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A B S T R A C T

This article evaluates the potential of thermostatically controlled loads (TCL) as flexible resources 
to improve power quality–particularly phase unbalance–in low-voltage residential distribution 
networks while ensuring fair consumer participation. To address both grid-level and social ob
jectives, the adaptive fairness and grid-aware allocation (AFGA) algorithm is proposed. This al
gorithm integrates cooperative game theory and Nash bargaining principles to jointly optimize 
phase balancing and consumer utility. The proposed approach dynamically allocates residential 
consumer flexibility by accounting for phase-level constraints, individual flexibility capacity, and 
historical participation, thereby preventing the persistent overuse of specific consumers and 
promoting equitable long-term engagement. Simulation results on a representative residential 
network with 100 households demonstrate that, with only 20% participation, the AFGA algorithm 
reduces the unbalance load factor (ULF) to below 10%, achieves a highly equitable distribution of 
benefits (Gini index = 0.065), and effectively enforces adaptive fairness through penalty-feedback 
mechanisms. Furthermore, the algorithm completes a full-day simulation in 102 s with only 0.24 
MB of peak memory usage. These findings position the AFGA algorithm as an effective and 
scalable solution for integrating fairness-aware residential flexibility into the operation of low- 
voltage residential distribution networks.

1. Introduction

Phase unbalance is a common issue in low-voltage three-phase distribution networks due to uneven single-phase connections across 
phases. Studies in Europe and the US show that over half of distribution feeders experience significant unbalance, where one phase can 
carry over 50% more load than another. A phase unbalance scenario can lead to increased losses, equipment overheating, and pre
mature equipment failure [1,2].

Phase unbalance causes current unbalance, which in turn is considered the primary source of voltage unbalance. According to 
international standards such as EN 50160 and IEC 61000-3 series, the voltage unbalance in low and medium voltage systems must 
remain below 2% when measured over 10-minute intervals [3]. In low-voltage residential networks, this 2% voltage unbalance limit 
typically corresponds to phase current unbalances in the range of 10-20% [4], although the exact ratio depends on the network 
configuration and load distribution.
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Mitigating phase unbalance in low-voltage residential networks has become a priority [5,6], and a range of strategies has emerged. 
Traditional approaches include manual load re-phasing–reconnecting certain customers to different phases–and the use of phase 
balancers or balancing transformers. However, these methods are often labor-intensive and slow to respond to dynamic changes [1]. 
Recent research highlights demand-side flexibility as a dynamic tool for phase balancing. Flexible loads, such as thermostatically 
controlled loads (TCL) [7], can be coordinated to redistribute phase loading in real time. In particular, direct load control (DLC) 
programs enable grid operators or aggregators to temporarily adjust the operation of flexible appliances in exchange for incentives [8]. 
This allows for either a reduction in energy consumption during high-demand periods (peak shaving) or an increase during 
low-demand periods (valley filling) [9]. Consequently, integrating coordinated control of these appliances into residential demand 
response (RDR) programs allows utilities to manage grid constraints directly, effectively reducing phase load asymmetry and main
taining voltage unbalance within regulatory thresholds [10–13].

An RDR program that relies solely on TCL uses the inherent flexibility of common household appliances, such as dishwashers, 
electric water heaters, heat pumps, and refrigerators, to adjust or shift their power consumption. TCL are well-suited for RDR programs 
because their thermal inertia allows for short-term changes in electricity consumption with minimal impact on user comfort. These 
devices operate using thermostats and alternate between on and off states within a temperature deadband, effectively acting as 
distributed energy storage by modulating power around a baseline while maintaining temperature within acceptable limits. By slightly 
adjusting setpoints or duty cycles, aggregated TCL can deliver significant load reductions or increases on demand, helping balance the 
grid without noticeable effects on consumers [14]. A project conducted in Yukon, Canada, demonstrated that RDR can effectively 
reduce winter peak electricity demand, achieving up to 0.65 kW demand savings per home with a 3◦C setback. Preheating strategies 
ensured minimal comfort impact, with 82% of participants reporting no noticeable temperature changes and none opting out due to 

List of symbols

N set of residential consumers
i ∈ N index for consumer i
t ∈ T discrete time step in the planning horizon
P = {A,B,C} set of three electrical phases
ϕ ∈ P electrical phase assigned to consumer i
N ϕ subset of consumers connected to phase ϕ
di,t baseline (nominal) demand of consumer i at time t
fi,t flexibility potential of consumer i at time t
xi,t decision variable: adjustment to demand of consumer i at time t
Pi,t

(
xi,t

)
adjusted real power of consumer i at time t

Qi,t
(
xi,t

)
reactive power of consumer i at time t

PF power factor
Vphase phase-to-neutral voltage magnitude
Ii,t

(
xi,t

)
complex current magnitude of consumer i at time t

Iagg
ϕ,t aggregated current of all consumers on phase ϕ at time t

Imax
t maximum phase current at time t

Iavg
t average phase current at time t

ULFt(x) unbalance load factor at time t under allocation x
ULFbase

t baseline unbalance load factor
ULFmax maximum allowed unbalance load factor
Ri,t reward for consumer i at time t
pt dynamic price signal at time t
Di,t discomfort cost for consumer i at time t
βi discomfort sensitivity parameter of consumer i
Ui,t fairness penalty for consumer i at time t
αi,t fairness sensitivity coefficient for consumer i at time t
xfair

i,t fair contribution of consumer i at time t
ε constant for numerical stability
λ adaptation rate for fairness penalty update
γ smoothing coefficient for fair share updates
I cons(x) total consumer utility objective function
I grid(x) total grid-level utility objective function
I (x) combined optimization objective function
C 1 grid reward coefficient for ULF reduction
C 2 grid cost coefficient for procuring flexibility
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discomfort [15].
As RDR programs evolve, there is growing emphasis on fairness, especially as more users interact directly with energy systems. The 

benefits shared between consumers–and the burdens associated with flexibility allocation–must be distributed equitably among 
participants. To address this, game-theoretical techniques are increasingly employed to ensure fair outcomes. In cooperative game 
formulations applied to low-voltage residential networks, a Nash bargaining solution can determine the demand reductions assigned to 
each user, aligning with grid objectives while adhering to a specific fairness principle, such as equity or meritocracy [16].

1.1. Literature review

While recent literature has made significant advances in various aspects of RDR programs, including infrastructure, control, policy, 
security, and scalability, a critical gap remains in addressing both grid-level objectives, such as mitigating phase unbalance, and 
fairness in utility distribution and flexibility allocation. Studies such as [11,17,18] focus on improving grid performance, particularly 
in unbalanced three-phase networks, by adjusting the phase-sequence of households using flexibility provided solely by TCL [17], or 
by combining flexibility from TCL and photovoltaic systems [11,18]. However, these approaches do not address fairness and therefore 
overlook the interaction between social equity among consumers and grid-level objectives.

Related efforts in home energy management (HEM) and demand response aggregation–such as the combined integer programming 
and reinforcement learning (RL) framework for battery energy storage system (BESS) management proposed in [19], and the 
three-level optimization of active distribution systems incorporating competition among aggregators introduced in [20]–illustrate the 
increasing sophistication of coordination and optimization mechanisms. However, these approaches do not explicitly address 
phase-level fairness. Similarly, advanced operational models for distribution networks, such as the phase shifting-soft open point 
(PS-SOP) proposed in [21], enhance system flexibility and efficiency through specialized hardware solutions but do not incorporate 
equity considerations. In parallel, decentralized system architectures–where decision-making, control, and coordination are distrib
uted among multiple independent agents–have gained increasing attention, particularly in the form of peer-to-peer (P2P) energy 
trading and networked microgrids. Game-theoretic methods have been widely applied in this context, for example to optimize the 
sizing of networked microgrids [22] or to incentivize user participation in P2P energy trading [23].

