (a new quadratic term in its third equation), we show how the
classical T-point can also lead to the new bifurcation set. This transition through a nongeneric situation (which 
occurs when the Jacobian matrix at the origin has a double eigenvalue) implies the existence of a codimension-
three degenerate T-point. We find this bifurcation in the Lorenz-like system considered and illustrate how the 
bifurcation sets evolve by analyzing parallel parameter planes on both sides of the degeneracy.
1. Introduction

Since its appearance in the 1960s [1], the Lorenz system has been 
the subject of a large amount of work that has allowed to understand 
part of the great dynamical richness that it can present. For instance, 
certain aspects of the chaotic behavior the Lorenz system exhibits are 
considered in [2–4]. The presence of hidden chaotic attractors [5], 
some mechanisms of formation of periodic orbits [6], and considera-
tions on the thermodynamic efficiency of the Lorenz equations [7] are 
examples of other aspects that have also received attention recently.

Given the physical significance of the Lorenz system, its three 
parameters are typically positive. However, in certain cases, it is also 
meaningful for them to take negative values. For example, Lorenz sys-
tem arises in the analysis of traveling-wave solutions of the Maxwell–
Bloch equations [8] and in the study of a thermosolutal convection 
model [9]. Thus, the study of the Hopf bifurcation (the Jacobian matrix 
has a pair of purely imaginary eigenvalues) [10] and the Takens–
Bogdanov bifurcation (a double-zero eigenvalue with geometric multi-
plicity one) [11] has been carried out in their complete three-parameter 
space. The existence of invariant algebraic surfaces [12] and the pres-
ence of resonances in periodic orbits [13] have also been analyzed.
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On the other hand, as is well known from the pioneering works 
of Shilnikov (see the recent survey [14] and references therein), the 
presence of global bifurcations (homoclinic and heteroclinic connec-
tions; remind that a homoclinic connection is bi-asymptotic to a saddle 
equilibrium and a heteroclinic connection joins two different saddle 
equilibria) can lead to complex periodic and aperiodic behavior [15,
16]. Identifying the organizing centers and the bifurcations they un-
dergo is essential for analyzing the dynamics of parameterized systems 
(see, for instance, [17–19]). Regarding global bifurcations, T-point 
heteroclinic cycles or, more simply, T-points by abuse of notation (also 
referred to as Bykov cycles [20]) play a significant role.

For three-dimensional systems with at least two saddle equilibria, a 
T-point arises when the one-dimensional unstable manifold of one equi-
librium coincides with the one-dimensional stable manifold of the other 
(generically, this is a codimension-two solution). Simultaneously, the 
two-dimensional manifolds of these equilibria intersect transversally 
(this is a robust, codimension-zero solution), forming a heteroclinic 
loop. In the Lorenz system, this codimension-two heteroclinic cycle was 
discovered in the 1980s [21]. In this case, it connects the origin (a real 
saddle equilibrium with a one-dimensional unstable manifold) and the 
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nontrivial equilibria (saddle-focus equilibria with a two-dimensional 
unstable manifold). Remind that, in planar systems, a saddle equi-
librium has two eigenvalues of different signs; in three-dimensional 
systems, when the three eigenvalues are real, it is named real saddle, 
whereas if the equilibrium has a pair of complex conjugate eigenvalues, 
it is called saddle-focus. This heteroclinic cycle occurs at a point 
in the parameter plane, from which three global bifurcation curves 
emerge [22]. These curves correspond to homoclinic connections to 
the origin (it has spiral shape) as well as homoclinic and heteroclinic 
connections of the nontrivial equilibria (both curves arise as half-lines 
in the same direction). Throughout this paper, we will refer to it as the
classical T-point.

The existence of T-points has been demonstrated in many systems 
from different areas. Without claiming to be exhaustive, we list a few 
of them: Shimizu–Morioka model [23], Chua’s equation [24,25], a 
low-order model of magnetoconvection [26,27], a laser model [28], 
a modified van der Pol–Duffing electronic oscillator [29,30], and a 
model of the oxidation on platinum surfaces [31,32]. Interesting results 
have also been found on the relationship between spiral structures 
and 𝑇  points (see, for instance, [33,34]). The existence of possible 
degeneracies at T-points has also been discussed in the literature. For 
example, a T-point-Hopf arises when one of the equilibria experiences 
a Hopf bifurcation [35–37]. On the other hand, valuable results on the 
dynamics near T-points appear, for instance, in [38–40].

In this work, we identify a new kind of T-point heteroclinic cycle 
in the Lorenz system with a distinct geometric structure. Additionally, 
we detect that the arrangement of the global bifurcation curves emerg-
ing from it is different from that appearing in the classical T-point. 
Specifically, the two curves of global connections of the nontrivial 
equilibria emerge as half-lines but in opposite directions. This indicates 
the existence of a degenerate T-point (codimension-three bifurcation), 
due to the presence of a double eigenvalue in the Jacobian matrix at 
the origin (a transition through a nongeneric situation which implies 
a change in the bifurcation set, not previously found in the literature). 
We also find this degeneracy in a Lorenz-like system that we analyze.

This paper is organized as follows. In Section 2, we consider the 
Lorenz system and find, in a region of the parameter space, a new T-
point. After comparing it with the classical T-point we point out two 
important differences in its geometry. In addition, as mentioned above, 
a fundamental change appears in the way in which the homoclinic and 
heteroclinic curves of nontrivial equilibria arise, since, although they 
are still half-lines, they appear in opposite directions. In Section 3, we 
propose a theoretical model using Poincaré sections (suitably modifying 
the Glendinning and Sparrow model [22]), which allows us to satisfac-
torily justify the new bifurcation set. In this way, we demonstrate that 
the existence of a double eigenvalue in the Jacobian matrix at the origin 
generates a codimension-three T-point. In Section 4, we introduce a 
fourth parameter in the Lorenz system (a new quadratic term in its 
third equation). This helps us to find regions in the parameter space in 
which the classical T-point evolves and gives rise to the new bifurcation 
set. In this way, we find a degenerate T-point in the Lorenz-like system 
considered. Finally, a Conclusions section is included.

2. Detection of a new T-point

The Lorenz system is given by (see [1]) 
⎧

⎪

⎨

⎪

⎩

𝑥̇ = 𝜎(𝑦 − 𝑥),
𝑦̇ = 𝜌𝑥 − 𝑦 − 𝑥𝑧,
𝑧̇ = −𝑏𝑧 + 𝑥𝑦,

(1)

where 𝜎, 𝜌 and 𝑏 are real parameters (note that if 𝜎 = 0 the sys-
tem becomes linear and if 𝑏 = 0 all the points in the 𝑧-axis are 
non-isolated equilibria). The Lorenz equations are invariant under the 
change (𝑥, 𝑦, 𝑧) → (−𝑥,−𝑦, 𝑧). It has up to three equilibria namely, the 
origin, 𝐸0 = (0, 0, 0), and when 𝑏(𝜌 − 1) > 0, two symmetric nontrivial 
equilibria 𝐸 = (±

√

𝑏(𝜌 − 1),±
√

𝑏(𝜌 − 1), 𝜌 − 1).
±

2 
As the eigenvalues of the Jacobian matrix at the origin are going to 
be important in our study, we write their expressions 

𝜆1,2 =
−(1 + 𝜎) ∓

√

(1 + 𝜎)2 + 4𝜎(𝜌 − 1)
2

, 𝜆3 = −𝑏. (2)

It is easy to check that the eigenspaces of 𝜆1 and 𝜆2 are both located in 
the plane 𝑧 = 0 whereas the eigenspace of 𝜆3 is the 𝑧-axis.

Since in this section we are going to find a new T-point in the Lorenz 
system, it is convenient to start by recalling some results about the 
first T-point detected (the classical T-point). After identifying a T-point 
numerically in the Lorenz system [21], Glendinning and Sparrow [22] 
presented a theoretical analysis demonstrating that the unfolding of this 
codimension-two bifurcation involves three primary curves (see [22, 
Figs. 2 and 3], [3, Fig. 1]). These include a spiraling curve 𝐇𝐨 as-
sociated with two simultaneous homoclinic connections of the origin 
(due to symmetry), a half-line 𝐇𝐧𝐭 representing two simultaneous 
homoclinic connections of the nontrivial equilibria, and another half-
line 𝐇𝐞 corresponding to a pair of symmetric heteroclinic orbits linking 
the nontrivial equilibria. They demonstrated that, to first order, the 
curves 𝐇𝐧𝐭 and 𝐇𝐞 emerge in the same direction.

In Fig.  1(a), for 𝜌 = 50, we draw the projection onto the 𝑥-𝑧 plane 
of the classical T-point heteroclinic cycle, which exists in Lorenz system 
when 𝑏 ≈ 4.76314, 𝜎 ≈ 18.2482. In this region of the parameter space 
the origin is a real saddle (with 𝜆1 < 𝜆3 < 0 < 𝜆2, according to Eq. (2)) 
and the nontrivial equilibria are saddle-focus (with positive real part 
of the complex eigenvalues). We observe that the heteroclinic orbit 
corresponding to the intersection of the two-dimensional manifolds (in 
red) reaches the origin tangentially to the 𝑧-axis. This can be explained 
by examining the eigenvalues of the Jacobian matrix at the origin, 
which, for these parameter values, are (see Eq. (2)): 𝜆1 ≈ −41.04, 
𝜆2 ≈ 21.79, and 𝜆3 ≈ −4.76. Since |𝜆3| (whose eigenvector coincides 
with the 𝑧-axis) is smaller than |𝜆1| (whose eigenvector is located in 
the plane 𝑧 = 0), the dominant direction near the origin is that of the 
𝑧-axis (and this is, therefore, the generic entry direction). This fact is 
very evident since 𝜆1∕𝜆3 ≈ 8.62.

In Fig.  1(b), we show a partial bifurcation set in the (𝑏, 𝜎)-plane, 
in a neighborhood of the classical T-point. According to [22], 𝐇𝐨
emerges spiraling and the curves 𝐇𝐧𝐭 and 𝐇𝐞 are half-lines arising in 
the same direction. Note that 𝐇𝐧𝐭 and 𝐇𝐞 are so close that they are 
not distinguishable. More details of this bifurcation set can be found 
in [37].

In what follows, to find the new T-point in the Lorenz system, we 
will focus on a region of the parameter space where we know that 
homoclinic connections of the origin exist. For this, we rely on ana-
lytical and numerical results concerning Hopf and Takens–Bogdanov 
bifurcations in the Lorenz system (see [10,11]). For example, we know 
that when 𝜌 = 1, 𝜎 = −1 and 𝑏 < 0, the origin undergoes a homoclinic-
type Takens–Bogdanov bifurcation. In the considered region, since 𝜌 <
1, 𝑏 < 0, 𝜎 < 0, according to (2), the origin is a real saddle with 
𝜆1 < 0 < 𝜆2, 𝜆3. All numerical results will be obtained with the help 
of the continuation code AUTO [41]. Keep in mind that, for the sake 
of simplifying the notation throughout this paper, we will use the same 
symbol to label both the global connections (which, due to symmetry, 
actually come in pairs) and the global bifurcations, despite them being 
distinct objects.

Since in [11, Fig. 10] the case 𝑏 = −1.6 was studied, we now 
fix another value of 𝑏 closer to 𝑏 = −2, for which a degenerate 
homoclinic-type Takens–Bogdanov bifurcation of infinite codimension 
occurs. Thus, we begin by obtaining a partial bifurcation set for 𝑏 =
−1.95. To do this, we take 𝜌 = −0.05, 𝜎 = −0.025, and continue the 
non-trivial equilibrium 𝐸+, moving 𝜌. A Hopf bifurcation 𝐡 is detected 
when 𝜌 ≈ −0.0277027. The bifurcation diagram of the repulsive periodic 
orbit arising from 𝐡 is drawn in Fig.  2(a). As can be seen in this figure, 
this periodic orbit experiences two period-doubling bifurcations (𝐩𝐝𝟏
for 𝜌 ≈ −0.0210674 and 𝐩𝐝𝟐 for 𝜌 ≈ 0.0715419) and a saddle–node 
bifurcation 𝐬𝐧 when 𝜌 ≈ 0.0715420. The saddle periodic orbit that arises 



A. Algaba et al.

Fig. 1. For 𝜌 = 50: (a) Projection onto the 𝑥-𝑧 plane of the T-point heteroclinic cycle in Lorenz system, which exists when 𝑏 ≈ 4.76314, 𝜎 ≈ 18.2482. (b) Partial bifurcation set in 
the (𝑏, 𝜎)-plane, in a neighborhood of the T-point. Three curves of global connections emerge, namely, 𝐇𝐨 (spiraling curve of homoclinic orbits to the origin), 𝐇𝐧𝐭 (of homoclinic 
connections of the nontrivial equilibria) and 𝐇𝐞 (of heteroclinic connections between the nontrivial equilibria). Note that the curves 𝐇𝐧𝐭 and 𝐇𝐞 are so close that they are not 
distinguishable.

Fig. 2. For 𝑏 = −1.95: (a) When 𝜎 = −0.025, bifurcation diagram of the asymmetric periodic orbit born in the Hopf bifurcation of the nontrivial equilibria 𝐡. It ends in a homoclinic 
connection to the origin 𝐇𝐨. The projection of this global connection in the 𝑥-𝑧 plane appears in the inset. (b) Partial bifurcation set with the curves 𝐡 and 𝐇𝐨. The curve 𝐇𝐨
emerges spiraling from a T-point 𝐓𝐏, placed at (𝜌, 𝜎) ≈ (0.0977841,−0.0199045). (c) T-point heteroclinic cycle in the phase space. Projection of the T-point heteroclinic loop onto 
the: (d) 𝑥-𝑧 plane; (e) 𝑥-𝑦 plane; (f) 𝑦-𝑧 plane. (g) Temporal profile 𝑥(𝑡) of the T-point heteroclinic loop 𝐓𝐏. The black (alt., red) orbit corresponds to the intersection between the 
one-dimensional (alt., two-dimensional) manifolds of the equilibria. Note that, because of the symmetry, all these orbits come in pairs.
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Fig. 3. For 𝑏 = −1.95: (a) Bifurcation diagram for 𝜌 = 0.05 of the asymmetric periodic orbit born in the homoclinic bifurcation of the origin 𝐇𝐨, which exists when 𝜎 ≈ −0.021601037. 
It ends in a homoclinic connection to the nontrivial equilibria 𝐇𝐧𝐭. The projection of this global connection in the 𝑥-𝑧 plane appears in the inset. (b) Bifurcation diagram of the 
symmetric periodic orbit emerged from 𝐇𝐨 for 𝜌 = 0.05 in (𝜎, 𝑃 𝑒𝑟𝑖𝑜𝑑) and for 𝜎 = −0.015 in (𝜌, 𝑃 𝑒𝑟𝑖𝑜𝑑). The projection on the 𝑥-𝑧 plane of the heteroclinic connection 𝐇𝐞 appears 
in the inset. (c) Partial bifurcation set in a neighborhood of the T-point 𝐓𝐏 with the curves 𝐇𝐨, 𝐇𝐧𝐭 and 𝐇𝐞. Projection onto the 𝑥-𝑧 plane of: (d) The homoclinic orbit to the 
nontrivial equilibria, for (𝜌, 𝜎) ≈ (0,−0.01966654); (e) The double-pulse homoclinic orbit to the nontrivial equilibria, for (𝜌, 𝜎) ≈ (0,−0.01966654); (f) The heteroclinic orbit which 
corresponds to the intersection of the 2D manifolds of the equilibria, at the endpoint 𝐓𝐏 of the double-pulse branch of the curve 𝐇𝐧𝐭. (g) Temporal profile 𝑥(𝑡) of this heteroclinic 
orbit. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
after undergoing such bifurcations ends in a homoclinic connection to 
the origin 𝐇𝐨, when 𝜌 ≈ −0.0703336, whose projection onto the 𝑥-𝑧
plane appears in the inset.