At the same time, recent advances in the literature increasingly recognize the importance of fairness in energy systems. However, 
most existing fairness-aware demand response schemes focus primarily on economic dimensions, such as incentive distribution, user 
prioritization, or billing mechanisms, with limited consideration of physical grid constraints. For example, studies [24] and [25] 
introduce fairness through game-theoretic approaches and Shapley value-based billing schemes, ensuring equitable benefit allocation 
among participating users. While effective from an economic and strategic perspective, these approaches do not explicitly address 
distribution network characteristics and operational challenges, such as phase-level load imbalance or power quality constraints.

In contrast, the algorithm proposed in this article explicitly incorporates phase-level constraints while ensuring fairness through an 
adaptive control strategy grounded in cooperative game theory. The algorithm is evaluated using a representative low-voltage resi
dential distribution network with 100 households, in which phase connections and appliance-level flexibility are explicitly modeled. 
This testbed is intentionally selected to isolate and analyze the mechanisms that generate phase unbalance at the residential lev
el–namely, the random assignment of households to phases and the heterogeneous flexibility of TCL–while allowing a focused 
evaluation of equitable phase balancing among participating users. Although widely used benchmark feeders such as the IEEE 123-bus 
system [11,20,21], which provide detailed medium-voltage unbalanced network models and are well-suited for feeder-level valida
tion, their use is not aligned with the objectives of this study.

1.2. Main contributions

This article introduces the adaptive fairness and grid-aware allocation (AFGA) procedure, designed to mitigate phase unbalance in 
residential low-voltage distribution networks through an adaptive and fairness-aware demand response mechanism. The AFGA pro
cedure utilizes flexibility from residential users participating in a RDR program, aiming to balance loads across the phases. Unlike 
conventional models, where consumers enter predefined agreements to offer fixed controllable loads, the AFGA procedure is applied to 
a more complex, in terms of the optimization algorithm, and realistic scenario. In this approach, flexibility is modeled as a dynamic 
profile that evolves throughout the day, shaped by user behavior, usage patterns, and the specific appliance configurations of each 
household. This modeling approach allows grid operators to align demand adjustments with periods of sufficient user-side flexibility, 
enhancing both system performance and user acceptance. Fairness is ensured through a dynamically adaptive control mechanism 

Table 1 
Comparison of key features addressed by existing references in the literature and by the proposed AFGA procedure. An “X” indicates that a feature is 
addressed in the corresponding reference, while an ‘–’ denotes its absence.

Reference Economic incentives Comfort Historical participation Phase balancing Fairness mechanism

[11] – X – X –
[17] – – – X –
[24] X X X – X
[25] X – – X –
This work X X X X X
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grounded in cooperative game theory, specifically the Nash bargaining model. A fairness penalty is applied when individual contri
butions exceed their fair share, discouraging persistent overuse of flexibility from specific consumers. This time-aware fairness model 
ensures equitable utility distribution and encourages balanced participation across successive demand response events. The features of 
the AFGA procedure, particularly its integrated approach to phase balancing, fairness, and user-side dynamics, are summarized and 
compared with existing works in Table 1.

The rest of this article is organized as follows: Section 2 describes the materials and methods used. Section 3 introduces the pro
posed AFGA procedure. Section 4 presents the results of applying AFGA in key areas, including phase unbalance mitigation, benefit 
sharing, fairness enforcement, and computational performance. The article concludes with Section 5, which discusses the implications 
of the findings, and Section 6, which provides a summary of the conclusions.

2. Materials and methods

The materials and methods presented in this article describe the simulation environment, assumptions, and performance metrics 
used to develop and evaluate the proposed allocation procedure. The section begins by outlining the structure and characteristics of a 
representative low-voltage residential distribution network, including demand modeling and the quantification of phase unbalance. 
Next, it introduces an RDR program involving TCL and defines the flexibility profiles for participating households. Finally, it outlines 
the evaluation criteria used to assess both the technical performance and social fairness of the proposed algorithm.

2.1. Residential network model, demand profiles, and phase unbalance quantification

To explore demand-side flexibility in real-world distribution networks, a representative low-voltage residential scenario is 
considered, consisting of 100 residential consumers, each connected to a three-phase distribution feeder. This configuration replicates 
the architecture of many existing urban and suburban grids, where distribution networks must serve numerous small-scale consumers 
with unbalanced and variable demands [11,26].

In Fig. 1, each house (H1 to Hn)–where n is the total number of houses–represents an individual residential consumer, modeled as a 
node in the distribution feeder. These consumers are randomly connected to the feeder phases (ϕA, ϕB, and ϕC) to emulate the un
coordinated phase allocation commonly found in existing residential distribution networks. This randomness introduces intrinsic 
phase-level unbalance, which, if left unmitigated, can degrade grid performance and increase operational costs. The houses are 
organized into energy communities, where an aggregator serves as the intermediary between the distribution system operator/balance 
responsible party (DSO/BRP) and the energy communities (EC). The aggregator receives flexibility requests from the DSO/BRP (either 
for load reduction or increase) and sends corresponding control signals to multiple home energy management system (HEMS) units. 
Each HEMS controls a set of TCL, including shiftable loads, whose operation can be rescheduled within predefined time windows, and 
curtailed loads, whose power consumption can be adjusted in real time to provide flexibility to the grid [27].

To reflect realistic daily consumption, each node is assigned a distinct stochastic demand profile generated using a time-of-day- 

Fig. 1. Overview of the residential low-voltage distribution network scenario.
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based approach. This approach simulates typical household behavior by structuring the day into four representative periods: nighttime 
(10 PM–6 AM), morning peak (6 AM–10 AM), daytime (10 AM–6 PM), and evening peak (6 PM–10 PM). Each period is associated with 
a characteristic demand range, modeled using uniform probability distributions to capture variability in typical usage: low con
sumption at night (0.1–0.8 kW), moderate daytime demand (0.3–2.0 kW), and higher peaks in the morning (1.8–4.0 kW) and evening 
(2.0–4.5 kW). To enhance realism, consumer-level heterogeneity is introduced by adding Gaussian noise (mean 0, standard deviation 
0.15 kW) and applying individual multiplicative variations (±15%) to the base demand signal. This creates distinct profiles that reflect 
both common behavioral patterns and unique household-specific deviations. Demand values are constrained within a residentially 
plausible range (0.1–4.5 kW). Only demand is considered, with no incorporation of distributed generation (e.g., rooftop photovoltaic 
systems). This simplification is both intentional and realistic: although distributed energy resources are growing in prevalence, most 
households still lack photovoltaic systems or batteries, particularly in moderate and low-income neighborhoods. The parameters used 
for stochastic residential demand profile generation are summarized in Table 2.

The aggregate demand by phase reveals a clear unbalance throughout the day, which is measured using the unbalanced load factor 
(ULF) [11]. The ULF quantifies the percentage deviation of the phase with the highest load from the average phase load. It serves as a 
grid metric and is incorporated into both the objective function and constraints of the optimization procedure introduced in Section 3. 
Fig. 2 illustrates the aggregated demand profiles for each phase over a 24-hour horizon, highlighting the time-varying differences in 
load distribution among the three phases. The shaded gray area represents the instantaneous phase unbalance at each time step, 
providing a direct visualization of phase-level stress in the distribution feeder. These phase-level demand profiles are obtained by 
aggregating the demand of 100 residential consumers, each randomly assigned to one of the three phases, as described in this section.