Starting from these bifurcation points, we obtain the partial bifurca-
tion set for 𝑏 = −1.95 (see Fig.  2(b)), with the curves 𝐡 (Hopf bifurcation 
of the nontrivial equilibria) and 𝐇𝐨 (homoclinic connections to the 
origin). As in [11, Fig. 11], a first-order degeneracy 𝐃𝐡 appears on 
the curve 𝐡 (see [10]), when (𝜌, 𝜎) ≈ (−0.0286006,−0.0258081). The 
Hopf bifurcation is subcritical (a pair of repulsive asymmetric periodic 
orbits arises) above the point 𝐃𝐡 and supercritical (a pair of saddle 
asymmetric periodic orbits emerges) at the remaining points of the 
curve shown in the figure. It is important to note that, since we are 
going to move in a region where 𝑏 < −1 and 𝜎 < 0, the divergence of the 
Lorenz system, 𝑑𝑖𝑣(𝑥, 𝑦, 𝑧) = −(𝑏+𝜎+1), will always be positive, so that 
attractive periodic orbits cannot exist. In turn, we see that the curve 𝐇𝐨
spirals to end at point 𝐓𝐏, placed at (𝜌, 𝜎) ≈ (0.0977841,−0.0199045). 
This behavior of the homoclinic curve suggests that at the point 𝐓𝐏
there could exist a T-point heteroclinic cycle.
4 
To corroborate this, at the endpoint of the curve 𝐇𝐨, we represent 
the homoclinic connection in the phase space and the correspond-
ing temporal profiles of the three state variables. In this way we 
confirm that it is a T-point. Indeed (see Fig.  2(c)), a branch of the one-
dimensional unstable manifold of the equilibrium 𝐸+ coincides with 
a branch of the one-dimensional stable manifold of the origin (this 
codimension-two heteroclinic connection is drawn in black, as we will 
always do throughout this work). At the same time, the intersection 
between the two-dimensional unstable manifold of the origin and the 
two-dimensional stable manifold of 𝐸+ (this codimension-zero hetero-
clinic connection is drawn in red, as we will always do throughout this 
paper) closes the heteroclinic cycle. To better visualize the geometric 
shape of this heteroclinic cycle, in Figs.  2(d), 2(e) and 2(f), we draw 
its projections on the coordinate planes. In addition, in Fig.  2(g), we 
represent the 𝑥(𝑡) profile of both heteroclinic connections.

We will now discuss some differences between the classical T-point 
(see Fig.  1(a)) and the new T-point (see Fig.  2(d)). First, we observe 
that the trajectory of the new T-point occurs in the opposite direction 
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of time (for example, in the new T-point, the one-dimensional manifold 
emerges from 𝐸+ and reaches the origin). If we look at the projection 
of the T-points in the 𝑥-𝑧 plane, two aspects of its geometry are of 
interest. Focusing on the variable 𝑥, in the classical T-point, the one-
dimensional manifold emerges from the origin towards the right (𝑥 > 0) 
but eventually enters the left equilibrium 𝐸− (the one with 𝑥 < 0). That 
is, the heteroclinic cycle does not connect the origin to the nontrivial 
equilibrium via the ‘‘shortest’’ path; it is not ‘‘direct’’. This is also the 
typical configuration in the T-point heteroclinic cycle of other systems, 
such as Shimizu-Morioka [3, Fig. 12], Chua [24], and modified van 
der Pol circuit [29] systems. In contrast, the new heteroclinic cycle is 
entirely contained in the region where 𝑥 > 0, ‘‘directly’’ connecting both 
equilibria.

As we will theoretically demonstrate in the next section, the second 
geometric difference will have significant consequences for the bifurca-
tion set. In the new T-point, the heteroclinic orbit corresponding to the 
intersection of the two-dimensional manifolds emerges from the origin 
tangential to the plane 𝑧 = 0 (while, at the classical T-point, it enters 
the origin tangential to the 𝑧-axis). In this case, the eigenvalues of the 
Jacobian matrix at the origin are (see Eq. (2)): 𝜆1 ≈ −0.998, 𝜆2 ≈ 0.018, 
and 𝜆3 ≈ 1.95. Therefore, since 𝜆2 < 𝜆3, the dominant direction near the 
origin in the unstable eigenspace is that of the eigenvector of 𝜆2, which 
lies in the 𝑥-𝑦 plane. This fact is very evident since 𝜆2∕𝜆3 ≈ 0.0092 (see 
Fig.  2(d)).

To obtain the other two curves arising from the point 𝐓𝐏 (cor-
responding to homoclinic and heteroclinic connections to the non-
trivial equilibria) we make two bifurcation diagrams. The first one, see 
Fig.  3(a), corresponds to the saddle asymmetric periodic orbit arising 
from 𝐇𝐨, which occurs at (𝜌, 𝜎) ≈ (0.05,−0.021601037). It exhibits a 
saddle–node bifurcation 𝐬𝐧𝟏 for 𝜎 ≈ −0.026810673922. The repulsive 
periodic orbit arising from 𝐬𝐧𝟏 undergoes two period-doubling bifur-
cations 𝐩𝐝𝟏 when 𝜎 ≈ −0.026810673877 (the second 𝐩𝐝𝟐 when 𝜎 ≈
−0.0212562847) before collapsing at a new saddle–node bifurcation 𝐬𝐧𝟐
for 𝜎 ≈ −0.0212562846. The saddle periodic orbit arising from 𝐬𝐧𝟐
undergoes further saddle–node and period-doubling bifurcations before 
disappearing at a homoclinic connection to the nontrivial equilibria 
𝐇𝐧𝐭, when 𝜎 ≈ −0.0237724. The projection onto the 𝑥-𝑧 plane of this 
homoclinic connection appears in the inset.

The second bifurcation diagram, represented in Fig.  3(b), has been 
obtained by continuing in two steps the saddle symmetric periodic orbit 
which arises from the homoclinic connection 𝐇𝐨. In the first one (see 
the left part of the diagram), we fix 𝜌 = 0.05 and represent Period 
versus 𝜎, up to 𝜎 = −0.015 (this periodic orbit does not experience any 
bifurcation in the range of the figure). Now, in the second step (see 
the right part of the diagram), we fix 𝜎 = −0.015 and represent Period 
versus 𝜌, starting from 𝜌 = 0.05. It exhibits various saddle–node (𝐒𝐍) 
and symmetry-breaking (𝐏𝐏𝐎) bifurcations and ends in a heteroclinic 
connection 𝐇𝐞 between the nontrivial equilibria, when 𝜌 ≈ 0.147117. 
We have marked the first 𝐒𝐍 and 𝐏𝐏𝐎 bifurcations, which occurs for 
𝜌 ≈ 0.15118839496 and 𝜌 ≈ 0.15118839493, respectively. The projection 
onto the 𝑥-𝑧 plane of this heteroclinic connection appears in the inset. 
We comment that, when 𝜌 tends to −∞, the period of these orbits tends 
to zero and its amplitude to ∞ (this behavior is similar to that reported 
in the Lorenz system for the so-called superluminal periodic orbits [42], 
when 𝜌 tends to ∞).

Once the three global bifurcations arising from the point 𝐓𝐏 have 
been detected, we draw in Fig.  3(c) the partial bifurcation set around 
it, for 𝑏 = −1.95. We can see how the curves 𝐇𝐨 (homoclinic orbits to 
the origin), 𝐇𝐧𝐭 (homoclinic connections to the nontrivial equilibria; 
red color), and 𝐇𝐞 (heteroclinic connections between the nontrivial 
equilibria; blue color) emerge from 𝐓𝐏. The most outstanding fact is 
that the curves 𝐇𝐧𝐭 and 𝐇𝐞 arise in opposite directions, a situation not 
previously found in the literature (compare with Fig.  1(b)). The next 
section will be devoted to theoretically justifying this new arrangement 
of the curves 𝐇𝐧𝐭 and 𝐇𝐞.
5 
On the other hand, a noteworthy detail in Fig.  3(c) is that the 
curve 𝐇𝐧𝐭 starts and ends at the same point 𝐓𝐏 in the parameter 
plane. This is due to the existence of two different intersections of the 
two-dimensional manifolds of the equilibria (in [43,44], this situation 
is called bi-spiraling because there the homoclinic curve has a spiral 
shape). Indeed, the curve 𝐇𝐧𝐭 emerges from the point 𝐓𝐏 and has a 
turning point, when (𝜌, 𝜎) ≈ (−0.0251372,−0.0279116), such that the 
descending part (on which the homoclinic orbit of Fig.  3(d) occurs) 
and the ascending branch (on which the double-pulse homoclinic con-
nection of Fig.  3(e) exists) are so close that they are indistinguishable 
(the descending branch is on the right side). Precisely the left branch 
of the curve 𝐇𝐧𝐭 (of double-pulse homoclinic connections) ends at the 
point 𝐓𝐏. The new (and considerably more complex) intersection of the 
two-dimensional manifolds of the equilibria is shown in Fig.  3(f), with 
a portion of it lying very close to both the one-dimensional manifolds 
of the equilibria and the intersection of the two-dimensional manifolds 
depicted in Fig.  2(d). The two insets in Fig.  3(f), each located near an 
equilibrium, aim to clarify the nature of this trajectory. Additionally, 
its temporal profile 𝑥(𝑡), illustrated in Fig.  3(g), can be compared to 
the one presented in Fig.  2(g).