Fig. 3 complements the previous figure by presenting the time series of the baseline ULF, overlaid with a red dashed line indicating 
a 10% current unbalance limit. This threshold is adopted in this article as the maximum allowable unbalance level, in accordance with 
the standards and considerations discussed above [3,4]. The baseline ULF is computed directly from the aggregated phase demand 
profiles shown in Fig. 2. As observed in Fig. 3, the ULF exceeds 10% at multiple time steps, indicating that the existing phase unbalance 
in the network violates acceptable operational limits during certain periods of the day. This observation motivates the need for 
corrective control actions, which are introduced in Section 2.2.

2.2. Demand response participation and appliance-level flexibility modeling

An RDR program, in which 20 out of 100 residential consumers voluntarily participate, is proposed to mitigate the unbalanced 
scenario identified in Section 2.1. This proportion—20%—represents a realistic starting point for a RDR program deployment, 
reflecting the limited initial willingness of residential users to engage in the initiative. Participating consumers contribute their res
idential load flexibility as a resource to the grid.

The available flexibility originates entirely from household appliances, specifically modeled as TCL [9,11]. As noted in Section 2.1, 
this approach does not consider any contribution from distributed generation. TCL are categorized into two types according to their 
flexibility characteristics. The first category includes shiftable loads, whose operation can be deferred within predefined time windows 
without compromising user comfort. The second comprises curtailed loads, whose consumption can be modulated while maintaining 
service and thermal comfort requirements. This modulation allows for decreasing energy consumption during peak periods or 
increasing it during off-peak periods, in accordance with implemented DLC programs [8]. The flexibility profile for each participating 
consumer is derived from their original demand profile using a rule-based algorithm that incorporates appliance types, power ratings 
and time-of-use patterns as described in [28]. This algorithm assumes appliance-level flexibility ratios: approximately 25% of the daily 
load is treated as shiftable, based on the nominal power demand of appliances such as dishwashers (10%) and electric water heaters 
(15%). These shiftable loads are activated exclusively during three predefined daily periods reflecting typical residential usage pat
terns: morning (6 AM–9 AM), midday (12 AM–2 PM), and evening (7 PM–10 PM). In parallel, 28% of the total load is assumed to be 
curtailable, based on the estimated contributions of refrigerators (8%) and heat pumps (20%), and is allowed to vary across the entire 
24-hour period. To introduce consumer diversity and behavioral realism, both the shiftable and curtailed ratios are adjusted indi
vidually for each participating consumer using a uniformly distributed random multiplier within ±5% of the nominal values. A 
random subset of 20 consumers (20% of the population) is selected to participate, reflecting plausible initial engagement levels in a 
voluntary RDR program. For these participants, the algorithm produces flexibility profiles by applying the variable appliance-level 
ratios directly to their original demand profiles. Non-participating consumers are assumed to provide no flexibility, reinforcing 

Table 2 
Summary of stochastic residential demand profile generation parameters.

Period Time 
interval

Probability distribution for 
power usage (kW)

Gaussian noise for consumer-level 
heterogeneity (kW)

Individual multiplicative 
variations

Plausible demand 
range (kW)

Nighttime 10 PM–6 
AM

P ∼ u(0.1, 0.8) ϵ ∼ N
(
0, 0.152)

±15%
0.1–4.5

Morning 
peak

6 AM–10 
AM

P ∼ u(1.8, 4.0)

Daytime 10 AM–6 
PM

P ∼ u(0.3, 2.0)

Evening 
peak

6 PM–10 
PM

P ∼ u(2.0, 4.5)
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asymmetry in the grid and underscoring the need for optimization. Consequently, they do not receive direct economic benefits. This 
assumption is consistent with common practice in RDR programs [8]. The flexibility estimation process is inherently stochastic and 
serves to facilitate the preliminary application of the proposed allocation procedure. Its outputs provide a first-order approximation for 
evaluation under current assumptions, with the potential for refinement using real consumption data and more detailed appliance 
modeling in future work. A summary of the main parameters used to generate the flexibility profiles for each participating consumer is 
presented in Table 3.

Fig. 4 and Fig. 5 illustrate the decomposition of demand flexibility for two representative residential consumers—C14 (consumer 
14) and C55 (consumer 55). In each figure, the solid blue line represents the original demand profile, the dashed orange line corre
sponds to the shiftable load component, and the dotted green line denotes the curtailed load component. The total flexibility available 

Fig. 2. Total demand profiles for each phase–phase A (red), phase B (blue), and phase C (green)–over a 24-hour period. The shaded gray area 
represents the unbalance between phases.

Fig. 3. Evolution of the baseline ULF (blue) across all time steps. The red dashed line indicates the operational threshold of 10%.

Table 3 
Parameters used for generation flexibility profiles, including participant selection, appliance-level flexibility ratios, and consumer diversity 
adjustments.

Category Details

Participants 20 consumers (20% of total) participate. Non-participants provide no flexibility.
Appliance-level flexibility 

ratios
Shiftable loads: 25% of daily load, active only during three daily periods (6 AM–9 AM, 12 PM–2 PM, 7 PM–10 PM). Curtailed loads: 
28% of daily load, adjustable at any time over the 24-hour period.

Consumer diversity Individual ratios for shiftable and curtailed loads are adjusted using a uniformly distributed random multiplier within ±5% of the 
nominal values.
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to the algorithm at each time step is given by the combined contribution of the shiftable and curtailed components. These figures 
highlight how different types of flexible loads contribute to the overall adjustment potential at the individual consumer level.

2.3. Performance evaluation metrics

To evaluate the performance of the proposed allocation procedure, three key metrics are employed: the ULF, the Gini index, and the 
Pearson correlation coefficient. It is important to note that the fairness metrics reported in this article apply exclusively to participating 
consumers, reflecting the voluntary nature of the proposed RDR program.

The ULF serves as the primary metric for quantifying phase-level unbalance in the distribution feeder. It measures the percentage 
deviation of the phase with the highest current magnitude from the average across all three phases at each time step. The ULF is 
calculated dynamically throughout the simulation and plays a central role in the optimization model, appearing in both the objective 
function and the constraint set. A baseline ULF, computed from the original demand profiles prior to any RDR event, serves as a 
reference point for assessing improvement. In addition, an operational threshold of 10% is imposed in this article. The objective at each 
time step is to maintain the ULF below this threshold; once this condition is satisfied, reductions below the baseline ULF may be 
pursued if they yield economic benefits for the grid.

To assess fairness in the distribution of utility among participating consumers, the Gini index is applied [29]. This scalar metric 
quantifies inequality in the accumulated utility across all participants. A Gini value of 0 indicates perfect equality, while values closer 

Fig. 4. Time series of consumer C14’s original power demand (solid blue), shiftable power (dashed orange), and curtailed power (dotted green) 
over a 24-hour period.

Fig. 5. Time series of consumer C55’s original power demand (solid blue), shiftable power (dashed orange), and curtailed power (dotted green) 
over a 24-hour period.
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to 1 suggest disparity.
The Pearson correlation coefficient [30] is used to evaluate the effectiveness of the adaptive fairness control mechanism within the 

allocation procedure. Specifically, it measures the correlation between each consumer’s deviation from their expected fair contribution 
and the corresponding penalty weight applied. A strong positive correlation indicates that the algorithm responds appropriately to 
repeated over-contribution by increasing the associated penalty, thereby discouraging sustained unfair participation.

Together, these three metrics provide a rigorous, multidimensional evaluation of the effectiveness of the allocation procedure, 
capturing both technical and social dimensions. The ULF reflects grid-level performance, the Gini index measures fairness in benefit 
distribution, and the Pearson coefficient assesses the responsiveness of the adaptive control mechanism.

Finally, the total computation time and peak memory usage required to optimize the load schedules across all participants over the 
entire planning horizon are calculated to assess the feasibility of the implementation in a real-world scenario.

To summarize the overall simulation framework and the interaction among its components, a schematic overview of the proposed 
system is presented in Fig. 6. The diagram illustrates the flow of information and control between the low-voltage residential dis
tribution network–comprising participating households randomly connected to one phase of the distribution feeder–the residential 
appliances controlled by the AFGA algorithm based on consumer demand and flexibility profiles, and the performance evaluation 
layer, which assesses the effectiveness of the proposed approach in terms of phase load balancing across the distribution network and 
the utility allocated among participating consumers.

3. The adaptive fairness and grid-aware allocation procedure

3.1. Mathematical formulation of the AFGA model

3.1.1. Power and current modeling
To optimize residential flexibility in a three-phase distribution grid, it is essential to model how power consumption adjustments 

from individual consumers influence the electrical currents flowing through the feeder. This process begins with a representation of the 
power consumption behavior of each consumer and culminates in a phase-wise aggregation of complex currents, which is later used to 
evaluate grid unbalance.

A set of residential consumers denoted by N is considered, where each element i ∈ N indexes a unique consumer. Time is modeled 
as a sequence of discrete intervals t ∈ T , representing uniform time slots over a planning horizon–specifically, 15-minute intervals 
throughout the day. Each consumer is associated with one of the three electrical phases, represented by the set P = {A,B,C}, and let 
ϕ ∈ P indicate the specific phase to which consumer i is connected. The subset of consumers on phase ϕ is denoted as N ϕ ⊆ N .

At each time t, the baseline power consumption of consumer i is given by the parameter di,t, which reflects the nominal demand 
before any RDR event. The decision variable in the optimization is xi,t, which represents the adjustment applied to the baseline demand 
as a result of RDR events. This adjustment is restricted to the consumer’s flexibility range, defined by fi,t, which indicates the 
permissible deviation from the baseline. Note that a positive xi,t denotes increased consumption, while a negative value implies load 

Fig. 6. Schematic representation of the simulation framework. The AFGA controller interacts with a low-voltage residential network composed of a 
distribution feeder, households, and flexible appliances. Performance is assessed using evaluation metrics that reflect both grid-level efficiency and 
consumer-level fairness.
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reduction.
The adjusted real power consumption of consumer i at time t, incorporating RDR events, is given in Eq. (1): 

Pi,t
(
xi,t

)
= di,t + xi,t (1) 

Eq. (1) directly models the net real power drawn from the grid after optimization adjustments. To fully capture the impact on the 
distribution feeder, the reactive power component must also be calculated. Assuming a constant power factor (PF), which is a grid 
parameter specified by the operator and maintained uniformly across consumers, the reactive power is derived using the trigonometric 
relation presented in Eq. (2): 

Qi,t
(
xi,t

)
= Pi,t

(
xi,t

)
⋅ tan

(
cos− 1(PF)

)
(2) 

The real and reactive power components are then used to compute the magnitude of the complex electrical current drawn by 
consumer i at time t. The calculation assumes a single-phase connection with a phase-to-neutral voltage magnitude Vphase. Using the 
apparent power relation for a single-phase system, the current magnitude is computed as given in Eq. (3): 

Ii,t
(
xi,t

)
=

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

Pi,t
(
xi,t

)2
+ Qi,t

(
xi,t

)2
√

Vphase
(3) 

It is important to note that the load is considered inductive because the reactive power Qi,t is positive in this formulation, which 
corresponds to a lagging power factor–a typical characteristic of residential loads.

To evaluate grid-level impacts, the individual consumer currents are aggregated by phase. Specifically, for each phase ϕ ∈ P , the 
aggregated phase current magnitude flowing at time t is obtained by summing the current magnitudes of all consumers connected to 
that phase, as given in Eq. (4): 

Iagg
ϕ,t =

∑

i∈N ϕ

Ii,t
(
xi,t

)
(4) 

Since the objective metric, i.e., the ULF, depends exclusively on current magnitudes, phase angles are not explicitly modeled in this 
formulation. This aggregated per-phase current will serve as the foundation for calculating the ULF, a metric that quantifies phase 
unbalance and is directly targeted in the optimization objective and constraints.

3.1.2. Unbalanced load factor
Eq. (4) gives the net complex-valued current resulting from the combined effect of all participating consumers on phase ϕ after 

demand response adjustments. To evaluate unbalance, the magnitudes of the phase currents are computed, and the maximum phase 
current is identified, as given in Eq. (5): 

Imax
t = max

ϕ∈P

⃒
⃒Iagg

ϕ,t

⃒
⃒ (5) 

Concurrently, the average magnitude of the phase currents is also computed to serve as a baseline for assessing deviation, as given 
in Eq. (6): 

Iavg
t =

1
|P |

∑

ϕ∈P

⃒
⃒Iagg

ϕ,t

⃒
⃒ (6) 

where |P | is the cardinality of the phase set, which equals 3 in a standard three-phase system.
With the values provided by Eq. (5) and Eq. (6), the ULF at time t is computed as the percentage deviation of the most loaded phase 

from the average, as given in Eq. (7): 

ULFt(x) =
Imax
t − Iavg

t

Iavg
t

× 100 (7) 

In the context of the optimization model, the ULF is a dynamic, time-dependent function that depends on the decision variables xi,t. 
Each adjustment in consumer load influences the aggregated currents Iagg

ϕ,t , which in turn affect the ULF. This dependence allows the 
optimization to proactively manage phase balancing by adjusting demand in a coordinated manner across households. To establish a 
performance benchmark, the baseline ULF (ULFbase

t ) is introduced. It is computed from the original consumption profile di,t, prior to 
any RDR event. This benchmark enables the model to quantify and reward improvements in phase balancing.

3.1.3. Objective function and constraints
The goal of the optimization model is to jointly maximize consumer satisfaction and grid performance while enforcing electrical 

and operational constraints. To this end, the objective function is carefully constructed to represent both sides of the system–consumer 
utility and grid-level rewards–while all decisions xi,t remain bounded within feasible flexibility limits and ensure compliance with 
system balancing requirements.

3.1.3.1. Consumer utility modeling. Each consumer i ∈ N , at each time step t ∈ T , is incentivized to participate in the RDR program by 
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adjusting their consumption, represented by decision variable xi,t. The goal is to offer a net utility that fairly balances monetary reward, 
discomfort, and fairness considerations. The reward for participating is modeled as proportional to the absolute value of the flexibility 
adjustment, scaled by the dynamic price pt, which varies with time and reflects market signals or system load, as given in Eq. (8): 

Ri,t = pt ⋅
⃒
⃒xi,t

⃒
⃒ (8) 

It is important to note that the reward formulation in Eq. (8) compensates consumers based on the magnitude of their flexibility 
provision rather than the direction of the adjustment. This modeling choice reflects flexibility-oriented demand response programs in 
which deviations from a baseline–either load reduction or load increase–are valuable to the grid [9]. In the simulation, the price signal 
pt is stochastically generated to emulate realistic and time-varying incentives. Specifically, each value of pt is sampled from a uniform 
distribution over the interval [0.1, 0.5] €/kWh, and then clipped with a minimum threshold of 0.2 €/kWh to avoid excessively low 
incentives.

However, modifying energy consumption often incurs discomfort, especially when the user is asked to change their regular con
sumption behavior. This is penalized quadratically using a consumer-specific discomfort parameter βi, as given in Eq. (9): 

Di,t = βi ⋅ x2
i,t (9) 

A quadratic form is chosen because it reflects the fact that small deviations from normal behavior cause relatively little discomfort, 
while larger deviations cause disproportionately greater discomfort. This mirrors human response, where moderate changes are 
tolerable but extreme changes quickly become unacceptable. In the simulation, the parameter βi is randomly assigned to each con
sumer to reflect heterogeneous sensitivity to consumption changes. Specifically, each βi is independently drawn from a uniform 
distribution over the interval [0.01, 0.05].