The following comments complete the information on the curves 
𝐇𝐨, 𝐇𝐧𝐭 𝐇𝐞. At all points on the curve 𝐇𝐧𝐭, the nontrivial equilibria 
𝐸± are saddle-focus. If we denote by 𝛿0 = |

|

𝑚𝑖𝑛(𝜆2, 𝜆3)∕𝜆1||, it holds that 
𝛿0 < 1 for all points on the curve 𝐇𝐨 in the range of Fig.  3(c). The curve 
𝐇𝐞 exists between 𝐓𝐏 and the point (𝜌, 𝜎) ≈ (0.263157, 0). Finally, we 
mention that for 𝑏 = −1.95 another curve of homoclinic connections 
to the origin arises from the point (𝜌, 𝜎) = (1,−1), where the origin 
experiences a Takens–Bogdanov bifurcation. It exists in the 𝜎 < −1 zone 
and is similar to the 𝐇𝐨 curve present in [11, Fig. 10].

3. A theoretical model

In this section, we aim to develop a theoretical model by construct-
ing several Poincaré sections close to the main object of study, the 
T-point heteroclinic cycle. This model will provide, up to first order, the 
expression of the codimension-one global bifurcation curves emanating 
from the T-point, in a theoretical parameter plane with coordinates 
(𝑑1, 𝑑2).

Specifically, we will explain that the curves of homoclinic and 
heteroclinic connections of the non-trivial equilibria emerge from the T-
point in opposite directions. The Glendinning and Sparrow model [22] 
cannot account for this fact, so we propose to modify it appropriately to 
achieve our goal. The validity of the model is based on the 1-linearity 
of the saddle-focus equilibrium (see [45]), on that of the real saddle 
equilibrium under generic conditions (see [37, Appendix A]), and on 
the first-order approximation of the global diffeomorphisms between 
the cross sections of the two equilibria. There are other alternative 
approaches to the study of real saddle equilibria that also include 
non-generic situations (see [46]).

A schematic representation of our theoretical model appears in Fig. 
4. Initially, we consider only two equilibria, 𝑄1 and 𝑄2, which are 
connected by a heteroclinic cycle. This will allow us, by taking four 
cross-sections through the flow, to find the first-order expressions for 
the homoclinic curves of both equilibria. Next, we will use the system’s 
invariance under the symmetry (𝑥, 𝑦, 𝑧) → (−𝑥,−𝑦, 𝑧), which implies 
the existence of three equilibria: 𝑄1 (located at the origin) and the 
symmetric pair 𝑄2 and 𝑄𝑠𝑖𝑚

2 . This symmetry also implies that there 
are two simultaneous T-point heteroclinic cycles (the one drawn and 
its symmetrical counterpart). From these cycles, two symmetric homo-
clinic connections to 𝑄1 and symmetric homoclinic orbits to 𝑄2 and 
𝑄𝑠𝑖𝑚

2  appear. In addition, a pair of symmetric heteroclinic connections 
exists between 𝑄  and 𝑄𝑠𝑖𝑚.
2 2
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Fig. 4. Schematic heteroclinic loop between 𝑄1 and 𝑄2, showing the surfaces 𝛴1, 𝛴2, 𝛴3, and 𝛴4 used to construct the return map.
3.1. Maps

The main idea is to compute the linearized flow of the system in 
a tubular neighborhood of the heteroclinic cycle. In a vicinity of 𝑄1, 
which is a real saddle, we choose coordinates (𝑥, 𝑦, 𝑧), such that the 
flow of the system is generated by the equations 
⎧

⎪

⎨

⎪

⎩

𝑥̇ = 𝜆1𝑥,
𝑦̇ = −𝜆2𝑦,
𝑧̇ = −𝜆3𝑧,

(3)

where 𝜆1 > 0 and 𝜆3 > 𝜆2 > 0.
Similarly, in a neighborhood of 𝑄2 (saddle-focus equilibrium) suit-

able coordinates (𝑋, 𝑌 ,𝑍) can be chosen in such a way that the flow is 
governed by the equations 
⎧

⎪

⎨

⎪

⎩

𝑋̇ = 𝑃𝑋 −𝛺𝑌 ,
𝑌̇ = 𝛺𝑋 + 𝑃𝑌 ,
𝑍̇ = −𝛬𝑍,

(4)

where 𝑃 > 0 (unstable focus), 𝛬 > 0 (stable one-dimensional manifold). 
The sign of 𝛺 is not fundamental in this study since it only indicates 
the direction of rotation.

In these coordinates, the local manifolds of the equilibria are rec-
tified (coinciding with their linear manifolds). Thus, the stable two-
dimensional manifold of 𝑄1 is locally contained in the 𝑥 = 0 plane 
(the strong manifold is on the 𝑧 axis and the weak manifold on the 𝑦
axis), its unstable one-dimensional manifold in the 𝑥-axis, the unstable 
two-dimensional manifold of 𝑄2 in the 𝑍 = 0 plane, and its stable 
one-dimensional manifold in the 𝑍-axis.

Now, using the local coordinates given above, the following four 
transversal sections to the flow in the neighborhoods of 𝑄1 and 𝑄2 can 
be defined (see Fig.  4 and also, for instance, [22,37,47]): 
𝛴1 =

{

(𝑥, 𝑦, 𝑧); 𝑥 = ℎ𝑥 > 0
}

,
𝛴2 = {(𝑋, 𝑌 ,𝑍); 𝑍 = 𝐻 > 0} ,
𝛴3 = {(𝑋, 𝑌 ,𝑍); 𝑌 = 0} ,
𝛴4 =

{

(𝑥, 𝑦, 𝑧); 𝑦 = ℎ𝑦 > 0
}

,

(5)

where ℎ𝑥, ℎ𝑦 and 𝐻 are small enough positive numbers.
Note that we focus in the flow near the intersection points of the 

T-point heteroclinic cycle with these four Poincaré sections. In the case 
of 𝛴3, the neighborhood of the point (𝑋,𝑍) = (𝑋0, 0) must be small 
enough to avoid other intersections of the same orbit. The intersection 
point of the codimension-zero orbit of the T-point heteroclinic cycle 
6 
with 𝛴4 is (𝑥, 𝑧) = (0, 𝑧0). Regarding the intersections of its codimension-
two orbit with 𝛴1 and 𝛴2, they occur, respectively, at (𝑦, 𝑧) = (0, 0) and 
at (𝑋, 𝑌 ) = (0, 0).

Now the flow applications between the different sections are ob-
tained. First of all, we have 𝑇1 ∶ 𝛴4 → 𝛴1, 𝑇1(𝑥, ℎ𝑦, 𝑧) = (ℎ𝑥, 𝑦′, 𝑧′), 
𝑥 > 0, where 
(

𝑦′

𝑧′

)

=
(

𝑞𝑥𝛾

𝑝𝑧𝑥𝛿

)

, (6)

being

𝛿 =
𝜆3
𝜆1

, 𝛾 =
𝜆2
𝜆1

, 𝑞 = ℎ𝑦ℎ
−𝛾
𝑥 , 𝑝 = ℎ−𝛿𝑥 ,

with 𝛿 > 𝛾 > 0, because 𝜆3 > 𝜆2 and 𝜆1 > 0. Note that to construct 𝑇1 it 
is enough to integrate the system (3).

The transition 𝑇2 ∶ 𝛴1 → 𝛴2 is given by 𝑇2(ℎ𝑥, 𝑦′, 𝑧′) = (𝑋′, 𝑌 ′,𝐻), 
where 
(

𝑋′

𝑌 ′

)

=
(

𝑑1
𝑑2

)

+
(

𝑎 𝑏
𝑐 𝑑

)(

𝑦′

𝑧′

)

, (7)

with 𝑎𝑑 − 𝑏𝑐 ≠ 0 (linear diffeomorphism) and where 𝑑1 and 𝑑2 are the 
main parameters of the model.

The third map, 𝑇3 ∶ 𝛴3 → 𝛴2, is given by 𝑇3(𝑋, 0, 𝑍) = (𝑋′, 𝑌 ′,𝐻), 
where 
(

𝑋′

𝑌 ′

)

= 𝑋𝑍𝛥𝐻−𝛥
(

cos(𝛩 log𝑍 +𝛷)
sin(𝛩 log𝑍 +𝛷)

)

, (8)

with

𝛥 = 𝑃
𝛬
, 𝛩 = 𝛺

𝛬
, 𝛷 = −𝛺

𝛬
log𝐻 = −𝛩 log𝐻.

Note that the direction of the flow is from 𝛴2 to 𝛴3. However, to 
simplify the computations, we calculate the inverse map.