In addition to accounting for user discomfort, the optimization introduces a fairness-aware penalty to address potential inequities 
in flexibility allocation. Each consumer i is expected to contribute a fair amount of flexibility, denoted xfair

i,t , which is derived based on 
their relative capability within their assigned phase. The model penalizes only those deviations in which a consumer contributes more 
than their fair share. This asymmetry is intentional: it reflects the underlying principle that over-contribution, rather than under- 
participation, is the primary driver of long-term dissatisfaction and erosion of equity. The penalty is implemented using a smooth 
function scaled by a fairness sensitivity coefficient αi,t, which governs the strength of the penalty applied for unfair deviations. The 
penalty term is formulated in Eq. (10): 

Ui,t = αi,t ⋅ log
(

cosh
(

xi,t − xfair
i,t

)
+ ε

)
(10) 

where ε is a small positive constant introduced to ensure numerical stability and to avoid taking the logarithm of zero. The choice of the 
log(cosh( ⋅ )) function–commonly referred to as the log-cosh loss–is derived from [31]. It is smooth and differentiable, ensuring stable 
gradients, behaves quadratically for small deviations, and grows only linearly for large deviations. This balance of robustness, 
sensitivity to moderate errors, and mathematical smoothness makes it well-suited for fairness-aware optimization.

Combining all components, the net utility for consumer i at time t is computed as given in Eq. (11): 

Ucons
i,t = log

(
max

(
Ri,t − Di,t − Ui,t, ε

))
(11) 

where the net utility is lower-bounded by ε to ensure that the logarithm remains well defined during numerical optimization. As a 
result, non-positive net utility values are treated as strongly penalized allocations.

This formulation is directly inspired by the Nash bargaining solution in cooperative game theory. In Nash’s model, optimal allo
cations among agents are found by maximizing the product of utilities, subject to feasibility and individual rationality constraints. 
Taking the logarithm of each agent’s utility function transforms the product into a sum of logarithms, which is computationally 
convenient and still reflects the same bargaining structure. This transformation also implicitly captures diminishing marginal returns, 
emphasizing proportional fairness over absolute gains.

By summing over all time steps and all participating consumers, the model arrives at the total consumer utility objective, as given in 
Eq. (12): 

I cons(x) =
∑

t∈T

∑

i∈N

Ucons
i,t (12) 

3.1.3.2. Grid-level objective. On the grid operator’s side, the model integrates two performance indicators: reduction in ULF and the 
cost of procuring flexibility from consumers. At each time step t, the grid receives a reward proportional to the reduction in phase 
unbalance compared to the baseline. This is modeled using a grid reward coefficient C 1, as given in Eq. (13): 

Greward
t = C 1 ⋅

(
ULFbase

t − ULFt(x)
)

(13) 

This term incentivizes reductions in ULF and aligns optimization with operational stability goals. At the same time, the cost to the 
grid for purchasing the flexibility from consumers is computed as the total amount of energy shifted (in absolute terms) multiplied by 
the current price of electricity and scaled by a cost coefficient C 2, as given in Eq. (14): 

G. Gómez-Ruiz et al.                                                                                                                                                                                                  Computers and Electrical Engineering 131 (2026) 110976 

10 



Gcost
t = C 2

∑

i∈N

pt ⋅
⃒
⃒xi,t

⃒
⃒ (14) 

The net grid-level objective across all time step is formulated in Eq. (15): 

I grid(x) =
∑

t∈T

(
Greward

t − Gcost
t

)
(15) 

3.1.3.3. Combined optimization problem. To balance the interests of both stakeholders, the model combines the consumer and grid 
objectives into a single function, as given in Eq. (16): 

max
x

I (x) = I cons(x) + I grid(x) (16) 

For implementation in standard solvers such as sequential least squares programming (SLSQP), the maximization is equivalently 
written as a minimization of the negative objective, as given in Eq. (17): 

min
x

− I (x) (17) 

3.1.3.4. Constraints. To ensure the system operates within technical and fair bounds, several constraints are introduced. First, the ULF 
at each time must remain within a specified upper limit ULFmax, imposed by the grid operator to guarantee system safety, as given in 
Eq. (18): 

ULFt(x) ≤ ULFmax, ∀t ∈ T (18) 

In addition, the model enforces a minimum improvement threshold ε over the baseline, as given in Eq. (19): 

ULFbase
t − ULFt(x) ≥ ε, ∀t ∈ T (19) 

Lastly, the flexibility adjustments for each consumer must lie within the feasible range defined by their flexibility potential, as given 
in Eq. (20): 

xi,t ∈
[
− fi,t, fi,t

]
, ∀i ∈ N , t ∈ T (20) 

3.1.4. Fairness and penalty updates
The optimization model dynamically updates two components during its iterations: (1) the expected fair allocation of flexibility for 

each consumer, and (2) the fairness sensitivity penalty, which discourages deviation from this expected contribution. These mecha
nisms operate separately for each phase, utilizing the grouping of consumers into subsets N ϕ based on their assigned electrical phase 
ϕ ∈ P . Fairness is enforced within each phase to maintain symmetry and consistency in load balancing across the grid.

At each time step t ∈ T , the expected fair contribution of each consumer i ∈ N ϕ is calculated by normalizing their flexibility 
potential fi,t relative to the total available flexibility on their phase. This ensures that consumers with higher capacity to adjust are 
expected to contribute more, but proportionally, according to Eq. (21): 

xfair,new
i,t =

fi,t
∑

j∈N ϕ
fj,t

⋅
∑

j∈N ϕ

⃒
⃒xj,t

⃒
⃒ (21) 

This expression takes the total amount of phase-level flexibility actually used (i.e., the sum of |xj,t|) and allocates it proportionally to 
each consumer based on their flexibility availability. The resulting xfair,new

i,t is an updated target that defines what would be a “fair” 
contribution for consumer i at time t.

However, because consumers may not be able to immediately align with newly calculated expectations, and to prevent abrupt or 
unstable shifts, the model applies a smoothing mechanism. This is done using an exponential moving average, controlled by a 
smoothing coefficient γ ∈ [0, 1), which adjusts the sensitivity of updates, as given in Eq. (22): 

xfair
i,t ←γxfair

i,t + (1 − γ)xfair,new
i,t (22) 

In the simulation, the fair allocation matrix xfair ∈ RN × T is initialized to zeros. At the first time step (t = 0), the initial fair 
contribution for each participating consumer is set phase-wise based on the mean flexibility within their phase. This bootstrapping 
ensures phase-level symmetry at the outset. For t > 0, the updated fair share is computed using the proportional allocation in Eq. (21)
and then smoothed using the update rule in Eq. (22) with a fixed coefficient γ = 0.5.

The fairness-aware penalty, introduced in Eq. (10), is applied asymmetrically: it activates only when a consumer contributes more 
than their fair share. The strength of the penalty is modulated by αi,t, a sensitivity parameter that evolves over time to reflect observed 
deviations. Its update rule is given in Eq. (23): 

αi,t+1←αi,t ⋅
(

1+ λ
⃒
⃒
⃒xi,t − xfair

i,t

⃒
⃒
⃒

)
(23) 

Here, λ > 0 controls the rate of adaptation. This feedback loop allows the model to become increasingly responsive to repeated 
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over-contribution, reinforcing the protective mechanism for those consistently exceeding expectations. In the simulation, the initial 
values of αi,t are generated independently for each consumer and time step by sampling from a uniform distribution between 0.01 and 
0.1. This range provides diverse starting sensitivities across the population. Over time, αi,t is updated dynamically according to the 
change in deviation between actual and fair flexibility allocations, with scaling controlled by the global parameter λ = 0.2 and 
normalized against the fair share to avoid instability near zero.

3.2. The proposed AFGA algorithm

This section presents the AFGA algorithm, a dynamic optimization procedure designed to coordinate RDR events across a multi- 
phase low-voltage distribution network. AFGA balances two key objectives: (1) maximizing consumer utility by incentivizing flex
ible energy consumption in a fair and discomfort-aware manner, and (2) improving grid stability by reducing phase unbalance, 
measured via the ULF. At each time step, the algorithm solves a constrained nonlinear optimization problem that jointly considers 
consumer-specific flexibility bounds, real-time price signals, phase-level fairness expectations, and grid-level performance metrics. The 
algorithm incorporates feedback mechanisms to adapt both the fair allocation targets and the sensitivity of fairness penalties over time. 
The complete step-by-step process is detailed in Algorithm 1.

Table 4 presents the simulation parameters and constants used in the implementation of the AFGA algorithm.
Although Table 4 presents a single set of parameters, these can be grouped into two categories. The algorithm coefficients (ε, λ, γ)

are generic control variables that influence numerical stability and convergence smoothness, and their selection does not alter the 
underlying optimization logic. The remaining values 

(
PF, ULFmax,Vphase,C 1,C 2

)
reflect system-specific conditions or operator- 

defined thresholds. Their role is to ground the simulation in realistic grid operating conditions (e.g., voltage levels, permissible un
balance limits, cost coefficients), but they do not constrain the AFGA algorithm itself, which can be applied under alternative grid 
standards or system settings. More importantly, the testbed itself is stochastic: consumer demand profiles, phase allocations, flexibility 
ratios, and participant selection are all randomized within plausible ranges. Even though a single random seed is used for repro
ducibility, this modeling approach already embeds statistical diversity, making the reported outcomes representative of a wide range 
of plausible operating conditions.

4. Results

4.1. Comparative analysis of ULF before and after optimization

This subsection presents the evolution of the ULF before and after the application of the AFGA procedure. The objective is to assess 
the model’s capacity to mitigate phase unbalance in the distribution grid by actively reshaping demand. Fig. 7 illustrates a time-series 
comparison between the baseline ULF, computed from the original consumption profile Pi,t, and the adjusted ULF obtained after 
optimization-based load reshaping through the decision variable xi,t, as defined in Eq. (1). The operational threshold for unbalance, set 
at 10%, is also indicated with a dashed red line for reference. Over the entire simulation horizon, the adjusted ULF consistently remains 
below the baseline ULF, demonstrating the effectiveness of the proposed AFGA model in mitigating phase unbalance through coor
dinated load control.

4.2. Grid and consumer benefit sharing

This subsection reports the economic outcomes of the optimization process, focusing on how the total benefits generated by the 

Algorithm 1 
Adaptive fairness and grid-aware allocation.

Input: Set of consumers N , time steps T , baseline demand di,t, flexibility bounds fi,t , price signal pt , discomfort coefficients βi , fairness penalty weights αi,t, fairness 
allocation xfair

i,t , phase mapping ϕ(i), grid parameters (PF, Vphase, ULFmax, ε), grid-utility weighting factor W grid 

Output: Flexibility allocation xi,t, adjusted unbalanced load factor ULFt(x), updated fair share xfair
i,t , updated fairness penalties αi,t , fairness penalty values Ui,t

1: Initialize xi,t ← 0, ULFbase
t , αi,t, and xfair

i,t

2: for t = 0 to T − 1 do
3: Extract di,t , fi,t , pt, βi, αi,t , xfair

i,t

4: Compute baseline ULFbase
t using di,t

5: Define the optimization problem based on the given objective and constraints
6: Solve using SLSQP; store and clip result in xi,t

7: Update adjusted demand Pi,t and compute ULFt(x)
8: Compute new fair allocation xfair,new

i,t over phase ϕ
9: Smooth fair update xfair

i,t

10: Update penalty weight αi,t+1

11: Compute fairness penalties Ui,t

12: end for
13: return xi,t , ULFt(x), xfair

i,t , αi,t, Ui,t
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AFGA procedure are distributed between the grid operator and participating consumers. The grid’s total benefit amounted to 
€2911.49, computed using the net objective function defined in Eq. (15), which incorporates both the reward for ULF reduction (a 
positive contribution) and the cost of procuring flexibility (a negative contribution), as defined in Eq. (13) and Eq. (14), respectively. 
On the consumer side, the total accumulated benefit was €213.22, derived from the aggregated net utility across all users, as 
formulated in Eq. (12). This value encapsulates three key components: the reward for providing flexibility, the discomfort incurred due 
to load adjustments, and the fairness-aware penalty, as defined in Eq. (8), Eq. (9) and Eq. (10), respectively. The grid-to-consumers 
benefit ratio is therefore approximately 13.65, obtained by dividing the grid’s total benefit (€2911.49) by the consumer’s total 
benefit (€213.22). It should be noted that the consumer benefit corresponds to 20 consumers over a 24-hour period, which translates 
into an average daily benefit of about €10.66 per consumer under the simulation conditions considered here.

Table 4 
Constants and configuration parameters used in 
the AFGA algorithm.

Parameter Value

ε 1 × 10− 6

λ 0.2
γ 0.5
PF 0.95
ULFmax 10%
Vphase 230
C 1 7
C 2 1.6

Fig. 7. Comparison of the baseline ULF (blue) and the adjusted ULF after demand reshaping (green) across all time steps. The red dashed line 
indicates the operational threshold of 10%.

Fig. 8. Total accumulated utility (€) for each participating consumer over the simulation horizon. The blue dashed line represents the average 
utility across all consumers.
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4.3. Fairness among consumers

This subsection evaluates the fairness of benefit allocation across the participating consumers, based on the accumulated utility 
derived from the optimization procedure. Fairness is a key objective embedded in the AFGA model through the fair allocation 
mechanism (Eq. (21)) and the penalty structure for over-contribution (Eq. (10)), with dynamic adjustments governed by Eq. (23). 
Fig. 8 shows the total accumulated utility, expressed in euros (€), obtained by each participating consumer over the entire simulation 
horizon. This figure provides an overview of how the economic benefits resulting from the proposed AFGA framework are distributed 
among consumers.

To further assess distributional equity, Fig. 9 presents the Lorenz curve, which depicts the cumulative share of total utility against 
the cumulative share of consumers. The closer the curve lies to the 45-degree line of perfect equality, the more equitable the utility 
allocation. Based on this curve, the corresponding Gini index is calculated as 0.065, indicating a very low level of inequality in the 
distribution of utility among consumers.

4.4. Adaptive control effectiveness for consumer C14 and C55

This subsection explores the dynamic behavior of the AFGA procedure at the individual level by analyzing two representative 
consumers: C14 and C55. These cases illustrate the model’s adaptability in adjusting flexibility allocations, enforcing fairness, and 
tracking deviation penalties over time. Fig. 10 and Fig. 11 illustrate the time evolution of four key variables for consumers C14 and 
C55, respectively. The flexibility adjustment xi,t represents the actual demand modification implemented by each consumer. The fair 
allocation xfair

i,t denotes the proportional share of total phase-level flexibility expected from the consumer, as defined in Eq. (21). The 
available flexibility fi,t indicates the feasible adjustment range defined by each consumer’s physical capabilities. Finally, the fairness 
penalty weight αi,t, is a dynamically updated coefficient that regulates the strength of penalization, as described in Eq. (23). For both 
consumers, the results show that the AFGA maintains flexibility adjustments within feasible limits while progressively aligning actual 
contributions with their expected fair allocations.