Finally, we have 𝑇4 ∶ 𝛴3 → 𝛴4, 𝑇4(𝑋, 0, 𝑍) = (𝑥, ℎ𝑦, 𝑧), being 
(

𝑥
𝑧

)

=
(

0
𝑧0

)

+
(

𝐴 𝐵
𝐶 𝐷

)(

𝑋 −𝑋0
𝑍

)

, (9)

where 𝐴𝐷 − 𝐵𝐶 > 0 (orientation-preserving linear diffeomorphism), 
𝑋0 > 0, 𝐴 ≠ 0. If it were 𝐴 = 0, then 𝑍 = 0 would be mapped into 
𝑥 = 0 for all 𝑋, resulting in the coincidence of the two-dimensional 
manifolds and the absence of a transversal intersection.

3.2. Global connections

Once the different transition maps have been defined, we then
obtain the conditions for global connections to exist. First, the
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codimension-two heteroclinic orbit of the T-point cycle is given by the 
trivial condition 𝑇2(ℎ𝑥, 0, 0) = (0, 0,𝐻), which implies (𝑑1, 𝑑2) = (0, 0).

Second, the condition for the existence of a homoclinic orbit to 𝑄1
is

𝑇4(𝑇 −1
3 (𝑇2(ℎ𝑥, 0, 0))) = (0, ℎ𝑦, 𝑧).

Since 𝑇2(ℎ𝑥, 0, 0) = (𝑑1, 𝑑2,𝐻), the condition becomes 𝑇4(𝑇 −1
3 (𝑑1, 𝑑2,𝐻))

= (0, ℎ𝑦, 𝑧). Now, there exist a point (𝑋, 0, 𝑍) ∈ 𝛴3 such that
𝑇 −1
3 (𝑑1, 𝑑2,𝐻) = (𝑋, 0, 𝑍), or equivalently, 
(

𝑑1
𝑑2

)

= 𝑋𝑍𝛥𝐻−𝛥
(

cos(𝛩 log𝑍 +𝛷)
sin(𝛩 log𝑍 +𝛷)

)

. (10)

The condition 𝑇4(𝑋, 0, 𝑍) = (0, ℎ𝑦, 𝑧) implies, equating the first compo-
nents, that 0 = 𝐴(𝑋 − 𝑋0) + 𝐵𝑍, from which we obtain 𝑋 = 𝑋0 −

𝐵
𝐴𝑍

(recall that 𝐴 ≠ 0). Returning to the expression (10), we have 
(

𝑑1
𝑑2

)

=
(

𝑋0 −
𝐵
𝐴
𝑍
)

𝑍𝛥𝐻−𝛥
(

cos(𝛩 log𝑍 +𝛷)
sin(𝛩 log𝑍 +𝛷)

)

. (11)

Therefore, up to first order, the curve of homoclinic connections to 𝑄1, 
𝐇𝐨𝐦𝐐𝟏, is a logarithmic spiral around (𝑑1, 𝑑2) = (0, 0) (see Fig.  5).

Third, the condition for the existence of a homoclinic connection to 
𝑄2 is 
𝑇2(𝑇1(𝑇4(𝑋, 0, 0))) = (0, 0,𝐻). (12)

In order for this to occur there must exist a point (𝑥, ℎ𝑦, 𝑧) ∈ 𝛴4, with 
𝑥 > 0 such that 𝑇4(𝑋, 0, 0) = (𝑥, ℎ𝑦, 𝑧). The inequality 𝑥 > 0 is a necessary 
condition for the flow to reach a neighborhood of 𝑄2 instead of the 
symmetric equilibrium 𝑄𝑠𝑖𝑚

2 .
The expression for the map 𝑇4, leads to 

(

𝑥
𝑧

)

=
(

0
𝑧0

)

+
(

𝐴 𝐵
𝐶 𝐷

)(

𝑋 −𝑋0
0

)

=
(

𝐴(𝑋 −𝑋0)
𝑧0 + 𝐶(𝑋 −𝑋0)

)

, (13)

and, therefore, 𝑧 = 𝑧0 +
𝐶
𝐴𝑥. By 𝑇1, this point (𝑥, ℎ𝑦, 𝑧) is mapped into a 

(ℎ𝑥, 𝑦′, 𝑧′) ∈ 𝛴1 such that 
(

𝑦′

𝑧′

)

=
(

𝑞𝑥𝛾

𝑝𝑧𝑥𝛿

)

=

(

𝑞𝑥𝛾

𝑝
(

𝑧0 +
𝐶
𝐴𝑥

)

𝑥𝛿

)

. (14)

Finally, this point has to be transformed into (0, 0,𝐻) ∈ 𝛴2 (one-
dimensional manifold) by 𝑇2, that is, 
(

0
0

)

=
(

𝑑1
𝑑2

)

+
(

𝑎 𝑏
𝑐 𝑑

)

(

𝑞𝑥𝛾

𝑝
(

𝑧0 +
𝐶
𝐴𝑥

)

𝑥𝛿

)

. (15)

Solving for (𝑑1, 𝑑2) we obtain 
(

𝑑1
𝑑2

)

= −𝑥𝛾
⎛

⎜

⎜

⎝

𝑎𝑞 + 𝑏
(

𝑧0 +
𝐶
𝐴𝑥

)

𝑥𝛿−𝛾

𝑐𝑞 + 𝑑
(

𝑧0 +
𝐶
𝐴𝑥

)

𝑥𝛿−𝛾

⎞

⎟

⎟

⎠

= −𝑞𝑥𝛾
(

𝑎
𝑐

)

+ 𝑜(𝑥𝛾 ), (16)

where 𝑥 > 0 and 𝛿 > 𝛾. This is the expression of the curve of homoclinic 
connections of 𝑄2, 𝐇𝐨𝐦𝐐𝟐, in the (𝑑1, 𝑑2)-parameter plane (see Fig.  5). 
When 𝑥 → 0+, the curve tends to (𝑑1, 𝑑2) = (0, 0), with the direction of 
the vector 

(

𝑎
𝑐

)

 determined by 𝑎𝑑1 < 0, 𝑐𝑑2 < 0.

Fourth, since the Lorenz system has the symmetry (𝑥, 𝑦, 𝑧) →
(−𝑥,−𝑦, 𝑧), this fact must be incorporated into the model. Finally, we 
summarize the principal effects of this symmetry in the following lines:

• Equilibrium 𝑄1 is located at the origin, and equilibrium 𝑄2 has 
another symmetrical one, which we have called 𝑄𝑠𝑖𝑚

2 .
• For (𝑑1, 𝑑2) = (0, 0), there are two simultaneous T-point hetero-
clinic cycles, which are symmetrical to each other.

• The homoclinic orbit of the origin is associated with another 
symmetrical one. Therefore, on the curve 𝐇𝐨𝐦𝐐𝟏 given to first 
order in (11), there is a double homoclinic connection of 𝑄1.

• The homoclinic orbit of the non-trivial equilibrium 𝑄2 is associ-
ated with another symmetrical one, that corresponds to 𝑄𝑠𝑖𝑚

2 . This 
occurs on the same curve given up to first order in (16), 𝐇𝐨𝐦𝐐 .
𝟐

7 
Fig. 5. Partial bifurcation set in the (𝑑1 , 𝑑2)-plane, in a neighborhood of the T-point, 
𝐓𝐏. Curve 𝐇𝐨𝐦𝐐𝟏 (black) has a spiral shape. The curves 𝐇𝐨𝐦𝐐𝟐 (red) and 𝐇𝐞 (blue) 
emerge in opposite directions. (For interpretation of the references to color in this 
figure legend, the reader is referred to the web version of this article.)

• The existence of heteroclinic connections of codimension one 
between the equilibria 𝑄2 and 𝑄𝑠𝑖𝑚

2  is possible.
In fact, for such a heteroclinic connection to occur, the following 
conditions must hold. First, a curve of the two-dimensional man-
ifold of 𝑄2 that corresponds to a point (𝑋, 0, 0) ∈ 𝛴3 must reach a 
neighborhood of 𝑄1, but entering through a point (𝑥, ℎ𝑦, 𝑧) ∈ 𝛴4
where, in this case, 𝑥 < 0. By following the same reasoning used 
for the homoclinic connections to 𝑄2, from the expression of 𝑇4
one can obtain the equality 𝑧 = 𝑧0 +

𝐶
𝐴𝑥.

Now, by the symmetry, the orbit corresponding to this point 
(𝑥, ℎ𝑦, 𝑧) ∈ 𝛴4 with 𝑥 < 0 reaches the point 𝑄𝑠𝑖𝑚

2  by its one-
dimensional stable manifold if, and only if, the orbit correspond-
ing to the symmetric point (−𝑥,−ℎ𝑦, 𝑧) ∈ 𝛴𝑠𝑖𝑚

4 ∶= {(−𝑥, 𝑦, 𝑧); 𝑦 =
−ℎ𝑦 < 0, 𝑥 < 0} reaches the point 𝑄2 by its one-dimensional stable 
manifold. This can be written as 
𝑇2(𝑇 𝑠𝑖𝑚

1 (−𝑥,−ℎ𝑦, 𝑧)) = (0, 0,𝐻) ∈ 𝛴2, (17)

where 𝑇 𝑠𝑖𝑚
1 ∶ 𝛴𝑠𝑖𝑚

4 → 𝛴1 is given by 𝑇 𝑠𝑖𝑚
1 (−𝑥,−ℎ𝑦, 𝑧) = (ℎ𝑥,−𝑞(−𝑥)𝛾

𝑝𝑧(−𝑥)𝛿). This expression for the map 𝑇 𝑠𝑖𝑚
1  is obtained by integrat-

ing (3), analogously to 𝑇1.
Analogous to the homoclinic connections of 𝑄2, from Eq.  (17) and 
given that 𝑧 = 𝑧0 +

𝐶
𝐴𝑥, it follows that 

(

𝑑1
𝑑2

)

= −(−𝑥)𝛾
⎛

⎜

⎜

⎝

−𝑎𝑞 + 𝑏𝑝
(

𝑧0 +
𝐶
𝐴𝑥

)

(−𝑥)𝛿−𝛾

−𝑐𝑞 + 𝑑𝑝
(

𝑧0 +
𝐶
𝐴𝑥

)

(−𝑥)𝛿−𝛾

⎞

⎟

⎟

⎠

≈ 𝑞(−𝑥)𝛾
(

𝑎
𝑐

)

.

(18)

 When 𝑥 → 0−, this curve 𝐇𝐞 tends to the T-point (𝑑1, 𝑑2) = (0, 0), 
with the direction of the vector 

(

𝑎
𝑐

)

 determined by 𝑎𝑑1 > 0, 
𝑐𝑑2 > 0, that is, in the opposite direction to the 𝑄2 homoclinic 
curve. Up to first order, the homoclinic and heteroclinic curves of 
𝑄2 and 𝑄𝑠𝑖𝑚

2 , 𝐇𝐨𝐦𝐐𝟐 and 𝐇𝐞, are symmetric in the (𝑑1, 𝑑2)-plane, 
with the symmetry (𝑑1, 𝑑2) → (−𝑑1,−𝑑2).

Fig.  5 shows the partial bifurcation set in the (𝑑1, 𝑑2)-plane in a 
neighborhood of the T-point, obtained using the model.

4. T-points in a Lorenz-like system

The aim of this section is to determine whether the classical T-
point appearing in the Lorenz system (see Fig.  1) can experience a 
degeneration (because the origin has a double eigenvalue), such that 
the intersection of the two-dimensional manifolds enters the origin 
tangent to the plane 𝑧 = 0 and that, consequently, the curves 𝐇𝐧𝐭 and 
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Fig. 6. For 𝜌 = 50: (a) Projection onto the (𝐷, 𝑏)-plane of the curve of principal T-points. It is bounded by two T-point-Hopf bifurcations, 𝐓𝐏𝐇𝟏 and 𝐓𝐏𝐇𝟐 and a degeneracy occurs 
at 𝐓𝐏𝐃𝐄 (because the origin has a double eigenvalue). (b) Projection onto the 𝑥-𝑧 plane of three heteroclinic orbits formed by the one-dimensional manifolds of the equilibria, 
which exist at the points 𝐓𝐏𝐇𝟏, 𝐓𝐏𝐃𝐄 and 𝐓𝐏𝐇𝟐.
Fig. 7. For 𝜌 = 50 and 𝐷 = 0.5: (a) Projection onto the 𝑥-𝑧 plane of the principal T-point heteroclinic cycle, which exists when (𝑏, 𝜎) ≈ (51.887349, 14.339606). (b) Partial bifurcation 
set in the (𝑏, 𝜎)-plane, in a neighborhood of the T-point. Three curves of global connections emerge, namely, 𝐇𝐨, 𝐇𝐧𝐭 and 𝐇𝐞. Note that the curves 𝐇𝐧𝐭 and 𝐇𝐞 arise in opposite 
directions. (c) Partial bifurcation set of curves 𝐇𝐧𝐭 and 𝐇𝐞 joining the points 𝐓𝐏, 𝐓𝐏𝐒𝟏, 𝐓𝐏𝐒𝟐, 𝐓𝐏𝐒𝟑, and 𝐓𝐏𝐒𝟒. (d) Zoom of panel (c) with the sequence of secondary T-points.
𝐇𝐞 arise from the point 𝐓𝐏 in opposite directions. First of all, we have 
verified on the curve of classical T-points in the (𝜌, 𝑏, 𝜎) parameter space 
of the Lorenz system that, for values 𝜌 ≤ 1000, it is always satisfied 
𝜆1 < 𝜆3 < 0 < 𝜆2 (see Eq. (2)). Therefore, the degeneration 𝜆1 = 𝜆3
does not appear in that interval.

Based on this numerical evidence, we are going to search for that 
degeneracy in the Lorenz-like system [48] 
𝑥̇ = 𝜎(𝑦 − 𝑥),
𝑦̇ = 𝜌𝑥 − 𝑦 − 𝑥𝑧,

2
(19)
𝑧̇ = −𝑏𝑧 + 𝑥𝑦 +𝐷𝑧 ,

8 
where 𝐷 ∈ R, so that the Lorenz system is embedded in this one when 
𝐷 = 0. This system exhibits the same symmetry as the Lorenz system 
and can have up to four equilibria (a new one, 𝐸1, appears on the 𝑧-axis 
when 𝐷 ≠ 0):

𝐸0 = (0, 0, 0), 𝐸1 = (0, 0, 𝑏∕𝐷) , 𝐸± =
(

±
√

𝐾,±
√

𝐾, 𝜌 − 1
)

,

where 𝐾 = 𝑏(𝜌 − 1) −𝐷(𝜌 − 1)2 > 0.
In this case, the T-point heteroclinic cycle connects the origin 𝐸0

with the equilibria 𝐸±. Note that the Jacobian matrix of 𝐸0 is the same 
as in the Lorenz system, i.e. its eigenvalues are those given in Eq. (2).
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Fig. 8. For 𝜌 = 50, projection onto the 𝑥-𝑧 plane of the T-point heteroclinic cycle: (a) 𝐓𝐏𝐒𝟏, which exists when (𝑏, 𝜎) ≈ (52.230551, 6.845219). (b) 𝐓𝐏𝐒𝟐, located at (𝑏, 𝜎) ≈
(53.557422, 6.925753). (c) 𝐓𝐏𝐒𝟑, which exists when (𝑏, 𝜎) ≈ (53.910252, 6.956013). (d) 𝐓𝐏𝐒𝟒, placed at (𝑏, 𝜎) ≈ (54.049281, 6.968655). Temporal profile 𝑥(𝑡) of the heteroclinic connection 
formed by the one-dimensional manifolds of the equilibria of the T-point: (e) 𝐓𝐏. (f) 𝐓𝐏𝐒𝟏. (g) 𝐓𝐏𝐒𝟐. (h) 𝐓𝐏𝐒𝟑. (i) 𝐓𝐏𝐒𝟒.
Setting 𝜌 = 50, and starting from the T-point for 𝐷 = 0, we 
obtain the curve of principal T-points in the (𝑏, 𝜎,𝐷)-parameter space (a 
projection is drawn in Fig.  6(a)). It presents the degeneracy 𝜆1 = 𝜆3 ≈
−37.03 when (𝑏, 𝜎,𝐷) ≈ (37.0349, 15.5117, 𝐷𝑐 ), where 𝐷𝑐 ≈ 0.362690, 
point labeled 𝐓𝐏𝐃𝐄. Therefore, for 𝐷 > 𝐷𝑐 , according to the analysis 
in Section 3, the curves 𝐇𝐧𝐭 and 𝐇𝐞 must emerge from 𝐓𝐏 in opposite 
directions. We see that this curve of T-points is bounded by the points 
𝐓𝐏𝐇𝟏, placed at (𝑏, 𝜎,𝐷) ≈ (3.23475, 18.3889,−0.0208826), and 𝐓𝐏𝐇𝟐, 
situated at (𝑏, 𝜎,𝐷) ≈ (90.2287, 11.6479, 0.823242), at which T-point-
Hopf bifurcations appear (because non-trivial equilibria 𝐸± undergo 
a Hopf bifurcation) [10]. In Fig.  6(b), we show the projection of the 
heteroclinic connections formed by the one-dimensional manifolds of 
the equilibria, which exist at the points 𝐓𝐏𝐇𝟏, 𝐓𝐏𝐃𝐄 and 𝐓𝐏𝐇𝟐.