Fig. 12 and Fig. 13 depict the deviation between actual and fair flexibility contributions 
(

xi,t − xfair
i,t

)
, alongside the corresponding 

evolution of the fairness penalty weight αi,t, for C14 and C55, respectively. These figures illustrate the feedback mechanism embedded 
in the AFGA framework: sustained over-contribution leads to a gradual increase in αi,t, which in turn raises the modeled cost associated 
with unfair participation in the objective function, as defined in Eq. (10). It is important to note that this penalty does not represent a 
direct cost imposed on the consumer; rather, it acts as an internal optimization mechanism that guides the allocation process. This 
adaptive loop discourages repeated imbalance and lies at the core of the fairness-enforcing logic of the AFGA framework. To quantify 
this dynamic, the Pearson correlation coefficient between the absolute deviation |xi,t − xfair

i,t | and the corresponding fairness penalty αi,t 

was computed. For consumer C14, the correlation is r = 0.15 (p = 0.16), whereas for consumer C55, it is stronger at r = 0.27 (p =
0.0072). These positive correlation values confirm that the fairness penalty responds consistently to the degree of over-contribution.

4.5. Computational performance

This subsection presents the computational efficiency of the proposed AFGA algorithm, with a focus on runtime and memory usage. 
These indicators are critical for evaluating the feasibility of deploying the model in near real-time residential grid environments. The 
simulation considers 100 residential users, of which only 20 participated in the RDR program. This low participation rate increases the 
optimization challenge, as the algorithm must still satisfy objectives such as fairness and ULF reduction while working with limited 
flexibility. The temporal horizon spans one full day, with a 15-minute resolution, resulting in 96 time slots per user and a total of 3,600 

Fig. 9. Lorenz curve illustrating the cumulative distribution of total utility among participating consumers. The shaded area between the curve and 
the line of perfect equality indicates the degree of utility inequality.
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data points (i.e., 100 users × 96-time intervals). Table 5 summarizes the total computation time and peak memory usage required to 
optimize load schedules across all participants over the entire planning horizon.

4.6. Sensitive analysis of the fairness adaptation rate

The AFGA algorithm relies on a set of parameters and constants governing numerical stability, fairness adaptation, and grid- 
consumer trade-offs, as shown in Table 4. Among these, the fairness adaptation rate λ determines how rapidly historical deviations 
from the expected fair contribution influence the fairness penalty weight αi,t. While from Section 4.1 to Section 4.5 the effectiveness of 
AFGA algorithm is demonstrated using a value of λ = 0.2, this subsection evaluates the robustness of the algorithm to variations in this 
parameter.

To this end, a sensitive analysis is conducted by repeating the full-day simulation under three values of the fairness adaptation rate: 
λ ∈ {0.2, 0.5, 0.8}. The remaining parameters are fixed in order to isolate the impact of the fairness adaptation dynamics. The selected 
values for λ span a representative range from mild to aggressive fairness adaptation. This allows the evaluation of the key metrics 
shown in Table 6 for multiple scenarios. The key metrics are computed over the entire planning horizon for each value of λ. All 
simulations use identical demand and flexibility profiles, phase assignments, and random seeds to ensure comparability across 
scenarios.

Fig. 10. Evolution of consumer C14’s flexibility adjustment, fair allocation, available flexibility, and fairness penalty weight over the simula
tion horizon.

Fig. 11. Evolution of consumer C55’s flexibility adjustment, fair allocation, available flexibility, and fairness penalty weight over the simula
tion horizon.
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Fig. 12. Time evolution of the deviation between consumer C14’s actual and fair contribution and the corresponding fairness penalty weight.

Fig. 13. Time evolution of the deviation between consumer C55’s actual and fair contribution and the corresponding fairness penalty weight.

Table 5 
Computational performance metrics for AFGA execution.

Metric Value

Total optimization time 102.07 s
Peak memory usage 0.24 MB

Table 6 
Impact of the fairness adaptation rate on ULF, fairness indicators and computational cost.

λ = 0.2 λ = 0.5 λ = 0.8

Average value of adjusted ULF 0.89 0.89 0.89
Grid-to-consumers benefit ratio 13.65 13.65 13.64
Gini index 0.065 0.065 0.065
(r, p) for C14 

(r, p) for C55
(0.15, 0.16) 
(0.27, 0.0072)

(0.094, 0.36) 
(0.26, 0.010)

(0.056, 0.59) 
(0.27, 0.0075)

Total optimization time (s) 102.07 109.47 110.60
Peak memory usage (MB) 0.24 0.25 0.25
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5. Discussion

5.1. Impact on ULF reduction

The AFGA procedure demonstrates a consistent and robust mitigation of ULF across the entire simulation horizon. As shown in 
Fig. 7, the adjusted ULF remains not only below the operational limit but persistently under the baseline. Compared with benchmark 
models in the literature, the proposed AFGA exhibits clear advantages.

For instance, the strategy proposed by [32] adopts a correlated equilibrium-based game-theoretic framework to coordinate 
appliance scheduling among residential users. While this achieves to a peak-to-average ratio (PAR) reduction of approximately 31.4%, 
the model does not address phase-level unbalance and does not incorporate explicit fairness metrics or voltage-related constraints in its 
optimization formulation. Although procedural fairness is considered in the form of rotating user priority during scheduling, no 
quantitative fairness objectives (e.g., utility equity) are embedded in the optimization problem.

Similarly, the decentralized RDR scheme proposed by [33] is focused primarily on energy volume balancing and user engagement. 
It does not incorporate grid-side constraints, such as voltage profiles or phase-level load unbalance, into the optimization process. As a 
result, while the method enhances scalability and appliance-level participation, it does not directly contribute to ULF mitigation or 
phase-aware load balancing at the distribution level.

In contrast, the AFGA procedure explicitly integrates phase-level ULF constraints together with fairness-aware control. While the 
results reported in [21] achieve lower voltage unbalance magnitudes (typically below 0.5% for three-phase buses) through specialized 
hardware, the AFGA algorithm demonstrates comparable capability to maintain unbalance within regulatory limits solely through 
smart load management.

5.2. Economic benefit sharing

The benefit-sharing structure of the proposed AFGA model resulted in a grid-to-consumer benefit ratio of approximately 13.65:1. 
While this may initially appear imbalanced, it is consistent with patterns observed in centralized, utility-driven RDR programs, where 
the grid acts as the primary stakeholder and system coordinator. Empirical evidence supports this dynamic; for instance, in a 20% 
participation scenario of a direct load control (DLC) program in Alberta, Canada [34], the grid-to-consumer benefit ratio was 
approximately 13.66:1, with operational cost savings of $40.3 million compared to $2.95 million in household savings.

5.3. Fairness among consumers

While there is noticeable variation among individual consumers, as shown in Fig. 8, the distribution of benefits remains closely 
centered around the group average (indicated by the blue dashed line), suggesting a moderate and well-regulated spread. Fairness 
among consumers is supported by both quantitative and visual evidence. Quantitatively, the Gini index is used to assess distributional 
equity, and its value of 0.065 indicates a very low level of inequality, reflecting a highly fair allocation. Visually, the Lorenz Curve 
presented in Fig. 9 corroborates this result, lying close to the line of perfect equality. The obtained Gini index is also consistent with 
values reported in the literature. For example, in the study by [29], which applied the Gini index to assess fairness in power system 
reliability across Norwegian regions and consumer groups, values ranged from 0.24 to 0.49 over a 12-year period– representing 
moderate to high inequality. This comparison underscores the strong fairness performance of the proposed AFGA procedure, with a 
Gini index value of 0.065.

5.4. Adaptive control in individual cases

Beyond aggregate fairness metrics, the AFGA model demonstrates a notable capability for user-specific adaptive control, enabling 
the system to respond dynamically to individual consumer behavior. This capability is illustrated through the case studies of con
sumers C14 and C55, as shown in Fig. 10, Fig. 11, Fig. 12, and Fig. 13. Although both consumers remain within their predefined 
flexibility bounds throughout the simulation horizon, they exhibit distinct fairness trajectories shaped by their unique response pat
terns and system interactions.