Given the above, let us begin our numerical study by setting 𝜌 =
50 and 𝐷 = 0.5 > 𝐷𝑐 . Thus, in Fig.  7(a) we show the projection 
on the 𝑥-𝑧 plane of the principal T-point, which exists when (𝑏, 𝜎) ≈
(51.887349, 14.339606). In the partial bifurcation set in the vicinity of the 
principal T-point 𝐓𝐏 (see Fig.  7(b)) we see the curves 𝐇𝐨 (which has a 
spiral shape), 𝐇𝐧𝐭, and 𝐇𝐞. These last two arise in opposite directions, 
as was shown in Section 3. As a curiosity, at the T-points of this system 
(always considering the orbit of the one-dimensional manifold of the 
origin that goes out towards the zone 𝑥 > 0), it is verified that if the 
intersection between the two-dimensional manifolds reaches the origin 
9 
with 𝑥 < 0 and 𝑦 > 0, then the curve 𝐇𝐧𝐭 arises to the right of 𝐓𝐏 while 
the curve 𝐇𝐞 does so to the left (see Figs.  7(a) and 7(b)).

We will now focus (see Fig.  7(c)) on the curve 𝐇𝐧𝐭 since it will 
allow us to find a sequence of secondary T-points (T-points where one-
dimensional manifolds are more ‘‘complicated’’ than those of principal 
T-point). Indeed, the curve 𝐇𝐧𝐭 arrives from the left at the secondary 
T-point 𝐓𝐏𝐒𝟏, which exists when (𝑏, 𝜎) ≈ (52.230551, 6.845219), whose 
heteroclinic cycle is drawn in Fig.  8(a) (we observe that the intersection 
between the two-dimensional manifolds reaches the origin with 𝑥 > 0
and 𝑦 < 0). From 𝐓𝐏𝐒𝟏 a heteroclinic curve 𝐇𝐞 emerges on the right, 
which in turn reaches from the left side to the secondary T-point 𝐓𝐏𝐒𝟐, 
located at (𝑏, 𝜎) ≈ (53.557422, 6.925753) (the corresponding heteroclinic 
cycle is drawn in Fig.  8(b); in this case, the intersection between the 
two-dimensional manifolds reaches the origin with 𝑥 < 0 and 𝑦 > 0). 
In turn, a homoclinic curve 𝐇𝐧𝐭 arises from the right of 𝐓𝐏𝐒𝟐 and 
arrives from the left at the next secondary T-point 𝐓𝐏𝐒𝟑, which exists 
when (𝑏, 𝜎) ≈ (53.910252, 6.956013) (its heteroclinic cycle appears in Fig. 
8(c), where we see that the intersection between the two-dimensional 
manifolds reaches the origin with 𝑥 > 0 and 𝑦 < 0). From 𝐓𝐏𝐒𝟑, 
to the right, a new heteroclinic curve 𝐇𝐞 emerges which ends when 
it reaches the next secondary 𝑇  point 𝐓𝐏𝐒𝟒 on the left, located at 
(𝑏, 𝜎) ≈ (54.049281, 6.968655) (its heteroclinic cycle appears in Fig.  8(d); 
in this case, the intersection between the two-dimensional manifolds 
reaches the origin with 𝑥 < 0 and 𝑦 > 0). Although we have had 
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Fig. 9. For 𝜌 = 50, 𝐷 = 0.5: (a) Partial bifurcation set with the curves 𝐡 (Hopf bifurcation of the nontrivial equilibria 𝐸±), 𝐒𝐍 (saddle–node bifurcations of symmetric periodic 
orbits), 𝐇𝐨, 𝐇𝐨𝐓𝐏𝐒𝟏 , 𝐇𝐨𝐓𝐏𝐒𝟐  (curves of homoclinic orbits to the origin, drawn in black, orange, and green, respectively), 𝐇𝐞𝐳 (heteroclinic connections between 𝐸0 and 𝐸1), 𝐇𝐞
(heteroclinic connections between 𝐸±) and 𝐇𝐧𝐭 (homoclinic connections to the nontrivial equilibria 𝐸±). (b) Zoom of panel (a). Zoom of panel (b) in a neighborhood of the 
secondary T-point: (c) 𝐓𝐏𝐒𝟏. (d) 𝐓𝐏𝐒𝟐. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
numerical problems to continue it, the results of Section 3 guarantee 
that a new curve 𝐇𝐧𝐭 will emerge to the right of 𝐓𝐏𝐒𝟒.

In Fig.  7(d) we enlarge the area in which the secondary T-points 
appear. In view of these results, we conjecture the existence of an 
infinite succession of secondary T-points joined by curves 𝐇𝐧𝐭 and 𝐇𝐞, 
where each of them emerges to the left or to the right of each 𝑇  point, 
according to the analysis in Section 3. The profiles 𝑥(𝑡) of the one-
dimensional manifolds of T-points 𝐓𝐏, 𝐓𝐏𝐒𝟏, 𝐓𝐏𝐒𝟐, 𝐓𝐏𝐒𝟑, and 𝐓𝐏𝐒𝟒
appear in Figs.  8(e), 8(f), 8(g), 8(h), and 8(i), respectively. This helps 
to understand how the geometric structure of these heteroclinic orbits 
becomes increasingly complicated.

In [48] a double-zero bifurcation (a double-zero eigenvalue with 
geometric multiplicity two) in the system (19) was studied. There it 
was shown that a curve 𝐇𝐞𝐳 of heteroclinic connections (between the 
two equilibria located on the 𝑧 axis, 𝐸0 and 𝐸1) arises from this double-
zero bifurcation. For 𝜌 = 50, 𝐷 = 0.5, the curve 𝐇𝐞𝐳 accumulates on a 
line segment of a curve of saddle–node bifurcations of periodic orbits 
(see [48, Fig. 9]). We will see that the sequence of secondary T-points 
(𝐓𝐏𝐒𝟏, 𝐓𝐏𝐒𝟐, 𝐓𝐏𝐒𝟑 and 𝐓𝐏𝐒𝟒) is inserted in an orderly manner in that 
partial bifurcation set in the (𝑏, 𝜎)-parameter plane.

To do this, we draw in Fig.  9(a) the curves 𝐡 (Hopf bifurcation of 
the equilibria 𝐸±; green), 𝐒𝐍 (saddle–node bifurcation of symmetric 
periodic orbits; magenta), 𝐇𝐨 (homoclinic connections to the origin; 
black; emerged from the principal T-point 𝐓𝐏), 𝐇𝐨𝐓𝐏𝐒𝟏  (homoclinic 
connections to the origin; orange; emerged from 𝐓𝐏𝐒𝟏), 𝐇𝐨𝐓𝐏𝐒𝟐  (ho-
moclinic connections to the origin; green; emerged from 𝐓𝐏𝐒𝟐), 𝐇𝐞𝐳
(heteroclinic connections between 𝐸0 and 𝐸1; red), 𝐇𝐞 (heteroclinic 
connections between the equilibria 𝐸 ; blue), and 𝐇𝐧𝐭 (homoclinic 
±
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connection to 𝐸±; red) [48]. Note that, according to what was demon-
strated in [47], the curves of homoclinic connections to the origin 
𝐇𝐨, 𝐇𝐨𝐓𝐏𝐒𝟏 , 𝐇𝐨𝐓𝐏𝐒𝟐 ,. . . ,end in a degeneration that exists on the curve 
𝐇𝐞𝐳, located at (𝑏, 𝜎) ≈ (50.349119, 204.788065). As can be seen in Fig. 
9(b), each of the points of the sequence 𝐓𝐏𝐒𝟏, 𝐓𝐏𝐒𝟐, 𝐓𝐏𝐒𝟑 and 𝐓𝐏𝐒𝟒
are located very close to each of the first four local minima that the 
curve 𝐇𝐞𝐳 has when it approaches the curve 𝐒𝐍. A new zoom in the 
vicinity of 𝐓𝐏𝐒𝟏 and 𝐓𝐏𝐒𝟐 appears in the figures Fig.  9(c) and Fig.  9(d), 
respectively. In them we can see how the curves 𝐇𝐧𝐭 and 𝐇𝐞 arise, in 
opposite directions, from the points 𝐓𝐏𝐒𝟏 and 𝐓𝐏𝐒𝟐. It is important to 
note that the curve 𝐇𝐞𝐳 acts as a barrier for the curves of homoclinic 
connections to the origin (𝐇𝐨, 𝐇𝐨𝐓𝐏𝐒𝟏 , 𝐇𝐨𝐓𝐏𝐒𝟐 , . . . , which emerge from 
the corresponding T-points, which in turn are very close to 𝐇𝐞𝐳), since 
the heteroclinic orbit 𝐇𝐞𝐳 also involves the origin. This causes the 
elongated and deformed shape that these spiral curves present.

Next, to conclude this section, we will study the bifurcation set in 
the (𝑏, 𝜎,𝐷)-parameter space, for 𝜌 = 50, which appears in the vicinity 
of the degenerate T-point. To do this, we intend to illustrate how the 
transition of the arrangement of the curves 𝐇𝐧𝐭 and 𝐇𝐞 occurs when the 
degeneracy of the T-point appears for 𝐷 = 𝐷𝑐 ≈ 0.362690. Specifically, 
we will look at six values of 𝐷 (0, 0.3, 𝐷𝑐 , 0.4, 0.5, 0.7) and we will 
compare, in the vicinity of the origin, how the arrangement of the 
heteroclinic connections is when they reach this equilibrium. We know 
that this is determined by the relationship between the eigenvalues 𝜆1
and 𝜆3 = −𝑏 of the Jacobian matrix at the origin (see Eq. (2)). Then 
we consider, for example, its quotient 𝑞𝑒 = |𝜆1|∕|𝜆3|. Thus, if 𝑞𝑒 > 1, 
the dominant direction is that of the eigenvector associated with 𝜆3, 
𝑣3 = (0, 0, 1)𝑇 , so the entry to the origin occurs tangent to the 𝑧-axis. 
This means that the curves 𝐇𝐧𝐭 and 𝐇𝐞 emerge from 𝐓𝐏 in the same 
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Fig. 10. For 𝜌 = 50, projection onto the 𝑥-𝑧 plane of: (a) the principal T-point heteroclinic cycle which exists when 𝐷 = 0.362690. The black (alt., red) orbit corresponds to 
the intersection between the one-dimensional (alt., two-dimensional) manifolds of the equilibria. (b) six principal T-points heteroclinic cycles (we only represent a zoom in a 
neighborhood of the origin) corresponding to 𝐷 = 0, 𝐷 = 0.3, 𝐷 = 0.362690, 𝐷 = 0.4, 𝐷 = 0.5, and 𝐷 = 0.7, respectively. Curves 𝐇𝐧𝐭 (in red) and 𝐇𝐞 (in blue) in the (𝑏, 𝜎)-plane 
emerging from the corresponding T-point 𝐓𝐏 when: (c) 𝐷 = 0. (d) 𝐷 = 0.3. (e) 𝐷 = 0.362690. (f) 𝐷 = 0.4. (g) 𝐷 = 0.5. (h) 𝐷 = 0.7. (For interpretation of the references to color in 
this figure legend, the reader is referred to the web version of this article.)
Table 1
For 𝜌 = 50, quotient 𝑞𝑒 = |𝜆1|∕|𝜆3| for six values of the parameter 𝐷.
 𝐷 0 0.3 0.362690 0.4 0.5 0.7  
 𝑞𝑒 8.62 1.23 1 0.893 0.680 0.433 

direction (a well-known case of the Lorenz system, analyzed in [22]). 
However, if 𝑞𝑒 < 1, the dominant direction is that of the eigenvector 
associated with 𝜆1, 𝑣1 = (𝑣1𝑥, 𝑣1𝑦, 0)𝑇  (where 𝑣1𝑥𝑣1𝑦 < 0) so the entry 
occurs tangent to the plane 𝑧 = 0 (in the direction of 𝑣1). This implies 
that the curves 𝐇𝐧𝐭 and 𝐇𝐞 emerge from 𝐓𝐏 in opposite directions 
(situation studied in Section 3). In our specific case, the value of the 
quotient 𝑞𝑒 for these six values of the parameter 𝐷 appears in Table  1.

In Fig.  10(a), we represent the heteroclinic cycle of the principal 
T-point when the degeneration occurs, that is, when 𝐷 = 𝐷𝑐 . In this 
projection on the 𝑥-𝑧 plane we see that the direction of entry to the 
origin is not tangent to either the 𝑧-axis or the plane 𝑧 = 0. In Fig. 
10(b) we look at how the six heteroclinic orbits enter the origin (using 
the corresponding zoom). We see how, gradually, it goes from entering 
tangent to the 𝑧 axis, when 𝐷 < 𝐷𝑐 , to doing so tangent to the vector 
𝑣  (located in the plane 𝑧 = 0), when 𝐷 > 𝐷 . Finally, in Figs. 
1 𝑐

11 
10(c)-10(h), we see how the gradual change of the curve 𝐇𝐧𝐭 occurs: 
for values 𝐷 < 𝐷𝑐 it emerges to the left of 𝐓𝐏 while when 𝐷 > 𝐷𝑐
it emerges to the right. Just as we already saw in Fig.  7 that, for 
𝐷 = 0.5, the 𝐇𝐧𝐭 curve presents a turning point (to end up reaching 
the secondary T-point 𝐓𝐏𝐒𝟏), this same thing happens for 𝐷 = 0.4. 
However, when 𝐷 = 0.7, the sequence of secondary T-points no longer 
exists (because they have disappeared in T-point-Hopf bifurcations). 
This causes the curve 𝐇𝐧𝐭 to no longer have a turning point and, 
specifically, to end at another secondary T-point 𝐓𝐏𝐒, which exists 
when (𝑏, 𝜎) ≈ (76.578311, 13.106772).

5. Conclusions

The three most important contributions of this work are the follow-
ing. First of all (see Section 2), we have found a new kind of T-point 
heteroclinic cycle in the Lorenz system. We have seen that it not only 
has a different geometric structure in phase space from the classical T-
point of that system, but also presents around it (in a parameter plane) 
a different bifurcation set. In this case, the curves of homoclinic and 
heteroclinic connections involving the non-trivial equilibria, 𝐇𝐧𝐭 and 
𝐇𝐞, emerge from the T-point in opposite directions (in the only case 
known so far, those two global bifurcation curves emerge in the same 
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direction, as justified in [22]). Regardless of the above, the curve 𝐇𝐧𝐭
starts and ends at the same T-point in the parameter plane. This is due 
to the existence of two different intersections of the two-dimensional 
manifolds of the equilibria.

Secondly, analyzing the reason for one of those geometric differ-
ences, we have realized that it has to do with the eigenvalues of the 
Jacobian matrix at the origin, which is a real saddle. Indeed, while 
at the classical T-point, the heteroclinic orbit corresponding to the 
intersection of the two-dimensional manifolds arrives at the origin 
tangent to the 𝑧-axis (direction of the eigenvector corresponding to the 
eigenvalue 𝜆3, given in (2)), at the new T-point, this orbit leaves the 
origin tangent to the 𝑧 = 0 plane (in the direction of the eigenvector 
corresponding to the eigenvalue 𝜆1). This situation is not contemplated 
in the Glendinning and Sparrow model [22]. To explain it, we modify 
this model appropriately (see Section 3), and we manage to demon-
strate that the curves 𝐇𝐧𝐭 and 𝐇𝐞 must emerge from the T-point in 
opposite directions.

Third, we have found a degenerate T-point (a global bifurcation 
of codimension 3), due to the appearance of a double eigenvalue in 
the Jacobian matrix of the equilibrium at the origin. To illustrate the 
changes in the bifurcation set in the vicinity of the degenerate T-point, 
we search for an appropriate system (see Section 4), which we obtain 
by introducing the term 𝐷𝑧2 into the third equation of the Lorenz 
system (see Eq. (19)). In addition, we have found a sequence (which we 
conjecture to be infinite) of secondary T-points, connected by curves 
𝐇𝐧𝐭 and 𝐇𝐞, which are very close to each of the local minima of 
the curve 𝐇𝐞𝐳 (of heteroclinic connections between the two equilibria 
located on the 𝑧 axis).

This work leaves several tasks open for the near future. As regards 
the new T-point found in the Lorenz system, it will be interesting to see 
the bifurcation set that it organizes around it (both global bifurcations 
and bifurcations of periodic orbits) as well as the possible degeneracies 
that it may present (for example, T-point-Hopf). Since the Chen and Lü 
systems are particular cases of the Lorenz system [49,50], it will not be 
difficult to determine whether the new T-point also exists in them.

It will also be stimulating to continue analyzing system (19), to find 
other organizing centers of the rich dynamics that it presents and relate 
them to other already known ones [47,48]. Likewise, considering the 
new T-point in system (19) can allow us to find new degenerations by 
also varying the parameter 𝐷.
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