A key metric of this adaptivity is the Pearson correlation between the magnitude of deviation |xi,t − xfair
i,t | and the associated penalty 

weight αi,t. For C14, the correlation was weak and positive but not statistically significant (r = 0.15, p = 0.16). In contrast, C55 showed 
a small-to-moderate positive correlation that was statistically significant (r = 0.27, p = 0.0072). This contrast highlights that the AFGA 
procedure does not apply a static, uniform penalization approach but instead dynamically learns and adapts its response for each user, 
thereby enhancing both individual fairness and system responsiveness.

Unlike the framework proposed in [19]–which schedules loads using mixed-integer linear programming (MILP) based on con
sumption and production forecasts, and employs reinforcement learning (RL) to provide robustness against uncertainties and de
viations from these initial forecasts, the AFGA algorithm demonstrates that, even in a stochastic context, flexibility activation can be 
coordinated in a fair and grid-supported manner.
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5.5. Computational performance

The practical deployment of demand response events in residential distribution systems depends not only on the quality of the 
optimization model but also on its computational feasibility. In this regard, the AFGA algorithm completes a full-day simulation in 102 
seconds with a peak memory usage of 0.24 MB, as reported in Table 5. This performance is particularly notable given the simulation’s 
scale and complexity. Although the total system comprises 100 households, only 20 users were enrolled in the RDR program, rep
resenting a low participation rate of 20%. This setup presents a near-critical optimization challenge, as the AFGA algorithm must 
satisfy demanding objectives, including fairness enforcement and ULF reduction, while operating with limited available flexibility. 
Despite this constraint, the algorithm successfully converged within the execution window. Importantly, the scenario studied in this 
research represents a typical residential area supplied by a single low-voltage distribution feeder, as commonly found in many urban 
zones. The algorithm and simulation are thus intentionally scaled to match this realistic grid configuration. For this reason, further 
scaling the number of participants—solely to test algorithmic limits—is not central to the scope of this work.

5.6. Sensitivity to the fairness adaptation rate

The sensitivity analysis in Section 4.6 evaluates the robustness of the proposed AFGA algorithm against variations in the fairness 
adaptation rate λ, which dictates how rapidly historical deviations from fair contributions influence the fairness penalty weight. The 
results in Table 6 show that the algorithm’s outputs remain stable across a wide range of λ values. Notably, the average ULF remains 
constant across all tested cases, demonstrating that grid-level performance and phase unbalance reduction are insensitive to the speed 
of fairness adaptation. Similarly, the grid-to-consumers benefit ratio and the Gini index exhibit negligible variation, indicating that 
economic efficiency and equity are preserved even under aggressive adaptation dynamics. While Pearson correlation coefficients 
between fairness deviations and penalty weights show moderate variation–reflecting diverse individual flexibility patterns–these 
fluctuations do not affect aggregate fairness or grid performance. This suggests the adaptive penalty mechanism remains effective 
without inducing instability. From a computational perspective, increasing λ leads to only a modest increase in total optimization time 
and memory usage.

5.7. Summary of results and literature comparison

Table 7 summarizes the primary outcomes of the proposed AFGA algorithm across five key dimensions: ULF reduction, economic 
benefit sharing, fairness, adaptivity, and computational performance. Compared to related studies, AFGA distinguishes itself by 
explicitly integrating fairness-aware control with grid-side constraints, achieving a superior balance between technical robustness, 
equity, and operational feasibility. The simulation scenario assumes a high degree of heterogeneity in flexibility: only 20% of resi
dential users participate in the demand response program, while the remainder are fully inflexible. This configuration represents an 
extreme yet realistic scenario typical of early program adoption. As demonstrated in Sections 5.1 and 5.3, the proposed AFGA algo
rithm maintains effective phase unbalance mitigation and equitable benefit allocation even under these highly heterogeneous 
conditions.

6. Conclusions

This article introduced the AFGA procedure, a novel approach designed to reduce phase unbalance in low-voltage residential 
distribution networks while ensuring equitable consumer participation during RDR events. The proposed method explicitly considers 
phase unbalance reduction as a primary grid-level objective and integrates fairness constraints directly into the flexibility allocation 
process.

Table 7 
Comparative summary of AFGA algorithm results and related works. An ‘–’ indicates that a feature is not addressed or reported in the corresponding 
reference.

Aspect This work [32] [33] [21] [34] [29] [19]

ULF/phase-level 
unbalance

ULF within regulatory 
limits

PAR <
31.4%

– ULF < 0.5% – – –

Fairness/equity Gini index = 0.065 Rotating 
priority

User engagement 
emphasized

– – Gini index 
= 0.24- 
0.49

–

Economic benefit 
sharing

Grid-to-consumer ratio 
≈ 13.65:1

– – – Grid-to- 
consumer ratio ≈
13.66:1

– –

Adaptivity (user- 
specific 
response)

(r, p) for C14 and C55 – – – – – RL-based 
adaptivity to 
uncertainty

Computational 
performance

Full-day simulation in 
102 s; peak memory 
0.24 MB

– – Hardware 
solution

– – MILP + RL
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The main contributions of this work are threefold. First, it establishes phase unbalance reduction as a primary grid-level objective 
within the optimization formulation, i.e., in both the objective function and the constraints. Second, the allocation procedure is applied 
to consumers whose flexibility profiles are modeled by accounting for time-dependent and appliance-level behavior, rather than 
relying on fixed flexibility agreements. Third, the proposed fairness control mechanism is adaptive and grounded in a Nash bargaining 
framework, penalizing persistent over-contribution to prevent exploitation and promote equitable participation over time. This 
integration of physical grid constraints with social equity principles represents an important advance in fairness-aware demand 
response schemes.

Simulation results demonstrate the effectiveness of the AFGA procedure across multiple dimensions. Phase unbalance, measured by 
the ULF, was consistently reduced below baseline values and maintained within operational thresholds, even with a low participation 
rate of 20%. Fairness was quantitatively validated by a Gini index of 0.065, indicating a highly equitable distribution of utility among 
participating consumers. In addition, the adaptive control mechanism was confirmed through positive correlations between deviations 
from fair contributions and the corresponding penalty weights for representative consumers, highlighting the responsiveness and 
stability of the fairness enforcement strategy.

Beyond its theoretical contributions, the proposed AFGA framework aligns closely with emerging RDR programs currently being 
adopted in practice. For example, recent initiatives in Australia enable residential air conditioners to provide flexible demand support 
to the electricity grid through voluntary participation, thereby improving system reliability and operational efficiency. In this context, 
the AFGA algorithm offers a fairness-aware mechanism for coordinating residential TCL-based flexibility. By explicitly accounting for 
user heterogeneity, historical participation, and grid-level constraints, the proposed approach addresses key practical challenges such 
as consumer acceptance, equitable participation, and scalability. As a result, AFGA can serve as an effective decision-support tool for 
aggregators or distribution system operators implementing RDR programs.

Future research will extend the AFGA framework toward more comprehensive smart grid applications. This includes incorporating 
distributed generation sources such as rooftop photovoltaics, integrating energy storage systems such as electric vehicles, utilizing 
real-time appliance-level data, and exploring decentralized and peer-to-peer coordination frameworks, longer-term participation 
dynamics, and incentive adaptation. Finally, an important future direction will be the application of the AFGA algorithm in a real low- 
voltage distribution network within a practical setting, such as an urban neighborhood, to assess its performance under real-world 
operating conditions. These extensions will build upon the current AFGA algorithm, enhancing its relevance and applicability in 
future smart grid environments.
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